
Real Analysis 20 - lo - 23
.

Chap 3 Lebesgue measures and Hausdorff measures
,

§ 3. I Lebesgue measures on 112
"

.

Let R = IT. [ ai, bi I be a closed rectangles in H2
"

.

Let IRI denote the volume of R
,
i.e.IR/=Tli(bi -ai)

.

A cube in LR
"
is a rectangle R such that bj - Aj are the same.

Def . The n - dim Lebesgue measure on IR
"

is defined by

-4"

(E) = inf { EI l Ril i Y Rio E , Ri closed cubes}

• L
"
is generated by the gauge ( 92 , lol ) ,

where

92 is the collection of closed cubes in IR "
,
IRI is the volume

of R
.



Facts and remarks :

① Equivalently

LYE ) = if { FI l Ril : Ec Y Ri , Ri open cubes } .

② tf s so
,

ICE) = inf { ET l Ril : Ee Ui Ri , Ri closed cubes

of diameter E f }
③ L

"
is a metric outer measure

.
So it is a Borel measure

.

④ L
"

( R ) = IRI for each cube R
.

⑤ Every set in IR
"
is outer regular (wit

.
L
"

)

⑥ Every measure set is inner regular .
② The o- algebra of measurable sets in the completion

of the Borel r- algebra .

⑧ L
"
is translation invariant ,

i.e . L
"

( Et x ) =L
"

(E )
,

ht EEIR
"

,
txt IR

"

.

⑨ For any Bond measure fl on IR
"

, if µ is

translation invariant on IR
"

,
then µ = C- L

"

for
some C

.



Alternatively , Lebesgue measure can be constructed usnj
Riesz representation Thm .

To see this
,
we define an - operator K on Cc ( IR") by

Hft = f f dx, ft GUR" )

T
( Riemann integral via Darboux sum )

(
× '
'

IR
"

11/1*72 fail . # xD
-

• Hf ) is well- defined ( any ft GUR
"
) is

Riemann integrable)

• k is linear

• L is positive .

Hence L is a positive linear functional over
Cc ( IR" !



By Riesz representation -1hm, I a Bowl measure HR
on IR

"
such that fur is finite on compact sets

and

[ If I = f f d Hr
-

Leb . integration .

Prop 3.1 MR = Ln
.

Pf . We first prove that Hr is translation invariant
.

Let G- be open in IR
"

,
let f- E QUR" ) such that

f- SET
.

Let Xo E IR
"

, define g Cx ) = fcxtxo ) .

It is direct

to see that

g s G - Xo .

Moreover ( using the def of RI . )

↳ fdx = f g dx

G - Xo



Hence Lff ) = LIG )
,

so

µfG ) = MIG - Xo ) . ( using that - supfhfff.a.gg
Using the outer regularity of fur , we see that

ftp.CE ) = Mr( E -Xo ) for any Ee IR!

Hence fur is translation invariant.

Therefore
µp= C - L

"

for some e > o
.

Next we prove ⇐ I
.

Let Ro = ( 0,1)
"

,

let Re = ( e , I - e )
"

for OS Es t

For RTs f- s Ro ,

HR ( Ro) Z Lff ) - ffdx z IRI 1=4-24
"

( because f- ⇒ on RI
and f- Zo )

Letting e→o gives ftp./Ro ) 21 .



However for any f s Ro ,

ffdx - fpofdx e IR . I f fissoupporptoed
and f- El )

Hence

ftp.CRo/=suplLlfl:fsRo3E/RoI=I

Therefore far ( Ro ) - I =L
"

( Ro ) ⇒ c - I
.

174
.

Prop .
3.2 Let T : IR

"
→ IR

"

be a linear transformation
Then ¥ a constant DfT) E LR such that

I (TE ) = OCT) LTE )
,

ht EEIR
"

.

Furthermore OCT) - I if T is a rotation or

a reflection .

Pf
. Define

the)= LYTE ) , EE IR
"

.

Clearly µ is an outer measure on IR !



Next we assume T is non- singular . Notice that

for x
, y E IR

"

,

x -y = T
- ' (Tx - Ty )

Hence

H x - 911 E HT'll all Tx - Tull

( Hiatt -Nafta
for I

'
- (ai, " ; an ) )

It implies H Tx - TSH Z ftp.llx-YH
Hence for A

,
B EIR

"

DLA , B) so ⇒ d ( TA , TB ) so

It implies that µ is a metric outer measure.

( Recall µ (E) = LYTE ) )
Therefore µ = C . L

"

for some constant
.

Next assume T is singular , then TCR" ) is
contained in a by plane of IR" so

,



L
"

(T ( IR" ) ) - o .

Then pl - o

In the case that T is a rotation or a reflection
,

then
B - TCB) where B is the unit ball centered

at the origin .

So HLB)=dKTB ) - ICB) ⇒ ⇐ I
.

He

§ 3. I Lebesgue measure on LR
.

• Non - measurable subsets of LR
.

Q : Is every subset of LR measurable Wrt

hit ?
No

.

Answered by Vitali at 1905
.



vitali.sconstruchinofnon-measnrablesets.me
introduce a relation

"

n

"

on IR by

× ~ y if and only x - y E

t

( the set of rationals)
One can check that ~ is an equivalence relation

• xny ⇒ you x

• Xny
,
ynz ⇒ XNZ

a Xv X

Then

LR = Ua Ea where Ea are equivalence
classes

.

