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Lecture 11: Higher derivatives
Charles Li

1 Higher derivatives

Higher derivatives are obtained by repeatedly differentiating a function f(z). Example,
if f'(z) is differentiable, then the derivative of f’(z), denoted by f’(x) is given by

F) = f)

or 2 p
12 = ﬁf (x)

The process can be continued, provided the derivative exists. So for example, the deriva-
tive of f”(x) can be denoted by f”(x), or f&(z) or 33]30. More generally, the nth deriva-

tive f(x) is the derivative of the (n — 1)st derivative. We call f(z) the zeroth derivative.
In summary

d

(n) — _ fn-1)
£ @) = 2 ()
can also be denoted by
dn
%f(x).
If y = f(z), then the nth derivative of y can be denoted by
d™y
(n) -7
y™or o
The first, second and the third derivative can be written as 3/, y” and y"” respectively.
Example 1.1. f(z) = 22° — 322 + 2 — 1, find f'(z), f"(z), f"(x), fD (), ... [
Answer.
d
f(z) = d—(2x3—3x2+x—1) = 627 — 6z + 1,
x
d
f'(x) = — (62® — 62+ 1) = 12z — 6,
dx
d
"(z) = — (122 — 6) = 12
() = (120 - 6) = 12,
d
W(z) = —12=0.
(@) = 12 =0

Generally f™(z) =0 for n > 4.

Example 1.2. Let f(x) be a polynomial for degree k. Generally f™(z) = 0 for n >
k. [ |

Example 1.3. Let

f(z) :x5+2x—%.

Compute f"(x). |



Answer.

d 3 3
f(x) = d:c($ +2x——)—5x +2+ =

x x?’

d 3 s 6
f//(x)% <5x + 2+ 2) = 20z L
d 6 18
n 2 _ — 60 -
Py (2000 - ) = o0t ]
Example 1.4. Let f(z) = %, find f)(x). [ |

Answer. f'(z) = —x72, f"(z) = 2273, f"(2) = —2x3xz74 fW(z) =2x3x4x27°.
Generally
f(x) = (=1)"nla~ "D,

Example 1.5. Suppose f(x) and g(x) are differentiable, find

L Hofa),

Answer. J
2 gl = Flo())g ().
o) = 7o) ()
= "(g@))g/ (2)g' () + F'(9(2))g"(2)
= PG @) + [ g())g" (2,
o H ) = S )G @) + o) ()
(

)
= f"(9(x))g'(2)(g' ()" + f"(9(2)) (29 (2))g" (z) + f"(9(x))g (x)g" (x) + f'(9(x))g" ().
= ["(g(@)(g' ()" + 3f"(9(x))g (x)g"(x) + f'(9(x))g" ().

Example 1.6. Let f(z) = €*, find ) (x). |
Answer.
d
f/(x) = %ex - 61:7
d
f//(.fE) _ Eex o BI,
d
f///(a,;) — £€I — eI

Generally f((z) = e®.
Example 1.7. Let f(z) = z¢e®, find f™(z). |



Answer.

d
fl(x) = —xe® = e +ze” = (x + 1)e”,

dz
f(x) = %(as +1)e* =€* + (x+1)e* = (z + 2)e”,
f"(x) = %(1’ +2)e” = €” + (x +2)e” = (z + 3)e”.

Generally
f™(z) = (z +n)e”.

Proposition 1.1. Let f(x) and g(x) be function. Suppose the nth derivative of f(x)
and g(x) exists. Then

L 1 ()9(x) = nCof ™ (@)g(x) + uC1 D (2)gD(2) + 1 Caf "2 (2)g® ()

dx™
o0 Coaf @ (@) (@) + o Coua fO(2)g ) 1 Cof (2)g (),

where
n!

’I’LC’I‘ = 7 N\

ri(n —r)!
which are the coefficients of the binomial expansion. [ |
Proof. By induction on n. Skipped. m

Example 1.8. Compute

k

4 22 =0 for k > 3,

daF

dn 2 x 2 dn T d 2 dn—l T d2 2 dn—? T
%x e’ =x we +,C4 (%a: ) (dx"—le + O %x —dx"—2€

= 22" + 2nxe” +n(n — 1)e”

= (2% + 2nz +n(n — 1))e".

Answer. Because




