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1. Solve the following ODE using method of integrating factor
sty + 523y =€, <0

with condition y(—1) = 0.

Solution:

x4y/ + 5x3y — 671

e—ac

, O
y+7y: 4
T T

Let M(z) = el 9% = |25 = (=) as z < 0.

Solving,
(x+1e™*4+C
yla) = LT
Putting initial condition,
r+1)e™*
o) = -

2. Solve the following second order ODE using method of integrating factor
—2y" + 4y = 82 + 13z — 11

with conditions 3’(0) = 0 and y(1) = 4.

Solution:
-2y +4y1 =0
Yy =2y
Yioyl =2y
"2\ 2\/
(@)?) =202
2

()" =24i+C

Suppose C' = 0.

yi = i\@yl

If o) = V21, 11 = AreV?®,
If yf = 2y, y1 = Ase™ V22,
So, a general solution is
Y1 = AreY?® 4 Apem v

Let yo(x) = Azx® + Ayx + As. Putting y» into the differential equation,

13 3
—9p2 4 =
ya () x—|—4x 1



Combining y; and s,

13 3
y(x) = AreV? 4 Aye V422 4 7% 712
Putting initial conditions,
_ 4eV?4+13V2 132622 — 4eV?
PTos(evryn) T T g(eavi )

. Please show that
o 2w, if k=m=20
/ coskxcosmxdr =< 7, if k=m #0
0

0, if k#m
and that
o 0,ifk=m=0
/ sinkrsinmedr =< 7, ifk=m#0
0 0, if k#m
where m, k are non-negative integer.
Solution:
For cosine terms,
ifk=m=0,
27
/ dx =27
0
if k=m #0,
27 27
/ cos? kxdx :/ de
0 0 2
1 =
=7+ o [sin2kx]§
=
if k=m =0,

27 1 2m
/ cos kx cosmzdx = B / (cos(k +m)z + cos(k — m)x)dx
0 0

1 ) 1 ' 27
sin(k +m)x + sin(k —m)z

1
2 k+m k—m 0
0

Sine terms are similar.

. Let f(x) = 22, then please compute the Fourier series of f(x) on [—1,1].

Solution: )
Sealing f from [1,1] to [—m,7] by g(y) = f(¥) = %,

T

Computing the Fourier Series of g,




Changing back the variable,

n

Ccos™nx

1 = 4(-1)
f(CL‘) - §+; 202
. Find the Fourier series solution to the differential equation

y" 4+ 2y = 3x

where 0 <z <1 and y(0) = y(1) = 0.

Solution:
Splitting the problem into homogeneous part and non-homogeneous part:

yi+25 =0 (1)
Yy +2y2 =3 (2)
From (1), we can see that y; = A cos 2z + Bsinv2z.
Considering (2), note the Fourier series of z on [0, 27] is given by:
T — Z —sinnz
n=1
and hence the Fourier Series of 3z on [0,1] is given by:
3 3
5~ nz::l g sin 2mnx

Assuming ya(z) = Ag + > o (A, cos 2mnz + By, sin 27nx), and comparing the two sides of (2),

Ap + nX::l ((74772712 +2)A,, cos 2z + (—47*n? 4 2) B, sin 27mx) = g - ; % sin 2mrnx
we have:
3
Ag = 3
A, =0
3
B,=-
mn(2 — 4m3n?)
Putting in boundary conditions:
0 =y(0) = y1(0) +42(0) = A+ 3
0=y(1) =y1(1) +y2(1) = Acos V2 + Bsinv2 + 2
Solving, A = —2 and B = 3(2051{\251). So, we have
3 3(cosv2—1) | 3 & 3 )
y(l‘) = —5 COS\/§J)+ Wsmﬁx—&— 5 — ;WSIDZTFTL%

. Solve the following PDE using Fourier series

ur(t,x) = dug,(t,x), 0<z<mt>0
ugp(t,0) =0=wuy(t,m), ¢t>0
u(0,2) = f(z), 0<az<m

where f(z) = x.



Solution:
Let v(t,z) be an even extension of u on x-coordinate. That is:

(t.2) u(t,z), ifx>0
u(t,z) = )
u(t,—z), ifz<0

Then, the PDE problem becomes:

ve(t, x) = dvgy(t,z), —m<z<mt>0
o (t,—m) =0=wv,(t,m), t>0
’U(O,Jf):|1‘|, —T<x <7

Let v(t,z) = T(t) X (x). Then
X'w) _T'®) _

X(z) 4T(t)

for some A € R. Solving the above equations with boundary conditions,

vp(t, ) = Ane 4" cosnz

v(t,x) = Z v (t, ) = Ag + Z Ane "t cosnz
n=0

n=1

Note v(0,z) = Ag + > oo, Ay cosnz = |z| and the Fourier Series of |z| is given by:
= 2((-D)" -1
Ty LA (Gt )

Hence, we have

The restriction of v(¢,z) on [0, 7] is our desired u(t, x).



