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Lecture 23: Trigonometric substitution
Charles Li

1 More Integrals involving trigonometric func-
tions

Example 1.1. Fvaluate / tanz dx. |

Answer. Rewrite tanz as sinxz/cosz. While the presence of a
composition of functions may not be immediately obvious, recognize
that cosz is “inside” the 1/z function. Therefore, we see if setting
u = cosx returns usable results. We have that du = —sinx dx,
hence —du = sinz dx. We can integrate:

sinx
/ tanx dx = / dx
cos T

1 .
= sinz dx
S~

—du

-1
:/— du

u
=—Infu|+C
= —In|cosx| + C.

Some texts prefer to bring the —1 inside the logarithm as a power
of cosx, as in:

—In|cosz| +C =1In|(cosx) |+ C

+C

=1In
COS T

=In|secx| + C.

Thus the result they give is [tanz dx = In|secz| + C. These two
answers are equivalent.

Example 1.2. Fvaluate /secx dz. |



Answer.

/secx dx:/secx

sec? x + secrtanx

-/

secx + tanzx

dx
secx + tanzx

dzx.

secx + tanwx

Now let u = sec z + tan x; this means du = (sec z tan z + sec? z) dx,

which is our numerator. Thus:

=In|ul+C
=In|secx + tanz| + C.

We can use similar techniques to those used in Examples 1.1 and
1.2 to find antiderivatives of cot z and cscx (which the reader can
explore in the exercises.) We summarize our results here.

Theorem 1.1. Antiderivatives of Trigonometric Functions

1. /SiHZL‘ dr = —cosx +C

2

cosz dxr =sinx + C

3. /tanx dx = —In|cosx| +
C

4. /CSC.I' dr = —In|cscx +

cotz|+ C

5. /secx dr = In|secx +

tanz| + C
6. /COtI dr =1In|sinz| + C

2 Substitution and Inverse Trigonometric Func-

tions

When studying derivatives of inverse functions, we learned that

T

di ( tan ™! :13)

1
1+a2




Applying the Chain Rule to this is not difficult; for instance,
—(tan™"" b)) = ————.
gt 5e) = e

We now explore how Substitution can be used to “undo” certain
derivatives that are the result of the Chain Rule applied to Inverse
Trigonometric functions. We begin with an example.

E le 2.1. FEvaluat
xample vauae/25+x2

Answer. The integrand looks similar to the derivative of the arct-
angent function. Note:

11
25+ a2 25(1+ )
B 1
251+ (%))
1
251+ (%)

Thus

1 1 |
de = — | —— dz.
/25—|—x2 Y795 It (2)? .

This can be integrated using Substitution. Set w = z/5, hence
du = dx/5 or dz = 5du. Thus

1 1 1
/ dr = — | ——— dx
25 + 22 25 1+(%)

1 1
— - d
5/1+u2 "

1
= gtan_lu—l—(]

() e

Theorem 2.1. Integrals Involving Inverse Trigonometric Func-
tions
Let a > 0.



1 1
1. /— dr = = tan~! <£> +C
a? + z2 a a

dr =sin! (£> +C

a

1
2. —_—
/\/az—x2
1 A

[ |
Example 2.2. Evaluate the given indefinite integrals.
1 1 1
—d ——d d — dx.
[ozm /xwi ot [ G e
100
|

Answer. Each can be answered using a straightforward application
of Theorem 2.1.

1 1
/9—|—m2 dx:§tan_1§+0, as a = 3.

1
/—d
$1/I2—ﬁ

/ 1 .4 T

— =gin" " —
VA V5
1

E le 2.3. Evaluat —  dx. |
xample vauae/x2_4x+13 x

Answer. We see this by completing the square in the denominator.
We give a brief reminder of the process here.

Start with a quadratic with a leading coefficient of 1. It will have
the form of 22 + bx + c¢. Take 1/2 of b, square it, and add/subtract
it back into the expression. l.e.,

z=10sec 110z + C, as a = %.

—|—C’,asa:\/5.

2 b2
x2+bx+c:x2+bx+z—z+c
N—————

(z+b/2)?

b\ 2 b2



In our example, we take half of —4 and square it, getting 4. We
add/subtract it into the denominator as follows:

1 1
22 —4r+13 2% —4dr+4-4413
N— ——
(@—2)?
B 1
(r—2)249

We can now integrate this using the arctangent rule by substituting
u = x — 2. Thus we have

| 1 | T —2
— dr= ] —— dr=-tan"! C.
/x2—4a:+13 ‘ /(x—2)2+9 R T

4 —x J
—— d=x.
V16 — 22

Answer. This integral requires two different methods to evaluate
it. We get to those methods by splitting up the integral:

4 —

€T 4 €T
dr = [ —2 e — [ " g
V622 " /\/16—552 v /\/16—932 v

The first integral is handled using a straightforward application of
Theorem 2.1; the second integral is handled by substitution, with
u = 16 — 22. We handle each separately.

