MATH2040A Homework 4
Reference Solutions

1 Compulsory Part

2.2.3. Let T : R? — R3 be defined by T(ai,as) = (a1 — az,a1,2a; + az). Let B be the standard ordered basis for R? and v =
{(1,1,0),(0,1,1),(2,2,3) }. Compute [TT}. If o = { (1,2),(2,3) }, compute [T]3.

[0

Solution: By definition, 8 = { (1,0),(0,1) }.

By direct computation,

1
T(1,0) = (1,1,2) :—g-(1,1,0)+0-(0,1,1)+§~(2,2,3)
T(0,1) =(-1,0,1) =—-1-(1,1,0) +1-(0,1,1) + 0- (2,2, 3)

2
T(1,2) = (~1,1,4) :—g-(1,1,0)+2-(0,1,1)+§~(2,2,3)

11 4
T(2.3) = (-1L.27) =~ 5 (LLO)+3-(0.1,1) + 5 - (2.2.3)

2.2.5. Let

{6 H6HEYEY)
B={1uz2"}
v={1}

(a) Define T : Moyo(F) — Mayxo(F) by T(A) = AT. Compute [T,

0 f"3)
(c) Define T': May2(F) — F by T(A) = tr A. Compute [T]2
(d) Define T': Py(R) — R by T(f(x)) = f(2). Compute [T]}

(e) If A= (é 42>, compute [A],

(f) If f(2) = 3 — 62 + 22, compute [f(x)]s
(g) For a € F, compute [a],

)

(b) Define T : P2(R) — Myyo(R) by T(f(z)) = <f/(0> 2f(1)> where ' denote differential. Compute [73
)
)

Solution:




OO = O

0 0 0 0
)ZO,T(I O)ZO’T<O 1>zl7wehave[T]Z:(1 0 0 1)

=2-1,T(2*)=4=4-1, wehave [T]} = (1 2 4)

1
(e) ASA:l'(é 8)—2(8 (1)>+O<(1) 8>+4(8 ?),Wehave[A}aZ 52
4
3
(f) ASf(I):3~1*6-x+1~x2,wehave[f(x)][;: —6
1

(g) Asa=a-1, we have [a], = (a)

2.2.10. Let V be a vector space with the ordered basis § = { v1,...,v, }. Define vg = 0. Let T: V' — V be a linear transformation
such that T'(v;) = v; +v;_; for j € { 1,...,n }. Compute [Tz

Solution: By definition, we have

° T(U1)2U1+U0:U1:1~U1

o T(vg)=vp+vp_1=1-vp_1+1-vpforke{2...,n}

1 1 0 0
01 1 0
Sowehave T]s= g o "-. 1 o0
0 0 O 1 1
00 O 0 1

2.2.13. Let V and W be vector spaces, and let 7" and U be nonzero linear transformations from V into W. If R(T )NR (U ) = {0},
prove that {7, U} is a linearly independent subset of L(V, W).

Solution: Let a,8 € F be such that oT + BU = 0. Then for all v € V, (T + BU)(v) = oT'(v) + fU(v) = 0, T(aw) =
oT(v) = —pU(w) =U(—pv), so T(aw) =U(—pv) e R(T )NR(U ) = {0}, hence oT (v) = ( v) = U(—pv) = =pU(v) = 0.
As v is arbitrary, this implies that oT = —8U = 0. As T,U are nonzero, we have o = § = 0. This implies that { T,U } is
linearly independent.

Note

You can also show that neither of T, U can be a multiple of the other one.

2.2.14. Let V = P(R), and for j > 1 define Tj(f(z)) = fU)(z), where fU)(x) is the jth derivative of f(z). Prove that the set
{T1,...,T, } is a linearly independent subbet of L(V) for any positive integer n.



Solution: Let ai,...,a, € R besuchthat > . a,7; =0. Thenforall f € V=PR), (Yi,aT; ) (f) = >y aTi(f) =0.
In particular, 0 = (Z?:l aT; ) (") = 3, aZTZ(Jc”) =y, azdwx” =3, al(n"fli)!m”_i where (n"f'z), # 0. Since
2" 1 ..., 2% = 1 are of distinct orders, by comparing coefficients we have that ai(n%!m =0foralie {1,....,n}. As
(n”f'z), #0,a; =0foralli € {1,...,n }. This means that the set { T1,...,T}, } is linearly independent.

