Chapter 5
Radon-Nikodym Theorem

Signed measures come up in at least two occasions. First, for any non-negative
p-measurable function f, the map E — | p fdu is a measure. When f changes
sign, this map is still countably additive and it should be a “signed measure”.
Second, in Theorem 2.8 it is shown that every positive linear functional on C.(X)
(X is a locally compact Hausdorff space) comes from a regular Borel measure.
From the viewpoint of functional analysis, it is desirable to characterize the dual
space of C.(X) as the space of “signed measures”. We introduce signed measures
in Section 1. Just like the absolute value of a function is non-negative, it is shown
that the “ absolute value ” of a signed measure, its total variation, is a measure.
In Section 2 we establish the important theorem of Radon-Nikodym and discuss
how to decompose a measure or a signed measure into its absolute continuous
and singular parts with respect to another measure. Then we use this theorem to
establish the full Riesz representation theorem in Section 3. Weak* convergence
of sequences of signed measures is discussed in Section 4. As an application of
the Riesz representation theorem we give a characterization of weakly convergent
L'-sequences, part of the Dunford-Pettis theorem. Finally, as another application
of the Riesz representation theorem, we prove Herglotz-Riesz theorem concerning
the boundary trace of a non-negative harmonic function in Section 5.

5.1 Signed Measures

Consider M a o-algebra on the non-empty set X. A map pu: M — R is called a
signed measure if it satisfies

o

w(E) = ZM(EJ'), V partitions {E;} of E.
j=1

Here {E;} is called a (measurable) partition of E if they are mutually disjoint,
measurable and £ = U;E;. One immediately deduces that p(¢) = 0 and p(X) is
finite for a signed measure. The latter makes even a non-negative signed measure



different from a measure, namely it must be a finite measure.
Given a signed measure on (X, M), its total variation (measure) is given by

\p|(E) = sup{zm V partitions {£};} of E.

Clearly |u| (E1) < |u| (Ey) if Ey C Es, both in M.

Proposition 5.1. The total variation of every signed measure on (X, M) is a
finite measure on (X, M).

Proof. We need to show

|l (B Z |ul (E

whenever {E;} is a partition of E.
First we establish subaddivity. Let { A} be a partition of E. We have

o]~ 3 (4nUs)
<ZZ’“ (AN E;)|
:;;WAHWEJ' (use ZZak]—ZZak], Vak]>0>

< Z || (E;). <{A;,C N E;}y is a partition of Ej>
J

Taking supremum over all {A},
ul (E) < Z ul (E

Next, we show the reverse inequality. If |u|(E;) = oo for some j, then
| (E) > |p| (E£;) = oo, the inequality holds. Let |u|(E;) < oo Vj. For ev-
ery € > 0, we can find a partition {E,]c} of E7 for each j such that

|ul (E <Z\u EJH

Now, {F}}, forms a partition of E. We have

Zw <ZZ|“ (E])|+¢
Slul( )+6
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and we get the desired inequality after letting e — 0.

Finally, we show that |u|(X) is finite. If on the contrary |u| (X) = co. By the
lemma below, we can break X into A; and B; such that |u(Ay)|, |u(B1)| > 1. As
|| (A1 + || (B1) = |p| (X), at least one of pu(A;) and p(B;) has infinite measure.
Assume |u| (A1) = oco. Apply the same argument to A; to get Az, By such that
|(Ag)], [(B2)| > 1. Assume again that A, has infinite measure. Keep doing
this we get B;;1 C Aj, so that B; N By, = ¢, j # k. Letting B = UBj’ we have

j

u(B) = Zu(Bj)-

As p(B) is finite, this infinite series converges, and, in particular, u(B;) — 0, but
this is in conflict with our construction that |u(B;)| > 1 for all j. O

Lemma 5.2. If|u| (E) = oo for some E € M, then there are disjoint measurable
sets A, B in E satisfying AU B = E and |u(A)|, |pu(B)] > 1.