4 T
- dx=4sin"'= 4+ C.
/\/16—:1:2 4

Example 2.4. Fuvaluate [ |

x
————— dx: Set u = 16 — 22, so du = —2xdx and xdxr =
/\/16—3U2
—du/2. We have
/ x dp = —du/?2
Vio—2 T a
B 1/ 1 p
= —Vu+C
=—V16— 22+ C.



Combining these together, we have

4 —
\/16:a72dx:48in_1§+\/16_x2+0.
— X

3 Trigonometric substitution

3
Example 3.1. Fuvaluate / V9 — 22 dx. |
-3

Answer. We begin by noting that 9sin? @ +9cos?§ = 9, and hence
9cos?f = 9—9sin? 4. If welet z = 3siné, then 9—2? = 9—9sin’h =
9cos? 6.

Setting x = 3sinf gives dr = 3cosf df. We are almost ready
to substitute. We also wish to change our bounds of integration.
The bound x = —3 corresponds to § = —m/2 (for when § = —7/2,
x = 3sinf = —3). Likewise, the bound of z = 3 is replaced by the
bound 6 = 7/2. Thus

w/2

3
/ V9 — 22 dx = V9 — 9sin? §(3 cos 6) df
-3

—7/2

/2
:/ 3vV9cos? @ cosb do

—7/2
/2
:/ 3|3 cos | cos @ db.

—7/2

On [—7/2,m/2], cos 0 is always positive, so we can drop the absolute
value bars, then employ a power-reducing formula:

w/2
= / 9cos® 6 db
—m/2

w/2 9
/ = (14 cos(26)) db
—7/2 2

/2

9

= 571'.

(0 + %sin(%))

N ©

—7/2



We now describe in detail Trigonometric Substitution. This method
excels when dealing with integrands that contain va? — 22, V22 — a2
and v22 4 a2. The following Key Idea outlines the procedure for
each case, followed by more examples. Each right triangle acts as a
reference to help us understand the relationships between x and 6.

Key idea Trigonometric Substitution

(a) For integrands containing va? — x2
Let x = asinf, dx = acosf db
Thus 6 = sin~*(z/a), for —7/2 <0 < /2.
On this interval, cos# > 0, so

Va2 —x2 =acosf

(b) For integrands containing v/z2 + a?:
Let x = atané, dx = asec? 6 db
Thus 0 = tan~!(z/a), for —7/2 < 0 < 7/2.
On this interval, sec > 0, so

Vrz+a?=asect

(c) For integrands containing v/z2? — a?:
Let x = asec#, dx = asecftanf do
Thus 6 = sec™'(z/a). If z/a > 1, then 0 < 6 < 7/2; if
z/a < —1, then 7/2 < 6 <.
We restrict our work to where x > a, so x/a > 1, and 0 < 0 <
7/2. On this interval, tanf > 0, so

V2 —a? =atan



Vx2 — a2

4
E le 3.2. Eval t/ Ly m
xample o.4. vatuate —F ax.
P V5 + 22

Answer. Using Key Idea (b), we recognize a = /5 and set 2 =
V5 tan 6. This makes dz = v/5sec? 0 df. We will use the fact that
V5 + 22 = V5 +5tan20 = V5sec2 0 = /5sech. Substituting, we

have:

1 1
- dr= | ————\/5sec?0 db
/\/5—|—LE2 /\/5+5tan
/\/556029
V5 secl

= /sec@ do

= 1n‘sec€+tan0{ + C.

While the integration steps are over, we are not yet done. The
original problem was stated in terms of z, whereas our answer is
given in terms of . We must convert back to x.

The reference triangle given in Key Idea (b) helps. With = =
V5 tan 6, we have

tanf = and secf =

2 +5
N

Sls

This gives

1
———— dx=1In|secH + tanl| + C

/\/5—1—1’2 | }
22+ 5 x

IRV

We can leave this answer as is, or we can use a logarithmic identity

+C.

=1In




to simplify it. Note:

+C

1

+In|Va2+5+z|+C
NG
=In|vVa2 +5+z|+C,

where the In (1 / \/5) term is absorbed into the constant C'

=In

Example 3.3. Evaluate /\/ 422 — 1 dx. [ |

Answer. We start by rewriting the integrand so that it looks like

V1?2 — a? for some value of a:

So we have a = 1/2, and following Key Idea (c), we set z = £ sec,
and hence dr = %sec@tan@ df. We now rewrite the integral with



these substitutions:

1\ 2
/\/4{1}2—16133:/2“1’2—(5) dx

1 1 /1

pr— —_ 2 -_— = -
/2\/4SGC 0 1 (2 sec@tane) df
1
_ z 209 _
_/\/4(sec 0 1)<se00tan8) do
_ /1 2
_/ Ztan 9(sec9tan0> db
1

= /§tan2€sec€ do

:%/(56(320—0 secd db
:%/(secge—sece) do.

We integrated sec? § in last lecture notes, finding its antiderivatives
to be

1
/86030 do = §<secé’tan9+ln|sec€+tan9|> +C.

