
Real Analysis so - of -25 .

§ 1.5 Convergence of measurable functions .

• fn → f a.e
. ( pointwise convergence)

linings fncx, = fan are .

• fn → f uniformly on Ya X
. ( uniform convergence)

V-E > o, 7- At - NK) such that

Ifnly ) - fusil se for all NEAT
and YET .

we write

1fn⇒fon
• fan → f in It

.

↳ Ifn - ft dm → o as h-so
.

• fn → f in measure
.

t p so , µ{ xiffncx ) - fail > p } -so
as h-50

.



Let ( X, M, te) be a measure space .
Thm 1.16 ( Egrov Thm ) .

Let f , fn
,
na 't

,
be measurable functions , finite a. e.

Suppose te ( x) so
,
and

fn → f a. e as n-so
.

Then for any E > o
,
I AEM with µ(A) SE such

that

Fn ⇒ f on XIA .

Pf
.

Let E >o
. WLOG

,
assume that f

, fn are

finite everywhere .

For any i, j EM ,
we define

A = ¥. { x : Ham - fails IT ) .

Clearly as j increases
,
Aj is monotone decreases

.

so Aj' w §
,
Aji



Notice that X E Aji limp lies I infinitely many

k such that ftp.cxl-fcxl/z IT .

so frail to fan .
Hence µ ( ft

,
Aji 1=0 .

since few so , Aji 8 I
,
Aji ,

by the continuity of µ ,

we have

µ( Aji ) → µ ( ft , Aji ) = .o as job
.

So for each IE HI
,

we can find j EAT
such that

MC Ajay) s zit .

Now let w
p

A = U Ajay .

it

Then HAI E FI
,
til Ajay ) s ET ¥ = e

.



We claim that

fr ⇒ f on XIA .

To see this
,
notice XIA = IT (Aji, )

'

tiene XE XIA ⇐ x ¢ Ajcii , for all i

But xct Aja , = a,{ Y : I fast - full hit }

Means Ifpix ) -fox , Is IT for all kzjci)

Hehe fr⇒ f unit on XIA .

ha

Remark : The assumption that pic X) so
can not be dropped in Egrov 's thin .

Here is a counter- example .

• Let X = [ 0,0 )
,

µ = Leo
, uh .



Let fb = Yep
, htt ) ,

he 1,2, - - i

Then fr → 0 on [ 0,01

However I no set Y with µ(4) = is

Sukh that fr o on Y
.

To see this

suppose fr o on Y
.

Then I AT such

(* I ffrcb ) - of < I for all YEY and

k tht

That means YA EN
, b) = 0 .

Otherwise if ye YA EN , o) ,
I
.then I KZN

, YE Erk
,
Rtl )

,

then

fklbt-X-k.my (b) ' I
leading to a contradiction with # I .

Hence YE [ o, N) and lucy ) sis .



Prop 1.17 . If fr → f in measure
,

then 7 a subsequence ( kj ) of natural
numbers such that

II. frjcxl = fail a.e
.

Pf . Since fr → f in measure
,
so

we can find a subsequence ( kj ) ,
of natural numbers such that

kjti > kj
and

µ { × .. ftp.jcxi-fcxi/ > T } E IT
,

j -- I, 2, . . -
.

In what follows ,
we will prove fig . → f a. e .



Define Bn = ¥n{ " lfkjcx ) -fall > I}.
Then

µ( Bn )EjEnM{ xilfnjcxtfcxilsff
← En 2

"
"

= z
- Cn - y

.

Hence things tkBn ) - o .

In particular fu ( II. Bn )=o .

Now we claim

ftp.jcx , → fan for x # Ani
,

Bn

Indeed if x¢ ⇐ Bn
,

then XE BE
so XE Bnc for some n .



But Bnc =
n

{ Yi lfpy.CH - fcysljt}
x E Bnc ⇒ for any jzn ,

Ifrjcx) - fcxsfsjt
⇒ ftp.jcx , → fan .

He

Prop 1.18 .
Assume µ(X) so .

Assume f-
,
fn

,
hat

,
are measurable

,

finite a. e
,
and

fn → f a. e
.

Then fn → f in measure
.

Pf . Let P , E > o .

We want to show

* *) fu { x : Haki - fail > p } - E when k
is large
enough .



To see (** I
, by Egrov -1hm ,

we can find A EM with fe(A) se
such that

fr Is f on XIA .

Therefore I AT such that

( frm - fan / sp for all x c-XIA
and KZN'

so

{ x : lfpncxi - fast sp } E A if KZN.

Therefore
µ { x : lfpexl - fcxifsp } ENLAI se

for all KZN'
This proves # *) . #



Remark : In prop . .
1.18

,
the assumption

µ so

can not be dropped .

The same counter -example
fr = X-bk.hu) ,

htt
.

X = [ o , W ) , te Leo
,
is ) .

Then fr → o
. But

it { I frat - ol > I } = I to as

k→b
.

Prop . 1.19 .
Assume fr → f in L't

Then fr→ f in measure .

Pf
. Using Markov inequality ,

for given pro

µ{ x : Ifhcxi - fcxshap } ftp.flfr-fldm
x

→ o

ka



Corollary h2o
.

Assume fk→ f in L't
.

Then fpy. → f a. e for some

subsequence ( kj ) .

