
Real Analysis 20- H - 13

Chap 4 Lebesgue spaces .

§ 43 Lebesgue spaces .

Let ( X , M, te ) be a measure space .
Let p > o .

A measurable function f- on X is said to be

printable if

f Iff " dµ so .

Moreover
,
we write

It ftp://tfltdn)
%'

we call it the p - norm of f
.
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Prop 4. to ( Holder inequality )
bet Isps is . Then

f Ifad dm e (f Ift 'da)
%

. ( flgitdn)
"'

,

where I > I with ptt at =L .

Prop 411 ( Minkowski inequality )
Let PZI . Then

Hf -1811g, s Hf Hp t 11811 p .

The proof of the above propositions is based

on the following

( Young 's inequality )
Let 2

, B Zo .

Let P
,
9- si with ptt# =/

Then ape at + PI
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=
" holds ⇐ p - 2

" !

Pf of Young's inequality :

we use a geometric approach .

Consider

the function Y = x'
'→

.
Its inverse is

9-- I
×= y ( using CP -Dce-D= t )

A

p • - - - - - - - - - - - -
- in - ..¢#¥¥
" ""

a
1

Area of the red shaded region
= f! x" ax = ¥4! =a÷

Area of the blue shaded region



= f! y '' ' dy = PI
from the above geometry , we see that

ape aft oaf .

Clearly
' '

=
" holds ⇐ p = a

" !
the

Proof of the H'o
' Iden inequality :

let psi .

Let f, I be measurable functions
on X

.
WLof

,
we may assume Ifl, ⑨ so .

Set a =

I fast

¥p , pox , = 18*11811
,
'

here I > I with ptt to =L .



Using Young 's inequality to da , pal , we
obtain

Ifan gaitftp.sftii.IE . :::i÷ .

Taking integration wit fl , we have

ttfttpgll, ft f Gl d µ
ftp.ftfcxyj

A ftp.pdtkx ,
+ If 1941ft

11811,1
dtecx,

= f- t Ig =L ,
from which we obtain

J t fest du s Http - 11811£
.
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Proof of the Minkowski inequality :eye

we prove this by apply the Hilder inequality .

If p - I , then since

I fcxstgcx , I E Ifan It 1 gas /

Taking integration gives
Hft 8h , E H fll , -11181k . .

Next we assume xp so .

If -1g l
"
s Iff . I ft g l

""
t 191 . I ftgl

""

Taking integration gives

ffftgflp E f Ift . If-181
" "
dm t 1181 . Ift gl

"
dm

s (ft ft 'da)
%
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⇐ Http . Ilftgllp
"'

+ H8Hp . llftsllp
"' (using Cp-he =p )

= µfHp -1118111. ) . H ft8Hp
"'

.

Hence flftgllp
" - ¥

E Http -111814 .

Noticing that p - II -4
,

we obtain

the desired inequality . The

Def . Let p > o . Set

LPFX , M, te) ={ all p - integrable functions
on ( X

,
M
, HI

}
For short

,
we write Ellul : - LPCX

,
M
, µ ) .



Recall that for f- that ,
" flip - ( f Ift

"

dm )
%

.

If HfHp=o , then f - o ace
.

Define f ng if f- g a.e .

Then this relation
"

n
"

is an equivalence relation .

Now define
Tkm = Paulk

For FEIPaul , define

HFHP = II flip it F- Eft
.

Then IPFW becomes a normed vector space .



W

-1hm 4.12
.

Let ⇐ pas .

Let (fn )n=, be a

fauuhy sequence in Eau ) .

Then I f- than
such that

Hfn - f- Hp → o as n→ is
.

As a consequence, Tkm) is a Banach space .

Pf . Since (fn)! , is a Cauchy sequence ,
for any JEW , I Aj C- IN such that

① Hfn - fmllp s 2
"
if n

,
m # nj

We may further require that

Njt , > Nj , 5=1,3 ' - .

By removing a subset of zero measure, we may
assume ffnlxsl so txt X , n C- IN' .



Define
Gnana II

,
lfy.fi#fnjcxsl

.

gcxi = IF
,
I fnjef" - fnj" l

.

clearly gall - this. Gran .

Using the Minkowski inequality to Gr gives

119nllp E ET Il fry."
- fry. Hp

E ft, 2-
J

( by it )
.