Proof. For, let t > 0, there is some partition {E;} of E such that Z |n(E;)| >
j=1
N

t. We fix a large N such that Z \|u(E;)] > t. Rearrange E;’s in the order
j=1

such that Ey, By, ..., Ey,, all u(E;) < 0 and E,4q, ..., En, p(E;) > 0. Then

[W(Er) + - (B | + |#(Epsr) + - + p(En)| > ¢, and so, either

BB+ (B >

or
t

(Eir) + -+ p(En)| > 5.

" t
Assume, say, it is the former. We take A = UE]-. Then |p(A)| > 7 Let

B =E\ A. Then ~
1(B)| = (E) — p(4)]
> |pu(A)| ~ ()|
> -~ |u(B)
>1

if we choose t > 2 and t > 2 |u(E)| + 2.



The following proposition yields a lot of signed measures from a single mea-
sure.

Proposition 5.3. Let pu be a measure on (X, M) and f € L'(u). Then

(a)
/\(E):/fdu, VE € M

1S a signed measure.

(b) Its total variation is given by
E) = [ Ifldu
E

Proof. (a) is immediate. To show (b) let {E;} be a measurable partition of E.

Then
;M@n - Z /Ejfdu
Z[E_!fldu
- / Fldu.
E

Taking supremum over all measurable partitions, we obtain

IA

A(E) < /E \Fldp.

On the other hand, let A={x € E: f(x) >0} and B={zx € E: f(z) <0}. A
and B form a measurable partition of . By the definition of the total variation,
we have

A(E) > A HAB)|= /E Fldn.
]

Denote by M (X) or M (X, M) the collection of all signed measures on (X, M).
It is a good exercise to verify that M(X) forms a vector space and is complete
under the norm

[l = ] (X).
M (X, M) is a Banach space. Given a signed measure p, let

1 1
pt = §(|u| +p),  u= §(|/~L| — ).



We can write

p=p" —p and |p| =pt 4+ pum,
where p* and p~ are finite measures. The decomposition of a signed measure
into the difference of two finite measures is called the Jordan decomposition of

the signed measure. The terminology comes from a corresponding decomposition
for functions of bounded variation.

5.2 Radon-Nikodym theorem

Let p be a measure and A a measure or signed measure on the same o-algebra
M. The measure A is called absolutely continuous with respect to u, A << pu
in notation, if every p-null set is A-null. X is concentrated on a set A € M if
AME)=AMENA), for all E € M. Note that the set A is not unique. When A is
concentrated on A, it is also concentrated on any set containing A and any set
of the form A\ N where N is A\-null. We call two measures/signed measures \
and Ay singular to each other, A\; L Ay in notation, if \; and A\, are concentrated
respectively on A and B where A and B are disjoint. Clearly, Ay L p if A is
concentrated on A and pu(A) = 0.

The following proposition can be derived easily from the definitions above and
is left for you to prove.

Proposition 5.4. Let p be a measure and \; measures or signed measures, 1 =
1,2. Then

(a) X\ is concentrated on A = |\| is concentrated on A.
(b) A\ L Xy = |A| LA

(¢) M L, Mo L= A+ X Lp

(d) A\ << p, Mg << 1= A+ Aoy << U

(e) N << pu= |\ <<p.

(f) M << p, Ao Lp= X L A

(9) A<<p, A Lpu= A=0.

Example 5.1. Consider (R, M) where M is the o-algebra consisting of all
Lebesgue measurable sets. For f € L'(R), define

v(E) = /Efdﬁl.



Then v << L£'. On the other hand, consider

N
A=) a;i,
j=1

where {z1,..., 25y} C R and a; € R. Then X is a signed measure on (R, M) (in
fact, on (R, Pg).) As L' is concentrated on R, so does it on R\ {z1,...,zx}. As
A is concentrated on {z1,...,xx}, A and £! are singular. By Proposition 5.3, all
v’s are singular to A too.

