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Review
n

• E- [ × , -1 " - + Xn ] = ¥,

E[ kit

( linearity of expectation !

• For two v.v
.

's X and Y
,

Cov ( X , 4) = E[ (X-EEXH.LY - EEYII ]

In particular, Cov/ X , X ) = Var / X)
.

Remark : Cov( X , Y) = E-[XYI - E- [✗1. E- [YI
,

Pf . Write µ = E- [XI
,
V=E[YI

.

Then Cov (X , 4) = E- [ (X-HKY-UH

= E- [ XY- MY - uX+µv1

= ELEY] - ME -141 - VE -1×1 -1µV

= EEXY] - µV
. ☒



• If ✗ and Y are independent, then

Cov (X ,Y)=o .

Prop 1 .
it Cov(X, Y) = Conf Y, X) .

e) Cov ( X , X) = Var (X) .

(3) Cov fax , 4) = aCov( X , Y)
,

AELR
.

(4) Gul É⇒×i , ¥ ,
Y;)

n m

= ¥ , ,É , Cov ( Xi,Yj ) .

111,131,14 ) imply that Cov / • , • ) is bi - linear
.

pf . Let us prove (4) only . Write µi=E[kit
,

Vi = E-[ YJI
.

Then by definition,
n m

Cole ,×i , Y;) = E- [ iÉYiiÉMiH¥↑Y;-¥↑



= El É ,
/Xi -Mil Effi -911

= E [ ¥, ¥↑ ( Xi -Mi)( Y; -4.11
By the linearity of E
= EE E [ Hi -Hi)( Yj -4-11

i -45=1
n m

=
2- I Cov ( Xi , Yj ) .i=lj⇒

☒

Corollary 2
.
Var iÉXi ) = É

,

Var(ki) +#
↳v(Xi,Xj!

* i<j≤n

Moreover if Xi
,

• ' '
. Xn are pairwise independent,

then n

Var ( ¥! , xi ) = ¥ ,
Varfxi !



Example 1 .
Let Xi

,

' - -

, Xn be independent and

identical distributed
, having expected value µ

and variance 8 ?
n

Let I = 4- ¥ ,
Xi ( sample mean )

g- = In (X ; - IT
i-i-n.gl sample variance /

Find out ① Var (E)
.

② E [ 51
.

Solution : Var (E) = Var ( k+"¥I )
= ¥ Var / Xi -1 - " + kn)

( notice Xi
,

"

; ✗n

n
are independent)

= % ¥ ,
Varlxi )

= ⁿ¥= %
.



Recall that SI En
, (×in?

So

a-D8 = ¥ ,
( Xi - IT

= ¥
,

/Hi - m) - I -mi

= ¥
,
④ -mi - 2 (Xi -thx_µ)

+ * -mi]
= Eh

,
@ i -ni - 24in) - É, ( ki -H

+ n.CI-mi

= Eh
,
Ki -ni - 2n(x=Ñ+n(x=µY

= ¥
,

(Xi -ni - n ( E-µ)?

Hence E [ a-nsI=¥iE[ (Xi -nil
- n Eti -MY

= n . 62 - n •%



= C-1) o?

Thus EES] =
. ☒

Example 2 . Define I as in Example 1 .

Show that Cov ( Xi -Ñ
,
I )=o

Pf . Cov (Xi -I , 5)

= Cov (Xi , I ) - Cov(I ,I )

=-Gv( Xi
,

%) - ÷
=- 1- ,É

,

Cov ( Xi
, Xj )

- ¥

= 4- ( Cov (Xi , Xi ) -1 ¥→Gv(✗ i. Xp]
- %

= f- Var ( ki ) - % = F- - É=o ,


