MATH3360: Mathematical Imaging
Assignment 2 Solutions
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1. (a) /R[Ho(t)]?dt:/o dt = 1.

For any p € NU{0} and n € ZN 0,27 — 1],

1;«%2»:2.5 712#
/[H2p+n(t)]2 dt = / (25)2 at +/ (—25)2 at
R n_ n+0.5
2P 2P
1
—=92. e 9P — 1.
(b) i. Let m € N\ {0}. There exists p € NU{0} and n € ZN[0,2? — 1] such that m = 2P +n.
Then
(Ho, H / Ho(t) Hapn(t) dt
n+40.5 n+41
2P p 2P p
:/ 22dt+/ (—2%) dt
n n+0.5
2P 2P
©oortl oo (727) =0

ii. A. Suppose p; = p2. Then

<Hm17Hm2> :/H§H2p1+n1(t)H2p1+n2(t)dt

n1+0.5 n+1
2P1 P 2P1 P1
:/ 27-Odt+/ (—2727)-0dt
nq n1+0.5
2P1 2P1
n2;0.5 '7L21+1
2P1 2P1
+/ 0-2%1+/ 0-(—27)dt =0.
ng n9+0.5
2P1 2P1

B. Suppose p; < p2. Then either
1 0.5
o 2P2Pip) <y < 2P27P1(ng +0.5) and thus [nQ n2 + > {n 7n1+>7 or

2?’ 2p2 op1

P1 P1
1 0. 5 1
o 2P27P1(n140.5) < ng < 2P27P1(n;+1) and thus [;2 RQZ > {nl + n1 + >7
or
ng no+1 ny+05 ng+1)
¢ [Qm’ 2p2 >ﬂ[ 01 7 9p1 )_@,

. ng no+1
In any case, H,,, is constant on [ZE’ .

(HovsoHi) = | Hom (0 Har 0

), and thus denoting the constant by ¢,

ng+0.5 no+1

2P2 P2 2P2 P2
:c/ 2Tdt+c/ (=27)dt
no ng+0.5
2P2 2P2
1 P2 1 P2
:c[w.Qz +W.(722)]:O_



2. (a) Note that Wy = 11y and thus (Wo)? = 1j0,1)- Recall that for any n € NU {0}, W, is
defined by the recursive relation:

Wajg(t) = (=)W, (21) + (~)7H 8w (2 - 1)

for e NU{0} and ¢ € {0,1}.
Hence for any n € N, (W,,)? = 1j9 1) and thus

/R[Wn(t)]?dt = /01 dt = 1.

(b) i. Suppose j; = ja. Then m; = 2j; and mo = 2j; + 1, and

Wiy, Wiy} = / Wa, (1) Was, 41 () dt
R

- / O, @) - (~1)E W, 20 dt
0

1 . .
+ [ W e - () W - e
2

v—1

1 1
- [ Wawrag)+ [ werdcs

1 1
= —5 I3 2+ Wy, 12 = 0.

ii. Suppose j1 < j2. Then

(Wi W) = / W, pas (0 Wy san (1) di
l . .
= / Syl ) - (—1) e, (o) di
0

1 . i
+/l (1) Wy, (2t — 1) - (=)= Wy, (2t — 1) di

J1 J2 1 !
= (e [ W, () du
o . 1 /!
+ (—1) LR 5/0 W, (v)W;, (v) dv
- (_1)L%J+L%2J+q1+qz + (_1)j1+jz+L%J+L%2J} (W;,, W,,) =0
by the induction hypothesis.
Remark. Recall that P(m) states that
{Wo,...,Wn} is orthogonal in (L*(R), (-,-)).
Hence even if we have proven P(m) to be true for any m € NU {0},
W is orthogonal in (L*(R), {-,))
has not been directly proven. The subtle difference is easier to observe if we consider the statements

P(m) :{0,...,m} is finite



and

Nu {0} is finite,

for which P(m) being true for any m € NU {0} does not imply the truthfulness of the second
statement. However, since the orthogonality of W depends on the orthogonality of pairs of its
elements, and each pair of its elements is contained in some {Wy..., Wy}, the induction result

suffices.

(a) For 4 x 4 images, the transform matrix

11 1 1
11 —j -1
U*Z 1 -1 1 -1
1 j -1 —j
4 0 0 0
0 —j 145 -1
0 145 2 1—j
0 -1 1-—5 j
—-1—-7 0 =14
—1—j j 0 1
0 0 0

(b) After discarding 4 smallest entries of the DFT of A, we obtain

So, Ay = Re((4U*) A (4U*)) = 1

(¢c) AxB =

DN DN DN
N~ N

2 3

N DN DN

2

2
3
2
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(a) FOranyOSp,qSN—l,

iDFT(DFT(f))(

4 0 0 0
A Lo o 1+ 0
rmglo 145 21—
0 0 1—j 0
5 -1 3 1
-1 5 1 3
3 1 1 3
1 3 3 1
8 0 0 O
— 0 1 0 -1
,A*B_U(A*B)U—4 0O 0 0 0
0O -1 0 1
Direct computation shows that A x B(p, q) = 16121(1), q)B(p, q).
| NoIN-IN-1N-1 =) 4
P,Q):ﬁ kal?m
m=0 n=0 k=0 [=0
| NoaN-1 N-1 ntsn) wig)
= <2 f(k,l)[ZeQ ] [Z 2mj ]
k=0 1=0 m=0
| NoInN-d
:m f(k,1) - N1yz(k —p)- N1yz(l —q)
k=0 1=0
N—1N-1
= [k, D)é(k = p)o(l — q) = f(p,q)-
k=0 =0

w



(b) The matrix U used to calculate the DFT of an N x N matrix is given by

1 .
U = (U@ )ose oz whete Ul,0) =~
Denote by i, the column of U indexed by «. Then for any 0 < a < N — 1,

N-1

(Upy, Uy = Z U(z,a)U(z,a)

2mI5E —2mj5¢

1
—€
VN

On the other hand, for any 0 < a1, as < Nj such that oy # as,

N-1
(z,a1)U(x, a2)

(]
=

<aa1 ’ aa2> =

Hence U is unitary.

(c¢) Note the the DFT under this new definition is N times the inverse DFT under the original
definition. So, this problem reduce to the first question in Tutorial 4.

Hence, we have the formula g/*\f(p, q) =Ng(p,q)f(p,q).
(d) Let g be the shifted image. Suppose g(k,!) = g(k — ko, — ly). Then,
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- mk+nl

g(m,n) = Gk, 1)e¥™ =R
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1 N—-1N-1
- mk+nl
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N g )
k=0 [=0
N—-1—ko N—1-Ip
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N )
k'=—ko U'=—lo
R . mkg+nlg
=g(m,n)e*™—~
(e) Coding Assignment:
Q1L
’ 1 recon = (h x U") % freqg » (h » U');




