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Birth and death chain

Examples 1: Birth & Death Chain.
e Setting:

{X 120, S=1{0,1,--- ,d} (d : finite or co)
qx ify=x-1

) ify =x _
P(x,y) = y ify —x+1 where gy + 7x + px = L.
0 otherwise
4. e
£y

T

Ggo=0; ps =0, if d is finite.
Note: the transition probs are functions of states!
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Examples on birth and death chain

Let X,, n > 0 be an irreducible birth and death chain on nonnegative
integers with birth probability p, > 0 for x > 0 and death probability

gy >0fory >1. Sety=1and~, = gy for y > 1. Recall that an
P1: - Py
irreducible birth and death chain on {0,1,2,...} is recurrent if and only if
o
IR
x=1
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Examples on birth and death chain

Consider an irreducible birth and death chain on {0,1,2,...} defined by

. ox+2
P = o+ 1)
and
_ X
T ox 1)

Q:(a) Prove this chain is transient.
(b) Find P (T, < Tp) for a < x < b.
(c) Find pyo for x > 0.
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Examples on birth and death chain

(a) Since L %, and it follows that
Px X
gi---Qx 1.2...-. X 2 1 1
pi---px 34 (x+2) (x+1)(x+2) x+1 x+42
Thus,
oo o0
1 1
x 2 -
2. = 22605 5)
x=1 X=
1 1 1 1 1 1
— 27_7 . .
(2 3+3 4+4 5+ )
1
= 2. -=1
2

We conclude that the chain is transient.
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Examples on birth and death chain

(b) Now, 75 = 2()(%rl - ﬁ) then

XSy 26 s (@ (b—x)
Po(T, < Tp) = S Q(L_i) = Db a)
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Examples on birth and death chain

(c) Recall that

b—1
P(T, < Tp) = Z{:TW, a<x<b
y:a’yy

Thus, .
Po(To < Tp) = 2yl

Zn 1
y=0 1y

for 0 < x < n.
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Examples on birth and death chain

Note that for x >0, 1 < Ty41 < Tyyo < ---. Hence {To < T,}22; forms
a nondecreasing sequence of events. By continuity of the probability, we

have for x > 1,
Px0 = PX(TO < OO)
= Px (U?il{To < Tn})
= lim P (To < Tp)
n—oo
Z;;i Yy
Z;;é Yy
Thus,
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Examples on birth and death chain

Remark. g, < pyx for all x does not imply the chain is transient. For
example, one may take v, = 1/2x by choosing q1/p1 = 1/2 and
Gn/pn = (n—1)/n for x > 2. Then,

[e.e]
D =00
x=0

and thus the chain is recurrent.
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Examples on birth and death chain

On the contrary, given an irreducible birth and death chain on nonnegative
integers, if py < gy for x > 1, then

nyy:uz qy>1+21¥—

y=1
This implies that p;g = 1. By one-step argument, we have
poo = P(0,0) + P(0,1)p10 = ro + po.

Since pg + rp =1 and pp > 0, we have pgg = 1, that is, state 0 is
recurrent. As the chain is irreducible, it is recurrent.
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Branching chain

Example 2. Branching chain.

Each particle generates £ particles independently in
the next generation.

14
X, % the total no of particles in the n" generation
P(0,0) = 1.
P(Xay):P(§1+£2++€x=y)u X21
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Examples on branching chain

Consider a branching chain such that P({ =1) < 1.
If P(¢ =0) >0, then for any x > 0,

P(x,0) = P(¢ =0)* > 0.
Since 0 is absorbing, any positive x is transient.

If P(¢ =0) =0, then X, is non-decreasing, that is, p,, =0 for x > y.
Moreover, for x > 0,

pxx = P(x,x) = P(E=1)" < 1.

Hence any positive x is transient.
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Examples on branching chain 2

Consider a branching chain with P(§¢ =0) = P(¢ =3) = 1/2. The mean
number of offspring of one given particle is = 3/2 > 1. Hence the
extinction probability p is the root of the equation

Lileoy
2 2

lying in [0,1). We can rewrite this equation as
(t—1)(?+t—1)=0.

This equation has three roots, namely, 1, ’1?@, and *15‘/3.

Consequently, p = %‘/5
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Examples on branching chain 3

Consider a branching chain. We would like to show E,[X,] = xu". where
p = E[¢]

YANG, Fan (CUHK) MATH 4240 Tutorial 5 20 Feb, 2023



Examples on branching chain 3

The conclusion holds trivially for x = 0. Now, for x > 1,

D yP(xy) = E(X1) = E(G+ &+ - + &) = xE(&) = px.

Now,

Ex(Xn) = ZYPX(Xn:)/)

y€eS
= > (D Py)P(Xp1=x))
yes xeS
= > PXe1=x)(D_yP(x.y))
xeS yeS
= ,UZXP(Xn—l =x)=---=xu".
x€S
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Examples on queuing chain

Example 3. Queuing chain.
Setting:
e In a queue, let &, denote the no of arrivals in the
n-th unit time. {£,}%2, are i.i.d.r.v. with pdf:

f(k):pk7 k=0,1,2,---

e The service of a customer is exactly one in a
unit time.

Let X, denote the no of customers in the queue.
P(x’y):f(yf(xfl))’ X>17
N——r
no of arrivals
P(0,y) = f(y).
Note: P(1,y) = P(0,y).

The queuing chain is irreducible if and only if f(0) > 0 and
f(0)+f(1) <1
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Examples on queuing chain

=
If £(0) =0, then P(x,x —1) = f(0) = 0 for x > 1. That implies py, =0
for x > y > 0. Hence the chain is not irreducible.

If f(0)+ f(1) =1, then P(x,y) =f(y —x+1)=0for 1 <x < y. That
implies p,, = 0 for 1 < x < y. Hence the chain is not irreducible.

This proves the "only if" part.
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Examples on queuing chain

Now, suppose f(0) > 0 and f(0) + 7(1) < 1.
For x >y >0,

Pxy = P(X,X— 1)P(X— 17X_2)“'P(y-|—1,y) — (f(O))X_y > 0.

Since f(0) + f(1) < 1, there exists xo > 2 such that f(xp) > 0. Then for
n>0,

P0,x0+n(x0—1) = P(0,x0)P(x0,% + (x0 — 1))
P(Xo —+ (Xo — 1),X0 —+ 2(X0 — 1)) cee
P(Xo + (n — ].)(Xo — 1),Xo + n(Xo — 1))
= f(x)"™ > 0.
Now for any states x, y, there exists n such that xo + n(xg — 1) > y. Since

x leads to 0, 0 leads to xg + n(xp — 1), xo + n(xo — 1) leads to y, x also
leads to y. Hence the chain is irreducible. This proves the "if" part.
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