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Compulsory Part

1. Letn > 1.

(2) Show that 1 +z + 22 4+ + 2" = 155 if 2 £ 1.
(b) Use part (a) to deduce Lagrange’s trigonometric identity:
1 sin(n+3)0

1—|—cos€—i—co:529—|—«~-+cosn9:§_|_ .

281n§

when 6 is not a multiple of 27.
2. Show that |z; — 25| > ||z1]| — |22|| for any 21, 25 € C.

3. Consider the function ;
az +
T(z) = ——

where ad — bc # 0. Show that

(a) lim, ., T(z) = c0ifc = 0;
(b) lim, o T'(2) = ¢ and lim,_,_4/. T(2) = oo if ¢ # 0.

c

4. For the following functions defined on the whole complex plane, show that they are com-
plex differentiable at every point by computing the partial derivatives of their real and

imaginary parts and verifying the Cauchy-Riemann equations:

(@) f(2) =2
(b) f(z) = e

(Remark: Functions which are complex differentiable on the whole complex plane are

called entire functions.)

5. Consider the function f : C — C defined by f(z) = z. By considering the Cauchy-

Riemann equations, show that f’(z) does not exist at any point.
Optional Part

1. Show, by definition, that

(a) e*1T%2 = ¢ . ¢* for any 21, 2 € C;
(b) log(z122) = log 21 + log 2, for any 21, z5 € C\ {0}.

(c) sin®z + cos? z = 1 forany z € C.



2. Suppose lim,,,, f(z) = 0 and there exists a positive real number M such that |g(z2)| <
M for all z in some neighborhood of zy. Show that lim,_,,, f(2)g(z) = 0.

3. Show that the following are entire functions by computing the partial derivatives of their
real and imaginary parts and verifying the Cauchy-Riemann equations:

(@) f(z) =sinz.

(b) f(z) = cosz.

(¢) f(z) =sinhz:= <=
(d) f(z) =coshz:=<£—,

4. Let f be a function on a domain D C C such that both f and f are analytic. Show that f
must be a constant function.



