



































































































































53 Paley Wiener Theorem

Omitted except the followingtheorem

Thm3.4 Phragmen Lindelof

suppose F is holo on 5 32 sarge I

and continuous on 5 Cosme

I Fiz Is I faze 25 ie large1 4

If I constants a Cz o such that

IF Z E d eat t z e S

then IF Z E I t Z E S

Remark This is a version ofmaximumprinciple buton unbounded

domain

step Flat sgp IFA

which is usually nottrue without thegrowthcondition

eg Giz E is halo on S

IGcretina I eke tert 1 1

but Glx e to as x to

Gas is unbounded on S
































































































































Pfof Thm3.4

HE O consider Felt Fiz e
Et

fazes

Note that ZES z ret with etc

I 3 I
us 3 z o o fa some 8

Hence
e
eat

e
epos E

e Esta
Therefore the growth condition on Fiz implies

Fez Falle
e
dear e err

C e
Ceo ar i re

Fa r 1 EE cart 0 hence

Felts is rapidly decreasing

In particular Fe is bounded on 5

Let ME 1431 Fecal

If Fe O then F O we are done

If Fe O then I Wjes jt sit



IFelwj Me as j to

and Me O

Since Fe o as 171 to we conclude that

hw is bounded

Therefore I WES sit Wj w bypassing to subseq

By maximum principle Thu4.5 w can't be an

interim point of S Hence we 25

Continuity of F on 5 and IFK I mas
duck I

implies
Me Few le IFastle

en
El

ie
Fiz e

Et
El tze s

I Fiz seek t zes

Since E 0 is arbitary I FIZ El OZES



Ch5 EntireFunctions

I Jensen's Formula

Inthissection Dr 2 121 R R o

CR Z IF R DDR

Thm lil Jensen'sFormula

let D openset sit Dr CD hence OER

f holo on R

f Z O fa 7 0 N ZECR

Zi ZN EDR are all thezerosof f in Dr
ie Z Ziv Cr countablemultiplicity

Then

1 log15101 É log17k It log If Ret do

Pf Mysteps are different from thetext

step1 If g holo on Dr and gato t ZEDR then

loglgco logIgReto do



Pf g holo on Dr g holo on Dre forsome E o

Since Dre is steeplyconnected g Z 0 on DRte

there exists a holo function hit on Dre sit

giz
917 Thm6.2 inch3 of Text

Ig z lets Reacts

By mean value property ofharmonicfunctions
Cor 7.3 in Ch3 of Text

flogIgcreisdo f rehires do
Reh o

log191031

Step2 Stlog Il ae do 0 flak 1

If consider FIZ l az on D 317kt

Then FIZ is holo on ID

FIZ 0 on IT Since Lak I

By Step1



O log Fios Sj logFletes do

s log Il aeioldo

Steps General case

Pf By assumption Thall of Ch3

fiz Z Z CZ ZIG iz for some holo function

g on r sit go O V ZEDI

Then loglfloflagle ziullgcost

Élogizal log191051

By step É logan t loglgeretoldo

Élogizalt flog HeistZk CR Reitz Retz
do

Eglogizalt flog Reis do

É flag RI 1 Epéioldo



bychangeof N

variable in E log t flogIfcreioldo
lastterm
on 0

Éflog l Eet do

Eff Elog17ft SilosIfcreioldo

Def Notations as in Thml I we define the functionof record

Myer numberofzeros off in Dr

Casimply Mcr counting multiplicity

Remark T re Mcr z NCE nondecreasing

lemma1.2 If f holo on Dr 10340

If Zi Zn are thezeros of f in DR then

R

Soros E Élog El



Pf Clearly E logEl É II
Define the characteristic function

Malts
t Aal rsr

telzal
o Ia E

Then Élg É Sinker I
SEFER's

Note that
Éguy It 1 0 t to Mcr

Tosk st t Eat
ie Zhe Dr

we've proved the lemma

By the Lemma1.2 the Jensen'sformula can berewritten

as

2 Stars flog IfReid do log ios

for f holo onDr with fo 0 f to UZER



2 Functions of Finite Order

Def Let f be an entirefunction If I p 0 sat

fa some constants A B 0

If z E AEB t zed

thenwesaythat f has anorderofgrowth 9

Anddefiethe order of growth off as

If if Ig f has anorderofgrowthEp

If The order ofgrowth of e is 2 Ex

Remarks
Clearly if f has an orderofgrowth 9 and 9,42

then f has an order ofgrowth 92 Ex

It is easy to see that fa fas e 4 2

I A B 0 St
Hey AeBalt t ZEE

But ingeneral the definition of It only implies

HE O I A B 0 Sit

HeySAEB
171 s V zed



Thm21 If f is an entirefunction and has an orderofgrowthsp
then
i m er E C M for some C 0 sufficiently large r

i If ti Zz are the zeros of f with Zito

then t s g we have

E Is so

Pf If flos O then

F z IIe where l orderofzero at O

is an entire function Flo to

Then the assumption

IFE I HEH is bonded in 112kt and

I Fiz IS IfCz E HEB
M
fa iz i

Hence F also has an orderofgrowth Ef with

the same zeros 21,72 7h40 as f

And My r Meer l

Therefore we only need to show That fa entirefunction

f with f o O



If flosto then we can apply formula e in the previous

section

Stars flog If Reto do log ios

Take R zr we have

Since e In its
flog If Ret do log ios

Since M is non decreasing Nlt Emir t te Bar

Strict z Mer f our log2

Mrs logz I Stlog If Ret do log ios

log eBay logtfios

2B rt log a

Cr e fa r sufficiently large Ex
forsome C 0

Thisproves part is

so me can see that ingeneral C and howlarge r needed

depends on the function f and p



To prove part ais we note that there is only finitely many
zeros of f inside lyk t's and 12 elks É

Then I
KIZH 2Ntl Is ziskzs.tl uls

Iis Ak z'slent azit

Ig Is M ziti
by partis s II 20419

29C If
since Sep s 29CÉ s a

Lettaig N to using Lizak1s finite

ÉFus a

used absolutely convergence and hence theseries canbe rearranged

Note s p is important in theproof

Can't be improved to sp



91 let fiz stutz et ett
2

Then Ifast e e A ZEE LEX

ie f has an order ofgrowth El

Onthe other hand if I p 0 A B o sit

He SAEB
M

VEG

Then

get e fligils Ae's'll

1 etty zAe
BY y for y o

If pal we have
s age

BY 9 0

which is a contradiction
i f int p 1

Note that the zeros are NEZ the Thm2.1

Fonts so fast

But Eo intis diverges ta set



92 fiz cos zt NEED Z

zn

Then g E Ex

f has zeros at Zn Int T and

I

2 s EE try
as

larges if s t

diverse otherwise



53 Infinite Products

3.1 Generalities

Def Given Ian's ante we say that the

infinite product a just product

II Han converges

if His II Han exists

Remark
n

Han is called the N term partial product

Prop3 1 Elan a IT tan converges

Inthis case II Han O E I no sit tango

Pf I lanka lanl't fa sufficientlylarge n

fusuff larsen

log Han ti Ed iswelldefied and satisfies

Han eloglitans actuallyholds t 1941



Hence Élan FI elogatan e
E logatans

By the definition of log tan we haveforsufficiently large n

tog tan E 21am far lankt

Egllogatan e 2É lanl

Elan a É log tan converges absolutely

Instant Han eÉM ta
exists

In this case if Ino sit Hanzo then

left nolitan exists and

also.FICHAD Élan Gatineau o

Since Elan 00 if Han O Un

Then
hygntatan e Fib

tan
to


