
Solution to Assignment 9
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Ex 19. (p. 166) (a) Applying the Poisson summation formula to f(x) = t
π(x2+t2)

at x = 0 gives
1

π

∞∑
n=−∞

t

t2 + n2
=

∞∑
n=−∞

f̂(n) =
∞∑

n=−∞

e−2πt|n|.

(b) By the Taylor series of 1
1−x , one has for 0 < t < 1, n 6= 0,

t

t2 + n2
=

t

n2

1

1−
(
− t2

n2

) =
t

n2

∞∑
l=0

(
− t2

n2

)l
=

∞∑
m=1

(−1)m+1 1

n2m
t2m−1.

Note that this series converges uniformly for t < 1, and therefore

1

π

∞∑
n=−∞

t

t2 + n2
=

1

πt
+ 2

1

π

∞∑
n=1

t

t2 + n2
=

1

πt
+

2

π

∞∑
m=1

(−1)m+1ζ(2m)t2m−1.

(For t ≥ 1, the series in RHS does not converge since 1 ≤ ζ(2m) ≤ ζ(2) and
(−1)m+1ζ(2m)t2m−1 does not converge to 0 as m tends to infinity. )

Moreover,

∞∑
n=−∞

e−2πt|n| = 1 + 2
∞∑
n=1

(
e−2πt

)n
= 1 + 2(

1

1− e−2πt
− 1) =

2

1− e−2πt
− 1.

(c) By (a) and (b), one has

1

πt
+

2

π

∞∑
m=1

(−1)m+1ζ(2m)t2m−1 =
2

1− e−2πt
− 1.

Let z = −2πt, then the above equation can be written in z as follows:

z

ez − 1
= 1− z

2
+

2

π

∞∑
m=1

(−1)m+12ζ(2m)

(2π)2m
z2m.

Since the Taylor series of z
ez−1 is unique, then it follows the given fact that

2ζ(2m) = (−1)m+1 (2π)
2m

(2m)!
B2m.
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