< Is

By Fatou's lemma ,

11 gflpp = f 1944 Pdn# ftp./9n4Pdmcxl
Elkins. f okay " dual



⇐ a

Henie fan so for µ- a.ex .

That is
,
for te-a. e x ,

W

E lfnjtf" - fnjcx , I so
f- I

Consider the sum

e) fight ¥7 ffnj.nl" - fnj " ') ,
which converges for fu- a. e .

X
.

Let fan be the above sum if ← , converges

otherwise
,
let fan - o .



Then for Haie xtx
,

fcxkhmjffn.cat EI @nj.in - fyi"))
= him. fnnti" .

That is
, fuk→ f a.e

.

In what follows we prove that

Hfn - f- Hp → o as this
.

Let E >o .
Take a large NEIN so that

③ H fn - fm Hp se t n
,
m > N

'

for any m > N
, by Fatou's lemma ,



H f - fmflp
"
= f tf - fmlPdµ
= flying. I fry. - fml

"
du

E flings ) Ifni - Fml
"
dm

{ qp
That is

,
Hf - fmllp se .

So Hfllp E Hf -fmflptllfmflp
Scs

and llfn - f- Hp → o as n→ is .
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Recall that a simple function on ( X, M, µ) is of
the form

s = ¥,
dj XEJG ) ,

where dj C- 11340} Ej EM .

g

Let
s = { s : s is a simple function

dj XE
,
-

with µ(Ej ) so } .

Prop 4.14.

Let PZI . Then

{ is dense in HIM .

Pf . Clearly S a Haul
.

Next assume f. C- LYN , f is non- negative .

Then I a sequence ( Sh)! of non- negative simple
functions

, Sh Tf
.

Then by Lebesgue Dominated Convergence Thm,

J Ish- ft " d µ → o as k-so
.



It follows that
115k - flip → o as k→ is

.

Moreover
,
when k is large enough , ⑧ Hp so .

writing Sr = FI,2jXEj
,

then

2jP the;) E f ISH Pdn so
⇒ µLEj ) so ⇒ she f

In the general case , we write

f- = ft - f.
Applying the above analysis to f

"

and f-
,
we see

that

7- ( Sh ) e S sit H Sr - fHp→o .

The



Prop 4.15.
Let X be a LCHS

,
let µ be a Riesz

measure
. Then

↳ (X) is dense in Paul for all ⇐ pan .

Pf
.
Let ⇐ pas . By prop 4.14, it suffices to

proved that for given E EM with µ(E) so,
and Eso

, I GE Glx) such that

H G - XE Hp < s .

To show the above result , fix EEN with HCE) so ,
fix Eso . By Lusin 's Thm

,
I GE GH)

such that 11911 . : = 5×431941 El
and

µ { x : past Xecx, } s 2- PEP
.

Then 119 - Hell; = f 1941 - HEA) l
"

dm



= J l 9-HELP dµ
{ x : 9 *¥4

§ zP . µ { x : pal # XEGI}
P

S E
,

which implies
119 - Xe Hp S E . Ha

Prop 4.16
.

LPC IRD ) is separable for ⇐ pas.

f. = Phill , Ld - Lebesgue;feq
Recall that we say a topological space X
is separable if I a countable subset



of X which is dense in X
.

Pf . Let Bn - { x G Rd : txt E n }
,
he Nr

.

Let 3h denote the collection of the

restriction of polynomials rue ith rational
coefficients on Bn

.

That is
, any element# 3h is of the

form
f- = Xpsn . of

where G is a polynomial with rational

ooeftients defined on Rd
.

Hence Pn is countable
.

Let 3 = 47
,
Dn

. 3 is countable
.



we show below 3 is dense in KPC Rd )
.

By Prop 4.15, Cc ( Rd ) is dense in LPC lads
.

It is enough to show that for Ge GCH
,

and [ so
,
I he 3 sit

119 - http se .

Since Spt (Q ) is compact , I n ENT such

that

Spt Cg) e Bn i = { x : llxlkn }
.

Then by Weierstrass approximation Thm,
7- he Dn such that

¥4319 '" - hails f. ( Ldc Bns )
"
?



Now

119 - http = f 19am - hail Pd Lda ,
= fpgn 19am - half Pdhdcx ,

P

⇐ LdcBn ) fsup 19am - hail )
XEBN

£ Ldc Bn ) (E . ( Bny
'
" )
"

E ⇐ g
"

so 119 - https % . he