By the axiom , by picking xa from Ea
for each 2

,

we form a set { Kada = : E

we call E a Vitali set
.

Then as a remarkable



fact , we have

KR = W (Ete)
9- C-

where the union is disjoint . ( check it ) .

Prop's : Every set in IR with positive Lebesgue measure

contains a non- measurable subset
.

Pf . It is equivalent to prove the following :

If ACIR such that all subsets of A ane

-measurable
,
then LHA) - O

.

Fix such a set A . For 9- E Q
,

we define

Aa - An ( E -191
,

where E is a Vitali set . Then

A = ¥ A' k because LR - If 'D



Since
'

Ag are measurable by assumption , we have

ITAI = ¥ htt Ae )

Now we need to show that LILA e) = o for each
IE Q

.

By the inner regularity of L
't

,
it is enough to

show that
LIK ) -- o for each compact subset

K of Ae
.

Fix such a compact Ke Ae . Define

H = UU K tr
re Q
M E P

for rationals rith
,

since Ktr. E Et 9- th ft hey and, onlyKth e E -1 9- th

Hence the union in defining H is disjoint

so L'TH ) = E L'T Ktr ) = E tick )
.

REQ re Q

MEI MEI



If tick) so ⇒ ITH) - to

however this is impossible because H is a bounded set

Hence L'CK) - o . DH
.

Remake : Any Vitali set E is non- measurable
.

Pf . Suppose on the contrary E is measurable
.
.

IR = U (Ete )
(at '

Tmeasurabhe
(disjoint)

Hence If IR) = I Lf Ete )

= I
EE HE )

which implies HE ) > o .



However for any compact subset K of E .

Using the same tick ,

H = U Ktr
REQ

MEI

H is bad
,
⇒ Lick)=o

By the inner regularity of E ⇒ L'(E) = o .

D

• Cantor set and Cantor function .

Middle-class. The construction is

the following : o 1-11 Coo

Coo G o G . . - s Cna . .
.

° E-n 't C,

off EF ti n Cz
w

Let C = n Cn . . .
. . - - - - - - Cn

n - O



We call C the middle - third Cantor set
.

Below we list some properties of C
• C is compact , non- empty , uncountable

.

• nowhere dense

• perfect ( no isolated points)
• Life ) = o

W

• C = { x = I An J
"

: an -- o or 2 )n=L

Next we introduce the /CantonfunctiomFT
-

Define Fi C → [ o , II by

x - NI
,

an 5
" ten E. In



• Then the function f is continuous
,

increasing , surjective .

•
Moreover if la , b ) is an interval in
the complement of Cn

,

then

f- (a) = Fcb)

for instance a = T
,

b -- I

°
1-I
F si
1-I 1-1

Recall that I = O
. 0222 - - - 2 . . - ( in base 3)

§ = O
,
2 oooo u. ( in base 3)

f- ( J ) = O
.

O l l l l l l -
- - ( in base 2)

f- ( F ) = o
. I ooo ooo ( in base 2)



Now we extend fi C. → [ o , it

to F i [ 0,11 → [ o , if
such that F is constant in each component

of [ 0,111C

We call F : [ o
, II → [0,11 the Cantor function

.

Then F satisfies the following properties :

① F is increasing on Eo, I ?

③ F is cts

③ F'Cx) =o for hit - a.exe [o , if

④ f- (C) = [oil 't
logs
Toss

⑤ ffcx) - Feast E D Ix - YI t x. ye -6,1
and D is a constant

.



Next we build an invertible Cts function h :[ o , I
→ [ o , 2]

such that h
"

maps some non- measurable sets

into measurable subset
.

Let hcx ) = x t fix , for XE [ o , I]

Notice that h is Cts and strictly increasing .

h (o ) = Ot Flo ) =o , h (1) = It Fcl ) = 2 .

-So fhisahomph.sn from Eo
,
it to [ 0,2]

.

Key point : hit@ (C ) ) =p .

Notice that C = It
,
Cn

,

Cnt

so hfc ) = II
,

h (Cn ) , h (Cn) t

By the continuity of Leb . measure

tithe) ) = him L'T h (Cni ) .

how



Notice that for each basic interval in Cn

t

II n
'Ii' n m +,

£9
3-
h

( there are 2
"
basic

[fhfa .bg/=z-n+z-n
Intervals in

'

ca )

has = Xt Fox) ( b - a=3
- n

)

hit (hla.br ) = bt Fcb) - a - flat
= (b - a) t (Fcb ) - Fcat)
= 5h t 2-

h

( using the 3- adic expansions
of b

,
a

. )I leave it as an exer .

Hence titfhfcn )) = 24545")
= It ⇐ I

"

.

Letting mo gives (CD -- I
.
.



Now by Prop 3.3 , I a non- measurable

Ac NC )

Ket D= hit Alec
.

So h ( B) = A ,
with A being non - measurable

.

However Bec
,

so L±( B) =o ⇒ B is

measurable
.

•Remark : If f : [ a. b ? → Ec , d ?

is a homeomorphism,
then f maps every Borel subset

of [ a ,b1 into a Borel subset
.

of [ c.d1 .

( Exen . )


