Lecture 11

Lemma 6.4. Let n,l e Nl <n and p € A (X). Let £ = {A1,--- , A} be a
Borel partition of X. Then
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Proof. Fixl <n. Forj =0,1,---,l—1, define ¢; to be the largest integer so that
tjl+j <n,ie. t; =["7L 1], Write {0,1,--~ n—1}y={j,j+1, -, t;l+j—1}US,;
as a disjoint union, notice that §S5; < 2[. Hence
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Summing over j =0,1,--- ,n—1,
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Dividing by n on both sides,
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dividing by [, we complete the proof. O

Now we can prove the variational principle.

Proof of Theorem 6.2. Step 1. We first prove that hyo,(T") > h,(T) for any
we MX,T).

Fix p € M(X,T). Let £ = {A1,---,Ar} be a Borel partition of X. For
any § > 0, pick compact B; C A; with u(A4; \ B;) < 4,4 =1,2,--- k. Let
By = X \UX_, B;, then u(By) < k. Moreover, 1 := {By, Ba,--- , By, Bo} is a
Borel partition of X, and 8 := {ByU By, BoUBy, -+, B UBy} is an open cover
of X. SinceM—OOrliflgjgk,
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Hy(eln) = 3 (B 3 o(MA0 B))
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—M(BO)Zd)(M) < k26.

P 1(Bo)
We claim that any member in \/2:01 T~ intersects at most 2" many members
of /=) T~n. To see this, if (\/—, T~*(Bo U By,) intersects ;- T~ "Bs,, then
s; = 0 or s; = t;, then claim follows. As a consequence,
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hence
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dividing by n and letting n — oo,

htop(T7 B) > hM(Ta 77) - 10g2
> hy(T,§) — Hy(€ln) — log 2
> h, (T, &) — k*6 — log 2.

Hence
hiop(T) = (T ) — —log2,
letting § — 0, we have

htop(T) > hM(T? 6) - log 2,
taking supremum over &,
hiop(T) > hy(T) —log 2.

Since p is T-invariant, p is also T"-invariant, applying the above inequality to
T", hiop(T™) > hy,(T™) —log 2, hence nhiop(T) > nhy,(T) —log 2, dividing by n
and letting n — oo, we have hyop(T) > h,(T).

Step 2. We show that for any e > 0, there exists p € M(X,T), such that

hu(T) = 5(e),

where S(€) := limy, 00 < log Sy, (€), Sn(€) := sup{4E : E C X is (n, €)-separated }.

Fix € > 0. For each n € N, pick E, C X which is (n,€)-separated and
fE = S, (€). Define 0'n = ﬁ ZweE 0., where d,, denotes the atomic measure.
Define p,, = % ZZ o on o T clearly p, € #(X). By compactness, we can
find a subsequence (n;) of positive integers such that =-log Sy, (e) — S(e) as
J — oo and p,, — p is the weak-+ topology, then p € M(X 7).

Next we show h,(T) > S(e). By Lemma 6.3, we find a partition { =
{A1, -+, A} of X such that diam(§) < e and p(9A;) = 0 for each i. Observe
that any member of \/2:01 T~*¢ contains at most one point in E,. To see this,
suppose z,y € E, and z,y € ﬂ;:ol T—"As,, then Tz, T'y € A;, € £ hence
d(T'z,T"y) < € for i = 0,1,--- ,n — 1, namely d,(z,y) < ¢, a contradiction.
Consequently,

n—1
H,, (\/ T7%¢) =log Su(e).

Applying Lemma 6.4 to o, we have for any | < n,
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letting j — o0,
1 -1 1 -1
Ste) < 7 lim Hy, (\/ 7€) = 7H,(\/ T'¢),
i=0 i=0

letting | — oo, we complete the proof.
We have to explain the last “=". Recall that if pu, — oo in the weak-*
topology, then
(i) lim p,(K) < p(K) if K is compact.
n— oo
(i) Lm g, (V) > p(V) if V' is open.
n—oo
(iii) li_>m pn(A) = u(A) if p(0A) =0.
n o)
For completeness, we give a proof of these facts. First (iii) follows from (i)
and (ii), since

o o

i o (A) < T p(A) < p(A) = p(A) = u(A) < lim p(A) < lim o, (A).

n—co n—co n— o0 n— o0

For (i), suppose K is compact. For any e > 0, there exists U open, such that
U D K and pu(U \ K) < e. By Urysohn’s lemma, there is f € C(X), such that
OS f < 17 f|K =1 and f|Uc ZO, then

o) < [ fden > [ < p(0) < ) +
e b'e
hence lim,, o0 pn(K) < u(K) +¢, (i) is proved. A similar argument proves (ii).
Recall 1(8A;) = 0 for A; € &, then p(d ﬂ?;ol Ay) < p(U; T770A,) = 0, by

(iii) the proof is completed.
O
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