Absolute continuity and mutual singularity describe two extreme relations
between two measures. It is striking that they are sufficient in certain sense for
the description of the relation between two measures. This result is contained in
the following two theorems.

Theorem 5.5 (Lebesgue Decomposition). Let p be a o-finite measure and
A a signed measure on (X, M). There ezist a unique pair of signed measures
(Naes As);, Aae << i and Ng L p, such that X = e + As.

Theorem 5.6 (Radon-Nikodym Theorem). Let i be a o-finite measure and \
a signed measure on (X, M) such that A\ << u. There exists a unique h € L' ()
such that

)\(E):/hdu, VE € M.
E

The function h is called the Radon-Nikodym derivative of A with respect to
and will be denoted by dA/dpu.

We will prove these two theorems in one stroke. The proof is due to von
Neumann.

Proof. Step 1. Assume that both p and A are finite measures. Setting p = p+ A
and define a functional on L?(p) by

Ap = /sodk, ¢ € L*(p).

By Cauchy-Schwarz inequality,

Ayl < / ol dA

g/m dp

< Vo(X) llell L2



so A is a bounded linear functional on L?(p). By the self-duality of L?(p), there
exists some g € L?(p) such that

/wdkz/wgdp, Vi € L?(p). (5.1)

Taking ¢ = xg, E € M, ¢ belongs to L?(p) and we have

A(E) = /Eg dp,

and

By a previous exercise, g € [0,1] p-a.e. By redefining ¢ in a null set, we may
assume g(X) C [0, 1]. Let
Aae(E) = AMENA),

and

As(E) = A(EN B),

where A = {x € X :g(x) € [0,1)} and B = {x € X : g(x) = 1}. We have \ =
Aae + As.
We rewrite (5.1) as

/90(1 —g)dA = /sog dp. (5.2)
Taking ¢ = xp, we get

0:/Bdu:u(B).

We conclude that A\; L p, since by definition A is concentrated on B. Taking
0=xe(l+g+---+g") in (5.2), we have

/XE(l — g™t dx = /XE(1 +g+--+g")gdu.
The left hand side of this relation satisfies
/XE(l — ") dA
~ [a-gi

E
:/ (1—g™")dA
ENA
= AMENA) = e(E), as n — oo,



where the monotone convergence theorem has been used in the last step. On the
other hand, the right hand side becomes

1— gn+1
/11+g+-~+gﬂgm¢== /1 g i
E ENA -9

— Ld,u as n — oo.
nal—g

Setting h = g/(1 — g), h is non-negative and belongs to € L'(u). We conclude
that
lMJE):i/hdu, VE € M,
E

SO, Age << L.

Step 2. Consider the case that p is a finite measure and A is a signed measure.
Applying what has been proved to AT and A~, the Jordan decomposition of A,
we have

A=+ A AT =L+ A

)\-i-

ac?

By Proposition 5.4, A = Ao + A, Aae = A — A, A = AT — A7, and A\, <<
and Ay L A\,.. Moreover, if

&=/Hw,

Aae = /hd,u, where h = h™ — h™ € L'(u).

Aae << AL, AT L

Step 3. Let u be a o-finite measure and A a signed measure. Let {X;} be a
measurable partition of X with finite measure. Let p; = MLXJ- and \; = )\LXJ_.
By the previous step,

No=N AN, No<<py, ML,
No(E) = /Ehj dpj = /EthXj dp, hj € L'(15), hyxx; € L' (n).

Letting A\, = Z N and )\, = Z M, we have
j=1

j=1

>\:>\ac+>\57 >\ac << Wy )\5 J—ﬂ'a



and

Aae(E) = /hdu, where h = ZthXJ"
E ey

By Proposition 5.3,
0> P(X) = [ [hldn,
X
so h € L*(p).

Step 4. To finish the proof we establish uniqueness. Suppose there is a pair
(A1, Ag) with Ay << g and Ay L p such that

)\:)\1—|—/\2.

