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Compulsory Part

1. Let m,n be relatively prime integers. Consider the map φ : Zmn −→ Zm × Zn defined
by:

φ(a) = (am, an), a ∈ Zmn,

where al denotes the remainder of the division of a by l.

Show that φ is a ring isomorphism. (This is a version of the Chinese Remainder Theo-
rem.)

2. Let R be a commutative ring. For a ∈ R, let:

Ia := {x ∈ R | ax = 0}

Show that Ia is an ideal of R.

3. Let I , J be ideals of a commutative ring R. Show that their intersection I ∩ J is an ideal
of R.

Optional Part

1. Determine if each of the following maps is a ring homomorphism:

(a)
φ : Z −→ Q,

φ(n) = n2, n ∈ Z.

(b)
φ : Z6 −→ Z3,

φ(s) = s3, s ∈ Z6,

where s3 denotes the remainder of the division of s by 3.

(c)
φ : Z7 −→ Z/3Z,

φ(s) = s+ 3Z, s ∈ Z7,

where s + 3Z denotes the residue of s (viewed as an integer) in the quotient ring
Z/3Z.

2. Find a ring homomorphism from Z7 to Z5. If it does not exist, explain why not.

3. (a) Can there be a ring homomorphism from a non-integral domain to an integral do-
main? Why?
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(b) Can there be a ring homomorphism from an integral domain to a non-integral do-
main? Why?

4. Determine if the set I is an ideal in the ring R, where:

(a) R = Z[x], I is the set of polynomials
∑n

i=0 aix
i in Z[x] with the property that a0 is

odd.

(b) R = Z[x], I is the set of polynomials in Z[x] whose leading coefficients are even.

(c) R = Z/6Z, I is the set of elements r + 6Z ∈ Z/6Z such that r is an even number.
(Note that I is well-defined, since if one representative of r + 6Z is even, so is any
other element in the same congruence class modulo 6Z.)

5. Let m,n be nonzero integers. Show that if gcd(m,n) = 1, then (mn) = (m)∩ (n) in the
ring Z.

6. An element a of a ring R is said to be a nilpotent element if an = 0 for some n ∈ N.
Suppose R is commutative. Show that the set N of nilpotent elements in R is an ideal.

7. Let R be a commutative ring. Let A and B be ideals in R. Define their sum and product,
respectively, as follows:

A+B := {r ∈ R : r = a+ b for some a ∈ A, b ∈ B.}

AB :=

{
r ∈ R : r =

n∑
i=1

aibi for some n ∈ N, ai ∈ A, bi ∈ B.

}
.

Show that the sets A+B and AB are ideals in R.

8. Let R be the set of 2× 2 real matrices of the form:(
a b
−b a

)
, a, b ∈ R.

Given that R is a commutative ring under the usual operations of addition and multipli-
cation for matrices, show that R is isomorphic to the field C.


