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20. Let V and W be nonzero vector spaces over the same field, and let
T:V — W be a linear transformation.

(a) Prove that T is onto if and only if T* is one-to-one.
(b) Prove that T? is onto if and only if T is one-to-one.

Hint: Parts of the proof require the result of Exercise 19 for the infinite-
dimensional case.
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21. Let A and f(t) be as in Exercise 20.

(a) Prove that f(t) = (A;1 —t)(Aaa —t) - - (Apn —t) +q(t), where q(t)
is a polynomial of degree at most n—2. Hint: Apply mathematical

induction to n.
(b) Show that tr(A4) = (=1)""ta, ;.
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