As A = de + A, A1+ Ao = Ao + Ag, it implies that Ay — Age = A — Ao, As
Al — Age << pand Ay — Xy L p, by Proposition 5.3, \{ — Aye = Ay — Ao = 0, that
iS, /\1 = )\ac and )\2 = >\s‘ ]

We deduce a significant result from the Radon-Nikodym theorem.

Let p be a signed measure on (X, M). From the relation |u(E)| < |u| (E),
VE € M, we know that p << |u|. By Radon-Nikodym theorem, we can find
some h € L'(|u|) such that

u(B) = [ halul

1 1(E)
Il (B) [ et = i m <

we know that |h| <1 a.e. We claim that in fact |h| =1 a.e. For, let

From

A, ={zeX:|hl(z)<r}, re(0,1).

For any partition {A4,} of 4,,

IICHEDY
< [ man
<30I (4)

=7 |ul (Ar).

[
A.

J




Taking supremum over all partitions {4;},

lul (Ar) <7 {ul (Ay).

As |p| (A,) < |u| (X) < oo, this forces A, has |u|-measure zero. So, |h| = 1
|p|-a.e.  After redefining h on a set of measure zero, we may assume |h| = 1
everywhere. Thus we have

Proposition 5.7. Let y be a signed measure on (X, M).

(a) There exists an h € L'(|u|), |h| = 1, such that du = hd|u|, that is,

() :/hd\m, VE € M.
E

(b) There are disjoint measurable sets A and B such that
P (E) = p(EnNA)
pw (E)=—-u(ENB), VEeM.
(c) If w = A1 — Ay where \; are measures, then \y > pu* and Ay > p~.

Proof. (a) Already done.
(b) Let A={z € X :h(z)=1}and B={z € X : h(x) = —1}. Then AUB =
X and

p*(B) = 5l (E) + p(E)
—5 [a+nan

—/ dlp] (usel+h=2onA, 1+h=0o0nB)
ENA

ENA

=u(ENA).
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Similarly,

(c) Aspu=XA —X <)y,
pt(E)=pw(ENA) <M(ENA) < \(E).
As —p = dg — A\ < g,
pw (E)=—-pu(ENB) < (ENDB) < \E).
[

The existence of disjoint A and B such that p* = p| , and p= = p| 5 is called
the Hahn decomposition of j. Proposition 5.6(c) shows certain minimal property
of the decomposition.

5.3 The Dual Space of Cy(X)

The space C.(X) may not be complete under the supnorm. For instance, the
function e*” is the uniform limit of a sequence of functions in C,(R), but it
is positive everywhere. The space of all bounded, continuous functions on a
topological space forms a Banach space where C.(X) is its subspace. We denote
the closure of C.(X) in in this space by Cy(X). It is a Banach space. In fact,
when X is a locally compact Hausdorff space, one can show that it consists of all
continuous functions that vanish at infinity. More precisely, f belongs to Cy(X)
if and only if, for every € > 0, there is a compact set K such that |f| is less than
e outside K. Of course, Cy(X) is equal to C,.(X) when X is compact. As C.(X)
is dense in Cy(X), the dual space of C.(X) can be identified with the dual space
of Co(X) .

From now on we take X to be a locally compact Hausdorff topological space.
A signed measure p € M(X) = M (X, B) is called regular if every E € B is inner

11



and outer regular, i.e.,

lp| () = inf{|u|(G): E C G, G open}, and
=sup{|p|(K): K C E, K compact}.

We use M, (X) to denote all regular Borel signed measures on (X, B).

Proposition 5.8.  (a) M,.(X) forms a closed subspace of M(X) under the
norm ||p|| = |ul (X)),

(b) p=p" —p~, p€ M(X) if and only if p* € M,(X),
(c) For p € M.(X) and f € L*(Ju|), the measure \ given by

A(E) = /E Fdll,

belongs to M,.(X).