Pf . It is the direct consequence of Prop 1.18, 1.19 .



Chap z .
Outer measures

.

There are two ways to construct measure spaces .
One is the approach by Carathe odrory via outer measures ,
the other one is by Riesz representation thin on linear

functions .

§ 2.1 Outer measures
.

Def . Let X t 0 . An outer measure fl on X
is a function from ③ = { Yi Ye X } to Eo

, -101

such that

di te fol ) = o ;

e) If A E ¥7, Aj , then
µ( A) E EE MAJ ) .

( countable sub- additivity ) .

Example I . A well known example of outer measure is

the Lebesgue measure 112
, defined by



HAI = inf { ¥7151 : Act , Ij ,
Ij = [ Gi , bye I } ,

where I Ijf - bj -Aj
.

• clearly d(8) = o because § e [ o, EI
.

• If A E JI, Aj , then
* HAIE ET HAJ ) .

To prove #I, we may L( Aj ) so ; otherwise ,
there is nothing to prove .

Let E >o . By definition , for each j , we can
find { Ij

,
n }n? ,

such that net
,
Ij, no Aj

and

EI
,
IIj.nl s d( Aj ) -1 ÷ .

Then ¥
,
¥

,
Ij
, n
Z Aj 2 A



But

Ei Ei Hints Filtrating. )
e-

= Hail) te .

So HA) E ¥7 HAJ ) te .

Letting e-so gives # I

Example : Consider ( G , 9) , where

g e 2x ,
and g : G → [ o , to) which satisfies
is inf g (G) = o

G- Eg

Cii ) II
,
Gj = X for some Gj EG .

Then define for Ae X ,

MFA) - inf { II,9( Hj ) : Ae ju, Hj , Hj Eg }



Then he is an outer measure .

( In the case of Leb .
on IR

,

choose ( g ,
9 ) by G = { Ea , b1 : as b }
gig → [o , WI by

gfea.bz ) = b - a
.)

Def . Let fu be an outer measure on X
.

We say E C X is figurate or simply
measurable if

**) Hfc ) = fetch E) 1- H ( Ch Ec )
,

to ex
.

Let Me denote the collection of all µ- measurable
sets

.



Them 2.1 ( Caratheodory )
Mc is a o- algebra on X

.

Moreover
, ( X , Mc , te ) is a measure

space .

( Ee Mc ⇒ fuk) = then E) THERE ')
,
to ex )

.

Pf . First
,
it is direct to see that 0

,
X C-Me

.

Next we show that if E
, f-Eth then EUFETK

.

Indeed for any C E X ,

µ (c) = felon E) t te ( Cn E
' ) ( since Ee Nc)

= felon En F) t felon Er Fc) t felon En 't )
+ µ (c n 't ' n Fc)

Z µ ( Cn ( E UF) ) t te (c n (EU F) c)
.

Here we use the fact that

@ En 't ) U ( en En Fc) u (ch Ecn F) = Cn (EUF)
( En F) u ( En FC) U ( Ecn F) = E UF )



I
-

But by sub -additivity

fields then CEUFI )tM(enfeoff)
Hence we have the E

' ' and so

EUFEJY ?

By Induction , we see that

¥
,
Ei C- Me if Ei

,

"

; Enema
.

Also
,

Ein Ez - ( Ei VEE)
'

so Ein Ez C-Me if Ei
, ELENE



Next we prove that if Ei
,
Es
.

. . .

.
are disjoint

Ei EMc

then Ui, Ei C- Mc .

To see this
,
set

An = it, Ei ,
b

A- is = U E i
.

it

Then An E Mc
.

Notice that for any c e X ,

fetch An ) = then An n En ) + then Ann Eri)
( since En C-Mc)

= fu ( C n En ) t then An- i )
Repzeatij it

µ (c n En ) t te(Cn En-i) take And
= . . . = Eh, then Ei )



Now

tho ) = then An ) + H ( ch Ai )
( since An E Mc )

= Fi
,
then Ei ) + pecan Any

3 Eh
,

then Ei ) t te ( on Ad )
.

Taking new gives

(***) NC) s EI Mcca Ei ) t MCCRAE )
Z Nc n Ao ) t te (ca AI )

Henle An E Mc
.

In the inequality ( *** I , letting C -- Acs

gives µ( Ii
,
Ei ) s EINE it

and so full Ei ) = FINE i)



This proves the countable additivity of µ .

Now let Ei G- Mc
,
i 31

,
which might not be

disjoint . Then let

F
,
= E ,

Fz = ELLE ,

'

= ENKE , U . -
- U En- i )

c e -
-

Then Fn C- Me
,

Fn are disjoint,

Ui
,
En = Oni

,
Fn C- Me

⑤



Def : A measure space ( X , M, H) is said to

be complete if

A- EM with MAI -- o ⇒ BEM for all
- Be A

.

( A is called a null set )

Prop 2.2 .

The measure space
( X, Mc , µ ) constructed from an outer

measure µ on X is complete .

Pf . Let A C- Me with HCA ) - o .

Suppose Be A .

Then µfB) EH (A) = o .

Hence for any C e X
,

then B) E MLB) Eo ,
which implies HAND) - o.

So

µ ( C ) s µ (GB ) = NCLB) t then B)
and fuk ) = heldB) then B) . Hence BEM.ge . I#


