
 

5 Homotopies and Simply ConnectedDomains

Def R open in 0 Jolt Nlt tea b curves in R with

common endpoints ie Toca r ca 2 Jo b Rcb p
To 8 are said to be homotopic in R if I continuous map

H St TO ITxTab R such that

H Ot ToCt H IA Nlt HAETab

and H S a L H Sb B H SETO I

Remark Usually think of HISt 8kt as a familyof curves in r

with the same end points 8s a L Vs b p

Sit fu 5 0 l they are the original two curves so Y

Hence one curve can be defamed continuously intotheother

cure without ever leaving r

Thmbil If f holo in r then

Soft dz Sy fez dz

provided to and 8 are homotopic in R



Def A region red is simplyconnected if any two curves

in r with the same endpoints are homotopic in r

Thm5 2 Cor5.3 If f is holomorphic in a simplyconnected

domain r then

1 I F r A holo sit Fl f
2 Sr fez dz o f closed curve r in R

56 TheComplex Logarithm

Thmb I suppose r is simplyconnected

I er but Otr

Then I a branchof the logarithm FA log Z sit

I F is hobo in r

di FRIZ t Z Er

Iii For logr f r e IR and near to 1

Principalbranch of the logarithm

R Al EA OJ

I
log z log rt to with 101 T and Z ret



Thm6.2 D simplyconnected region

f r A holo fiz O AZER

Then I g r A holo sit

94 fas t ZE r

g is denoted by log f

7 Fourier series and HarmonicFunctions

Thin7.1 f 7 Éantz Zo converges in Drizo

Then t re co R

Sffczotreio e
in
da

ant fa neo

o for no

Remarks i Thisisjustthe Cauchy integralformula applies to thecircle

8 O ZotretQ OELO ZI

Ii TheLHS is the Fourier coefficients up to a const

ofthe 21 periodicfunction flzotrett for fixed r



Coz7227.3 f Ut in holo in Dr1703

Then fed Iffizotreto do t o re R

Uzo S uczotre.to do t o r R

These are mean valueproperty forholomorphic and harmonic

function respectively

EndofReview



Ch4 TheFourierTransform

1 The Class F

Def ta 0 let Sa ZEE Ime ka ahorizontalstrip
Then

Fa f sa Q
f holo mSa and IA o sit

fatty EEy XE IR lyi ca

and F also Fa

Remark For a fixed y with lyka thecondition that

A 0 sit Ifixtig E
y
t XER

is usually referred as moderate decay on the

horizontal line IME y

Hence f E Fa are moderate decay fu each

horizontal line Imlz y uniformly in ly la

egs i Clearly A é e Fa ta o Ex



di's t c o the function

7 Izz E Fa t a e co c Ex

Clearly Az Fa fa as c as z Ici are poles

Remarks 1 Fa integernel f E Fa f e Fb to bra

Ex 2 of Ch4 ofText

e Manyresults inthischapter remain unchanged under

the following weakercondition E o

A 0 Sit fatty EAye U XeR lyka

omitted

2 Actionof the Fourier Transform on F

Def let f IR d The Fourier transform of f is

FB SI fix e tix dx SER



For ft Fa we consider the Fouriertransform of f x

ie when y o Then wehave

Thm2,1 If te Fa fasome a O then IB 0 Sit

1513 e Be bbl
A Osb sa

Pf 1513 E S Holdx since x.SE R

E I x dx B which is bounded

1513 e Be bist holds fab 0

For oka

If 3 0 considerthe contourintegral of the holo function

g z fez e
tie

in Sa along the contour

which is theboundary of the rectangle ERRIXEb O R o

R o R

s
r

R ib R ib



on thevertical edge E Rib 123

using parametrization zit R it teto b3 reversedirection

b

frigged E ftp.itje
aitk it

de

Sob
p

e stat since go

ftp.fetstdt o ask to

Similarly Sptbgadt e ftp.soetstdt oask tn

Therefore Cauchy theorem

fix e dx I fix ib e sax ftp.IEBtdt

letting Rota we have

13 Ifextetix dx

Sfax ib e minimax y

15621 151fix ib e dx 3 0



I xdx e
ab

Be 21131 5 0

Fa 3 so considersimilarly the contourintegral ofg iz

along

Rtib Rtib
a

R O R

Il's If extibséatiatimax 4 a Ex

and hence the result

Remark Therefore if ft F y Fa then

151311 decay exponentially as Bl to

inparticular it is rapiddecay at infinity ie decay faster

than any 155 t Ns o Moreprecisely offin AN o



Them2.2 FourierInversionFormula

If ft F then

fix 1513 3d HEIR

Theproof needs a lemma

lemma2.3 If A 0 BER then

gelatiBBds Iib

Pf

Note A O Belk e
Ati B31 ets fa second

Hence the improper integral converges

felatiBBds hey fe CAtiBBd

e
AIB

AIBLEE Att B



Pfofthem2.2 FourierInversionFormula

Note that ft F f EFa fa some a o

Then byequations in the proof of Thmal
left is inthetext

If 5 0 515 15fix ib é
ib
dx t o be a

It 3 0 IB If extib e
Ztiatib's

dx to bra

As signof is important in theproof we write

1513 e'xd II Beti'd f Ig eatind
andwork on the integrals individually

IIB etixsdgg.at u ib é Bdu tix'd

Since I flu ib E
uz fusmelt20

the iterated integrals are absolute convergence

Hence Fubini



JIBetixsdgfgflu ibjfe
aticu ibbgtixsd.edu

L flu ib f aticux ib d du

1
Lemma 3 Aib zabtaticu x

d

A flu ib
So u ib X

O ox

ate des is
LI

The contour integral of Etty x fixed

along the horizontal line y b from left tonight

Similarly for 3 0

Rtib is 42 Rib

ftp.jetixsdg i o pI 1
is

2

3
dy R is L his

Lz 3 X

where Lz y b from lefttonight



Notethat

µ I d's fab ftp.t x far x

o as R to

Similarly

1111 yds o as pets

Cauchy integralformula by letting rotas

fix stilted's fi ttxd3

If Beating 10,5B e'tix d

LIB eti'sdes