I leave the proof of this proposition as an exercise.
Each regular Borel signed measure induces a bounded linear functional on
Ce(X). In fact, we used to define

Ap = /sodu, Vo € Ce(X),

when i is a measure. Now, for a signed measure, we could use Proposition 5.7(a)
to define

A= [ehdlul
Aso—/wdu*—/wdu-

Agl < [lehl dlal < el (O ol

or,

With this definition,

A< [l (X) = lull, (5.3)

holds and, in particular, it shows that A € C.(X)'.
Consider the map ® : M, (X) — C.(X) by @ : pu+— A. We claim that that ¢
is linear.

Indeed, writing /(p dp = /gphd ||, we first prove that

/¢d(M1+M2)=/<PdM1+/SOdM2a Vi, 2 € M (X)

12



and
/(pd(cu) = c/gpd,u, Ve € R.

The second one follows directly from the definition. For the first one, we have

/sod(u1+u2)Z/sod(uﬁruz)*—/sod(uﬁrua),
/@dulz/wduT—/wduf,
/@dm:/sodu?—/sodui

It suffices to show that

/wd(ul +p2) "+ /s@duf + /sodu‘ = /s@d(m +p2)” + /sodm* + /sodu;-
(5.4)
Observe that for any two finite measures A and p on the same o-algebra,

and

/f dA+p) = /f A\ + /f du, V bounded measurablef,

As
i+ 2 = (a4 pa) ™ — (1 + p2)~
=gy =y, and g = jiy — fiy,
we have
(1 + o)™+ pg +py = (i + p2)” +pg + g
Therefore,

/s@d(ul + pi2) "+ /SOd/h +/s0du = /sod(m + pa)” +/s0du1+ + /wdu?
and (5.4) follows.

Finally, let us show that the map from p to A is norm-preserving. In view of
(5.3), it remains to show ||A]|> ||u||. Indeed, from

Ap = / phdp

we choose a suitable ¢ to approximate h. Recall that |h|= 1 and |u/| is a finite
measure, by Lusin’s theorem (Theorem 2.12), for each ¢ > 0, there exists some
¢ € C.(X) satisfying (a) |p|< |h|=1 and (b) |u|(A) < & where A = {x: ¢(z) #

13



h(z)}. We have

1Al > [Agl
- \ / whdlul‘
> (X \A)—e
> Jul(X) - 2.

The desired inequality follows by letting ¢ — 0.
Summarizing, we have shown that the map p — A is a norm-preserving, linear
map from M, (X) to Cy(X)".

Theorem 5.9. Let X be a locally compact Hausdorff space. The ® : M.(X,B) —
Co(X) is a norm-preserving, bijective linear map. In other words, the dual space
of Co(X) is equal to M, (X, B).

This is the full version of Riesz representation theorem. It is different from
Theorem 2.8 for two points. First, it deals only with bounded linear function-
als while Theorem 2.8 deals with positive linear functionals which may not be
bounded. Second, since we are only concerned with the dual of C.(X) only, we
do not consider outer measures here.

Lemma 5.10. Setting as above, there exists a positive linear functional Ag on
C.(X) satisfying

IAST< Aol f]) < N[ f oo, V€ Ce(X).
Proof. For f € CF(X), we define
Aof =sup{|Ag|: [o] < f, ¢ € Co(X)}.
Clearly, Aof >0, Aofo > Aof1 if fo > f1 >0 and Ag(cf) = cAgf. We claim
Ao(fr + f2) = Ao fi + Nofo,  f1, fo € CH(X).

for, observe that

(Al < [[A[ el < NIl i el < f.

Taking supremum over all these ¢,

Ao < AN Ml - (5.5)

In particular, Agf is finite. Let fi, fo € CH(X). For e > 0, there are @y, o,

14



lo1] < fi1, p2| < fa, such that
Aofi < |Api| + ¢, Aofa < |Agps| +e.
Pick 01,09 € {1, —1} such that |Ap1| = o1Ap1, |Apa| = 09A¢s, then

Aofi + Nofa < A(orpr + 02p2) + 2¢
S AO(fl + f2) + 2¢.

