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Chapter 2 Axioms of probability

1. Introduction
.

• Probability is a math area dealing with random behaviors
.

• It has a history of more than 300 Years in the study .

• It came from gambling in the early stage , and
gaming of chance .

2
. Random experiments, outcomes , sample space , events .

Random experiments / outcomes .

Example : ① Toss a coin to get a head or a tail
.

② Roll a dice to see the number of the top face.

③ Measure the height of a randomly chosen
student in the campus .

Leibler
Def . ( sample space ) .

The set of all outcomes of an experiment
is called the ganmpntenpnae of the experiment .



Usually , We use 5 to denote the sample space .

Example ① Toss a coin once
.

S = { H , T } .

Toss a coin twice
.

S = { HH,
HT
,
TH

, TT }

② Roll a dice once

S = { 1,2 , 3, 4,5, 6 }
.

Roll a dice 3 times
.

S = { ( i. j , K ) : i. j, K C- { 1,33 , 4,5, 6 } }
.

③ height of a randomly chosen student .( in meters)

s = {◦ < ✗ < is } = ( o , is )

Def (event ) Let s be the sample space of an experiment .

Every subset E of S is called aEnt .

If an outcome of the experiment is contained in

the event E
,
then we say

""
E has occurred
-



• Basic operations on events .

Union : EUF

Intersection : Ehf

complement E' = SIE

• ∅ Null event
.

We say two events E. Fave mutuaHyexdusiue_
if EnF= ∅ .

• Venndiagram_ :

⇔
É

( (ENG) UCFNG ) ) / ( ENFNG )



• Laws .

d) EUF= FUE , EnF=FnE commutative laws

En(FUGl=(EnF)U( ENG ) distributive law

EUCFUG ) = (EUF)UG } associative laws

ENCFNG ) = (ERF)nG .

( ii ) De Morgan 's laws

( Gen )
'

= Ñ Eri
h=l A- I

w
w

( n En)
'

= U Ei
.n=1 hit

Pf . Let us prove the first equality in Lii )

HE En )
'

h=l

A

⇔ xes
,

✗ ¢ En

⇔ ✗ C- S
,

✗ ¢ En for h=1
,
2
,

' ' '

⇔
✗ € Enc for A- 1,2, - . .

⇔ ✗ c- ÑEn
n=l is

Henie ( En /
'

=
NET

. ☒
n=i
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§ -3
.

Axioms of probability ,

Q : How can we define the prob . of an event ?

Anintuitiveap#ah :

repeat the random experiment n times .

Let n(E) be the times that an event E
Occurs

Let
p(E) = him .

has



Draw-backs : ① why does the limit exist . ?

③ Even if the limit exist
, why is it

independent of the experiments ?

The axiomatic approach to prob . (by Kolmogorov)

Def. ( prob . of an event )
.

Let s be the sample space of a random experiment
.

A probability P on 5 is a function
that assigns a value to each event E

such that the following 3 axioms hold :

Axiom 1 : o s PCE ) E I
,

t event E
.

Axiom 2 : pls) =/ .

Axiom 3 : If Ei
,

Ez
,

- in

.

are a sequence



of events which are mutually exclusive,
hmmmm

then b

Pl Ii , En ) = I, P ( En )immune

( countable additivity of prob . )

§ 2.4
.

Some properties of probability .

Prop 't .

PC 01=0 .

Pf . Let E ,
= S

,

and En = ¢ for n'-2,3, . . .

.

Then Ei
,
Ese
,

. . .

,
are mutually exclusive .

By Axiom 3
,

Pf E
,

En ) = EI Pl En )
= PCE , ) t PCE ) t . . -

= Pls ) + PCO) + PCO) t . - -

LHS EI
,

RHS El only occurs when PC 01=0
.
I#



Prop 2 . PC EC ) = I - PCE )
.

Pf
.

Notice that

S = E
'

U E U of u ¢ . .
.
.

By Axiom 3 and Prop 1,
Axiom 2

1= Pfs ) =P ( E) + PCE) .
IIA

Prop's Let E
,
F be two events

.

Then

Pf EU F) = PCE ) + PCF ) - P ( En f )
.

Pf . E u f = E U ( FIE )
since E n ( FIE) = 8 ,

so by Axiom 3
,

NEUF ) = PCE ) t PCFIE) .

①



Now we consider PC FIE)
.

Notice that
f = (FIE) u ( En F )

red⇐ EAF
blue ⇐ FIE .

Using Axiom 3 again,

Pf F) =p ( FIE) -1 PCENF)

hence

PCFLE ) - PLF) - PCENF ) ②

Plugging ② into ① yields the desired

identity . ME
.

.



Prop 4 .
( Inclusion - exclusion identity ) .

Pf Eiu . - - U En ) = EI PC Ei ) - Ei, PCE; n Eis)
+ E P (Ei

,
E iz Eis ) -

incise is

. . . . + fight
'

p ( E , Ez - " En )

= FI
,

ti )
"! irpfti , Eir " - Eir)

Pf . By induction on n .

By prop 3
,

the identitity holds for h=L .

Next suppose the identity holds for Hk.
Then

p ( E , -0 - - - U Eko Ertl )

=p ( ft , U . - - u Er ) U Ertl )



= P( Eiu - ' ' UEK ) t P(Era )

- P( CE , Ertl )U(Er Ertl ) - ' ' U (Erith)
Using induction on h=k

=
e n n n .

= desired sum
.

ITA

Prop 5 . Suppose EEF .

Then

PCE ) E PCF )
.

Pf . f- = Eu (FIE )
.

I
-1

By Axiom 3
, PCF ) - PCE ) -1 PLFIEI



Notice by Axiom 't
, PC FIE ) Zo

,

so PLF ) > PIE) .
.

Prop 6 . Let Ei
,
Er
,

. .

;
be a sequence of events .

Then

PC Oni
,

En ) s FI PC En) .

( countable sub- additivity of prob . )
w

proof . First we write En as the

union of some disjoint events . To do so
,

write

F , = E ,

Fz = Est El

Fz = E3 ) (Eiu Ez)
,



- \ \
7

Fn = En) ( it
'

Ei )
,

[ - - -

Then
Fn e En

,

net
,

' - -

i
•

n n

• U Fi = U Ei (* I

i= ,
it

is W

• U Fi = U Ei
it it

• Fi
,

Fs
,

- - i are mutually exclusive
. v

To show *I
,

recall that Fi EE ,
' so

Fi e tf
,

Ei
.

To prove it , Fi 0 Eh
,

Ei
,

let XE ¥
,

Ei
.

Then x E Ei for some
ien

.



Let i be the smallest integer E n such that

HE Ei

Then
xe E;) Egg = Fi

which means

Ei E ¥
,

Fi
,

which proves K )

Now using Axiom 3 to PC Ii Fn )
we have

PC Ei Fn ) = EINEN)
w

E E P ( En )
,hit

and we are done since

PC no
,

En) =p ( Ei
,

En)
. #


