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Review
.

• Bernoulli r.ir . with parameter p :
p / ✗⇒ } =p

,
P{X=o } = 1- p

.

• Binomial v.v
.
with parameters in.pl :

p{ ✗ = i } = (7) . pi a-piti
,

j = 0
,
I
,
' ' -

,
h
,

Remark : A binomial v.v
.
✗ with parameter (n.pl

Can be written as

✗ = Hit - " + kn

where × ,
,

. . .

. ✗ n ane independent Bernoulli v.v. 's .

This follows from the definition of binomial ru.



§ 4.7 Poisson V.V.

Def . Let d > 0
.

A v.v
.

✗ taking values in { 0,1 , } " . }

is said to be a Poisson nu .
with parameter d if
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p{x=i } = e. ¥7 ,

I=D
,
I
,

' ' '

A

Remark
:

e
"
=
Ii=i .

Hence £ é" . ai
i i.

= 1
.

A poisson nu .
Can be used to approximate

a binomial no with parameters In ,p ) when

n is large , p is small so that np is of
moderate size

,



Let X be a binomial r-u with parameters Cn, p)
.

Let np = d .

For k - O
,
I
,

' ' '

,

Pf X=k } = ( L ) pk.fi - p)
"- k

=
h (n -D ' ' ' (n- htt)

I. Entrant!

= 1. ( t - th) ( i -I) . . .fi - http) n

- ah
. (

' 'E)
k !

= ÷,

ah
. e
" ( t -Eth

Ha



Expected value and variance of Poisson nu .

✗ - Poisson v.v
.

with parameter d.

p{X=k } = é
"

.ph?-,.k--o.i , . . .

is

E-[Xt = ¥ , k . e-
" ik
KT

= E r . é!
E- I

= É e-
"

.
xk

a- I ☒I

Letting 5-k- • °

e-
^

. A •-Ij=o
= i. Ee

"
. ;¥j=o

= d. .



EL x't = EE k? e" . i÷
is

= E r . e-t.dk
RT (k- it !

= Ea
,
Ck -he
"

#
(k- t ) !

W

+ E e
-t.dk

b- I (k-II

= E. e
"

÷ ,
+ E. e" . ii.

= dit d

so
var (x) = E [ X

-

I - E Ext
'

= d't d - d
'

= d
.



§ 49 Expectation of sums of discrete ru.
's

.

Let Xi
,
Xz
,

. .

; Xn be discrete v.v. 's on the

same sample space S .

h

Prop 1 .

E- [ Hit " - + Xn ] = ¥ ,

E- [ XKI
.

We will prove
the above result under an additional

assumption that S is finite or countably infinite .
( The general case is referred to theoretical Exer 4.36

in the text book D.

Lem 2 . Assume that S is finite or countably infinite .

Set pls ) = PK 's }) for se s
.

Then for any v.v.

✗ on S
,

we have

E- [ ×] = I ✗ is ) pls)
.

Sts



Pf . Suppose the distinct values of X

are Xi , i 31 .

Let Si. = { se S : Xo ) = xi }
.

Then

EEXI = F xi Pl X
- xi }

⇐ F x i Pf si )

= q xi Ffg. Pls )
= F Is

,
.

Xi PG )

= F Ecg. Hs ) pls )



= Es Xcsipcs ,

( because S = US ,
i

with the Union being
disjoint )

pg,

pfofprop1.BYLem 2
,

EE tht - " t Hn ] = ⇒ (Kis) t ' " + Xnlsi ) pls )

= (E.gxisipcsfti.it/EgXn'" P"')
= E- [ X.It . . - t E[ Xu ?

.
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.