So,
Aofi + Aofa < Ao(f1 + fo).
To get the reverse inequality, let ¢ € C.(X), |¢| < f1 + f2 and set
_ Jip 0y = Jaip
H+ 1 fi+ fo

and and ¢; = ¢y =0o0n X\ V where V ={z € X : (fi + f2)(x) > 0}. Note that
1,02 € Ce(X)[p1] < fu, [p2] < fo, and ¢ = 1 + . We have

on V),

©1

[Ap| = [Ap1 + Ay
< |Apr| + [Ags]
< Aofi + Ao fo.

Taking supremum over all these ¢,
Ao(fi + f2) < Aofi + Ao fo
For f € C.(X), we set
Nof =Nof " = Nof™.
Using the old trick
(it f) = (h+f) =h+h=i-f+H-f,

it is routine to check that Ag is our desired positive linear functional on C,(X). O

Now, we can prove Theorem 5.9. To show that ® is onto, we need to find
some p that satisfies ®(u) = A for any given A. Indeed, applying Theorem 2.8
to Ag, we can find a Radon measure A such that

Aof = / FAA, Yf € CX).

Here )\ satisfies

15



e \ME)=inf{\G): ECG,G open}, VE C X,
e \ME)=sup{\K): K CE,K compact} if \(F) < o0, VE € B.

By Lemma 5.10,

\ / fdA' — hof| < AN Al VS € CulX).

From the proof of Theorem 2.8,
AMX) =sup{|Aof]:0< f<1lon X}.

In view of this, we have
AX) <Al
i.e., A belongs to M, (X).
From the definition of Ay we also have
IAfl < AofT 4+ Aof”
= |flleey,  Vf € Ce(X).

As C.(X) is dense in L'()), A can be extended to a bounded linear functional on
L'()\). Since A is a finite measure, by L'-L* duality there exists some h € L>(\)
such that

Af:/fhdA Vfe LY\,

and the operator norm of A as a linear functional on L'(\) is equal to [|A||c-
Using [Af|< || fllz1n), we have [|h]|oo< 1. On the other hand, we have

Al = sup{|A¢[: ¢ € C(X),|p|< 1}
/|h|d/\
AMX)

1A,

IN

IAIA

which forces |h|=1 A-a.e. and A\(X) = ||A||. Now we set
W(E) = / hd\, VE e B.
B

By Proposition 5.8, 1 € M,.(X). By Proposition 5.3, |u|= X and so ||u||= [|A]|. We
conclude that ® is a norm-preserving linear bijection from M, (X, B) to Cy(X)'.
The proof of Theorem 5.9 is completed.
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5.4 Weak™ Convergence of Measures

Let E be a normed space and E’ its dual space. A sequence {Az} C E' is called
weakly* convergent to A € E' if

Ay — Ax, VzreFE,

as k — oo. Consider LP(u), 1 < p < oo, we know that LP(u) = L9(pn) where ¢ is
conjugate to p. For f, € LP, f, = f if and only if

/fkgdu — /fgdu, Vg € L(p).

This turns out to be the same as f,, — f. So when 1 < p < oo, weak™ and weak
convergence are the same, depending on whether to regard LP(u) as the “base”
space or the dual of LI(p).

Applying to the case the space Cy(X) where X is a locally compact Hausdorff
space, by the representation theorem

fin = g in M(X)

if and only if
Jodin > [odu. v ecux.

The following result is sometimes called Helly selection theorem.

Theorem 5.11. Let E be a separable normed space. Every bounded sequence in
E' contains a weakly* convergent subsequence.

This theorem can be proved as Theorem 5.8 and we omitted its proof. As a
special case we have

Corollary 5.12. Let Cy(X) be separable. Every sequence {ux} in M,.(X), ||| <
M for some M, contains a subsequence jiy; which jiy; oy for some p € Mo(X).

One can show that the space Cy(X) is separable when X is a compact metric
space or it is an open set in R".