Thus
/\/4x2—1dx— /(86030—8606) do

1

2

1/1

3 <§<sec9tan9—l—ln]sec@—i—tan&]) —ln\se(:(9+tan9\) +C
1

= Z(sec@tan9—1n|sec9—|—tan9|) +C.

We are not yet done. Our original integral is given in terms of x,
whereas our final answer, as given, is in terms of #. We need to
rewrite our answer in terms of x. With @ = 1/2, and x = %sec 0,
the reference triangle in Key Idea (c) shows that

tan9:\/x2—1/4/(1/2):2 22 —1/4 and sec = 2z.

10



Thus
i(sec@tan@ —ln]secﬁ—&—tanQD +C= (2:3 2y/a2 — 1/4 —In |22 + 2/2? — 1/4!) +C
(4:5\/12 —1/4—1In |2x +2/22 — 1/4}) +C.

The final answer is given in the last line above, repeated here:

/Wz " de = i(um_ Inf2z +2,/2  1/4]) + C.

N N

4 — 2

Example 3.4. Evaluate
Answer. We use Key Idea (a) with a = 2, x = 2sin6, dz = 2cos 0
and hence v/4 — 22 = 2 cos 6. This gives

V4 — a2 2cos 6

4 sin

:/Cot29 do

= /(08029 —1)do
= —cotf — 6+ C.
We need to rewrite our answer in terms of z. Using the reference

triangle found in Key Idea (a), we have cotf = /4 —x?/x and
0 = sin~'(z/2). Thus

/—4_$2 dr = vi-o — sin™! (:1:
x? B

Trigonometric Substitution can be applied in many situations,
even those not of the form Va2 — 22, V22 — a2 or /22 + a2. In the
following example, we apply it to an integral we already know how
to handle.

dx. [ |

E le 3.5. Evaluat
xample vauae/la_i_l

11



Answer. We know the answer already as tan~!'x + C. We apply
Trigonometric Substitution here to show that we get the same an-
swer without inherently relying on knowledge of the derivative of
the arctangent function.

Using Key Idea (b), let 2 = tan 6, do = sec? 6 df and note that
72+ 1 =tan?6 + 1 = sec? 6. Thus

1 1 9
/x2+1dm—/seczesec 6 db
:/1d9

=0+C.
Since = tan @, § = tan~' z, and we conclude that / 5 dr =
¢ +1
tan"'z 4 C.
1
Example 3.6. Fvaluate / (22 + 62 £ 10)2 dz. |

Answer. We start by completing the square, then make the sub-
stitution u = x + 3, followed by the trigonometric substitution of
u = tan@:

e el e
xr = r= | ——— du.
(2% + 6z + 10)? ((z +3)2 + 1)2 (u? 4+ 1)2
Now make the substitution v = tan 6, du = sec? 8 db:
1 2
= / m sec” 8 do
1 2
:/WSGC 6 db

:/c0829 do.
1 1
= — — 2
/(2—|— 2cos.( 9)> db

1 1 .
= 59 +7 sin(26) + C.
(1)

Applying a power reducing formula, we have

12



We need to return to the variable . As u = tanf, § = tan~' u.

Using the identity sin(20) = 2sinfcosf and using the reference
triangle found in Key Idea (b), we have

1 1 U 1 1w
—sin(260) = = - :
2Vi2+1 ViE+l 2w +1

4
Finally, we return to  with the substitution u = x + 3. We start
with the expression in Equation (1):

1 1. 1 1 wu
§9+131n(29)+0:§tan u+2u2+1+0
1 T+ 3
= —tan '(z +3 C.
e @)+ o

Stating our final result in one line,

1 1 r+3
dr = —tan™* 3 C.
/(m2—|—6x—|—10)2 T=gtan ) S 1)

Our last example returns us to definite integrals, as seen in our
first example. Given a definite integral that can be evaluated using
Trigonometric Substitution, we could first evaluate the correspond-
ing indefinite integral (by changing from an integral in terms of x
to one in terms of §, then converting back to z) and then evaluate
using the original bounds. It is much more straightforward, though,
to change the bounds as we substitute.

Example 3.7. Fuvaluate / \/m |
Answer. Using Key Idea (b), we set z = 5tanf, dz = 5sec? 6 db,
and note that v/x2 4+ 25 = 5sec. As we substitute, we can also
change the bounds of integration.

The lower bound of the original integral is x = 0. As z = 5tan¥,
we solve for 6 and find § = tan=!(z/5). Thus the new lower bound
is @ = tan='(0) = 0. The original upper bound is = 5, thus the
new upper bound is § = tan~'(5/5) = 7 /4.

13



Thus we have

5 2 71'/42
/ < / Btand 20 40
0 \/3324-2 Hsecl
—25/ tan® 0 sec df.
0

We encountered this indefinite integral in Example 3.3 where we
found

/tanzﬁseCQ df = = (secftan6 — In|sect + tan|).

DO | —

S0

x/4 95 w/4

25/ tan® @ sec 0 d@z?(seCGtaHO—ln]sec&—i—tan&])
0

0

225 (\/5 —In(v2 + 1))

~ 6.661.
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