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Ch8 Conformal Mappings

I Conformal Equivalence and Examples

Def A bijective holomorphic function f U V U V openme

is called a conformalmap or biholomaphism

Inthiscase V and V are saidtobe conformally equivalent

or simply biholomorphic

Prop l l If f U V is holomorphic and injective then

fl z O V Z EV

In particular J flu U is holomorphic

inverse of conformalmap is also holomorphic
and hence conformal

Remarks Proplil U U are confounallyequivalent

I holo f U V and halo g V U

sit GHz Z V Z EU

f gW W V W EV

Someauthors call a holomorphicmap f U V conformal

if Hz O t Ze U notnecessary bijective globally

Inthis course we'll follow Textbook's convention
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the zeros of ft fro tw are distinct

e f is not injective near to
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Remark
If f U E Zo E U and tho 0

Then f preservesangles at Zo

The precise formulation is

Let 2 y be two smooth oriented caves intersecting

at to then the angle from the cure for
to the cave for at fizo equals the angle

from the curve 8 to the cure y at Zo

I 7mFfoy
Problem 2 on page 255 of theTextbook

Hence

conformal maps preserve angles

1 1 The disc and upperhalf plane

Notations unit Disc D ZEE 171 15

upperhalfplane 114 1760 Ink o
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Remark F la IR 2112 5 is continuous and
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are called fractional linear transformations
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It Etta isnot a constantmap

d Some other authors call them luiear fractional

transformations or Mobiustransformations



1.2 Furtherexamples

Egl Translations are conformal

Z H z th a G hee

Inverse w t w h

Remand If he IR then Z H 7th 1H IH is conformal

Dilations are conformal

Z H CZ A E C E 6110

Inverse W H Ew

Remarks

i If 14 1 then c e'd and

z b Cz eidz A e is a rotation

whenrestricted Z H e'dz ID ID is alsoconformal

dis c o z t c z is a real dilation

whenrestricted ZH CZ 1H It is conformal
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is a real dilationby14followedby

a rotationof angle T



Note that translations and dilations are special cases

of fractional linear transformations

translations
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Eg1 notintextbook

Complex Inversion
z I t

6130 7640

1 O Z N

W Z 0
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Note that Inversion is also a fractional lui ear transformation
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Properties of fractional lineartransformations
1 Conformal as maps from auto auto

hence angles preserving

f g are fractional linear transformations

fog is a fractional linear transformation

3 fractional linear transformation is a composition of

translations dilutions and inversions

4 fractional linear transformationsmap straightlines circles

to straighthies a circles
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translation

4 Note that translations and dilutions map straight lines

to straight lines and circles to circles

Then because of 3 we only need to prove 4 for
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Now let L axtby c o be a straight line

Then as
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the image of L is the straight lie

L as bt o in sat plane

If Cto ie Lnotpassingthro theorigin

the image of L is the circle
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Now let C Rykaxtby c o be a circle
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C settles Htt O H



Egs oftheTextbook

f D YEE Extig 12kt and y of D My
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is conformal

Note t is a fractional lineartransformation

f z III with 1.1 1 C 1 240

i f is injective hence remain to show f ID S
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By property 4 of fractionallinear transformation
the real live segmentbetween 1 I

maps to part of a straight line or a circle

Said it passes through ftl 0 5103 1 fll N

it is the positive real axis

Similarly the upper semi circle neaps to part of



a straight line a a circle passing throught o and is

and hence must be a straight line

Since the angles from El 13 to the semicircle is I

the angle from the positive x axis to the mage
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the image of the uppersemi circle is the positive y axis

Positivity can also be confirmed by fees Y e

This shows that f Dt S as f is conformal Auto's Quo's

Ofcourse all these canbeprovedby using coordinates as intheTextbook

Eg2 oftheTextbook
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Boundary behavior as in the figure

conclusion
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