Recall that even || fx|| ;1 is uniformly bounded, we cannot always pick a weakly
convergent subsequence f,, in LY (u). As a typical example we may take {f:}
satisfying sptfi, = [ag,bx] shrinks to {xo} and || fx||;1= 1 for all k. Then no
subsequence of f; converges weakly. However, if we regard an L!-function as
a measure by setting du = fr dL', p. now belongs to the larger space M, (R)
and ||| = || fullz1= 1. By Corollary 5.10, it has weak* subconvergence ju,, —
. In fact, it is clear that the entire sequence converges weakly* to the Dirac
measure d,,. The lesson is, by enlarging the space from L'(R) to M,(R), we get
subconvergence.
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As an application of this property, we prove

Theorem 5.13. Consider L'(Q) where Q be a bounded, open set in R™. Let
{fx} be a bounded sequence in L'(Q) which is uniformly integrable. Then {fy}
contains a weakly convergent subsequence in L'(Q).

In fact, the converse is true, namely, if f; — f for some f € L'(€), then
{fi} is bounded in L'(Q) and uniformly integrable. This necessary and sufficient
condition for the weak subconvergence of an L!-sequence is called Dunford-Pettis
theorem.

Proof of Theorem 5.13. 1t suffices to consider the case fr > 0. Let du,, = f, dL".
Then ||p| = || fell;: is uniformly bounded by some constant M. By Corollary
5.10, there exist {y,} and p € M,(£2) such that

/gp dptg, — /gp du, Yo € C.(Q) as j — oo. (5.6)

For simplicity, we assume the entire sequence converges weakly*. By Lebesgue
decomposition (with respect to L"),

pw=fL +v, feL'Y(Q), vLlL"
It suffices to show that v = 0 so that
/gpfk dr — /gpf dr, Yo € C.(Q) =C(Q). (5.7)
Suppose on the contrary that there is some A € B, v(A) > 0, such that L"(A) = 0.

Letting ag = v(A) = u(A), by the regularity of the Lebsegue measure and p, for
0 > 0, there is an open G containing A such that

n(G) <4,
and there is a compact set K C A such that
LK) > 2
2
For € < ag/2, by uniform integrability, there is a §; > 0 such that

/fkd:v<e, VE € B, £L(E) < &, Yk > 1.
E

We take § = d; and pick ¢ € C.(Q) such that p =1 on K, 0 < ¢ < 1, spty C G.
Then

/(pfkdxg/fkdx<£.

G G
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Letting k — oo, by (5.6)

/SDduSe-
G

n(K) < /wdu <e,
G

However, as ¢ =1 on K, we get

contradicting our choice of . So v = 0.

We still have to show (5.7) holds for all ¢ € L>®(Q2) = L'(Q)’. First, we claim
that it holds for all ¢ = x¢, where G is open. For, let {G;} 1 G,G; CC G441 and
v;, Gj < ¢; < Gj41. The claim follows from the uniform integrability of {f;}.
Next, using outer regularity and uniform integrability we know that (5.7) holds for
¢ = xg for £ € B. Consequently, it also holds for all simple functions s. Now, let
p € L>®(Q), say, |p| <M. Fore >0,let —M—1=a;<ay<---<ay=M-+1,
Aa; < €. Define

N-1
s = ZanAj, Aj={reQ:a; <p(r)<aji}.

J=1

Then ||s — ¢l <€, so

‘/wfk—/gof's'/(go—s)(fk—ﬁ‘+]/s(fk—f>'
§5><2M+‘/s(fk—f)’.

Letting n — oo,

lim ‘/sofk—/sof‘ < 2Me,
k—ro0
and we finally conclude that (5.7) holds for all ¢ in L>(). O

5.5 Herglotz-Riesz Theorem

We present another application of the Riesz representation theorem.
Recall that a harmonic function is the real part of an analytic function and it
satisfies
Ugg + Uyy = 0

in the plane. Let Dgp = {z:|z] < R}, z = x + iy, be the disk of radius R. It
is well-known that given a continuous function g on the boundary |z| = R, ¢(0),
z = Re? 6 € [0,27], there is a unique harmonic function u in Dy which is equal
to g on its boundary. In fact, this harmonic function is given by the Poisson
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formula
1 R? — |27

27 =g Jw — 2

9(0) do. (5.8)

The question is: Instead of continuous data g, what are the most general data
that can be imposed on the boundary of Dy to get solvability?
It turns out we have

Theorem 5.14. Let u be a non-negative harmonic function defined in Dy =
{z:|z| < 1}. There exists a unique Radon measure p on S* such that

/ w(re®)p(6) dz — / o(0)du(6), Ve € C(SY), (5.9)

asr T 1. In fact,

1 21 1—7”2 '
T o du(f), = =re™ 1 2.
() 27T/0 1 —2rcos(a — 0) +r? u(0), z=re, re(0,1), ae€l0,2n]
(5.10)

Thus every non-negative harmonic function in D; has a boundary value which
is a Radon measure. Moreover, every Radon measure on the boundary generates
a harmonic function by the formula (5.10).

Proof. Let C(S') be the space consists of all 27r—periodic, continuous functions.
For 0 <r <1, set

27
A,@z/ u(re®)p(0) db.
0

We have
27
Al < / u(re?) |o(6)] db
0 27
<lell [ utreyao,
0

Setting z = 0 in (5.8) where now R = r and g = u(re?), we obtain the mean
value property of the harmonic function

T o

u(0) ! /0 %u(rew) de.

Therefore,
[Arp] < 2mu(0) [[eo]] o

and
1A < 27u(0) = M < .
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By Corollary 5.10 or Theorem 2.8, there exist {r;} 1 1 and a regular Borel
measure j such that

2T 2T
Ao = [utriep@ s [ o@)duo). 711,

We will later improve the convergence from a sequence r; 11 to for all r 1 1.
Now, for a fixed z = re'®, 0 < r < 1, the function

R? —r? _ R2 — 2
|Rei0 — reia* 1 —2rcos(o — ) + 1?2

pr(0) =

converges uniformly to

1 —r?

1 —2rcos(av — 6) + 12

e1(0) =

as R 7T 1. It follows that

2
Ar, = [ @O, L
0

On the other hand, by the Poisson formula,

2m R2 _ ’1“2 ”
A = !
ROR /0 1 —2rcos(a—0) + r2u(7"e )9

= 2mu(z).

Thus, we have

2w 1— ,r.2
2 = du(f
mu(2) /0 1 —2rcos(a — 0) +1r? (o),

that is, (5.10) holds.
Now, let g € C(S'). For a fixed r < 1, by Fubini’s theorem and Poisson’s
formula,

/O%U(Teia) / / 1—2r cis_ar— ) + ng(a) dady ()

- / B(re™®) dpu(6),

where h is the harmonic function determined by the boundary value g. In case
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(5.10) holds for some measure p; instead of p, the same reasoning shows that

/0 QWu(reia)g(a) do = /O %h(rew) dpi (6).

It follows that . .
/ h(re®) dyiy (0) = / h(re®) dp(9).
0 0

Letting r 1 1,

/0 " 9(0) dyn (0) = / "g(0) dyu(6), Vg € C(SY)

so pt1 = . This shows the uniqueness of the boundary trace p. As every r; 11
contains a subsequence {r;, } such that A,, = converges weakly* to some boundary
trace which must be p, we conclude that (5.9) holds. O

Comments on Chapter 5. Sections 1-4 are taken from [R]. There are different
proofs of Radon-Nikodym theorem, check them from the web. See [R] for a proof
of LP — L4 duality based on the representation theorem when the measure is o-
finite. The discussion in Section 4 is parallel to Section 6 in Chapter 4 and one
may consult Buttazzo, Gaiquinta and Hildebrandt “One-dimensional Variational
Problems” for a complete proof of Dunford-Pettis theorem. Finally, Herglotz-
Riesz theorem is taken from Lax “Functional Analysis”.
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