2.3.3. Letg():
T(f(x) = f'(=

respectively.
(a) Compute [U]}, [T]p, and [UT]) directly. Then use Theorem 2.11 to verify your result.

(b) Let h(z) =3 — 2z + 2%. Compute [h(z)]s and [U(h(x))],. Then use [U]} from (a) and Theorem 2.14 to verify your answer.

3+ 2. Let T : P3(R) — Py(R) and U : Py(R) — R3 be the linear transformations respectively defined by
)g9(z) +2f(z) and U(a + bx + cx?) = (a + b,c,a — b). Let B and v be the standard orded bases of P3(R) and R3,

Solution:
(a) As U( ) = (170>1) =1 (17070) +1- (an,l)a U((L’) = (13();71) =1 (17070) -1 (an,l)v U(mz) = (0,1,0), we have
1 1 0
wy=(o o 1
1 -1 0
AsT(1)=2=2-1,T(z) =g(x) +20=3+32=3-1+3 2, T(2?) = 2xg(x) + 2* = 42?2 + 62 = 6 - x + 4 - 2%, we have
2 30
Ts=(0 3 6
0 0 4
As UT(1) = U2) = (2,0,2) = 2-(1,0,0) + 2- (0,0,1), UT(z) = U(3 + 3z) = (6,0,0) = 6 (1,0,0), UT(2?) =
2 6 6
U (62 + 422) = (6,4, ~6) = 6 (1,0,0) +4- (0,1,0) — 6 - (0,1, 1), we have [UT]} = [0 0 4
2 0 -6
1 1 0 2 3 0 2 6 6
By Theorem 2.11, we have [UT]; = [U3[T]s = (0 0 1] |0 3 6| = (0 0 4 |, which is consistent with
1 -1 0 0 0 4 2 0 -6
our result.
3
(b) Since h(z) =3 —2r+22=3-1—-2-2+1 2% we have [h(z)]g = | —2
1
1
Also, U(h(z)) =U(@B -2z +2*) = (1,1,5) =1-(1,0,0) + 1-(0,1,0) + 5 (0,0, 1), we have [U(h(x))], = | 1
5
1 1 0 3 1
By Theorem 2.14, [U(h(x))], = [Ul3[h(z)]g = |0 0 1 —2 | = [ 1], which is consistent with our result.
1 -1 0 1 )

2.3.11. Let V be a vector space, and let T : V — V be linear. Prove that T2 = 0 if and only if R(7 ) C N ( T).

Solution: Suppose R(7 ) C N(7T ). Then for allv € V, Tv € R(T ) C N(T ), so T?>v = T(Tv) = 0. As v is arbitrary,
T2 = 0.

Suppose T2 = 0. Then for all v € R( T ), there exists w € V such that v = Tw, Tv = T?w = 0, v € N(T ). As v is
arbitrary, we have R(T ) C N (T ).

Therefore T2 = 0 if and only if R(T ) C N(T).

2.3.16. Let V be a finite-dimensional vector space, and let T': V' — V be linear.
(a) If rank(7T) = rank(7?), prove that R(T )NN (T ) = {0}. Deduce that V =R(T )& N(T).
(b) Prove that V=R (T*) &N (T*) for some positive integer k.




Solution:

(a) As rank(T) = rank(T?), then by dimension theorem we have rank(T) + nullity(T') = dim(V') = rank(7?) + nullity(7?)
and so nullity(7) = nullity(7?) as all quantities are finite.
For each v € N( T ), we have Tv = 0 and so T?v = T(Tv) = 0 and so v € N (72 ). This means that N (7' ) C N (7T?).
As these two subspaces have the same dimension, N(7 ) =N (7?).
Let v € R(T)NN(T). Then there exists w € V such that Tw = v and Tv = 0, so T?(w) = T(Tv) = 0, w €
N(7T?) =N(T). This implies that v = Tw = 0. As v is arbitrary, R(T )N N (T ) C {0}. It is easy to see that
{0} CR(T)NN(T),sowehave R(T)NN(T)={0}.
The fact that V=R(T )@ N (T ) then comes from Question 2.1.35(b) in HW3.

(b) By the previous part, it suffices to show that R (7% ) =R ( (T%)? ) =R (T?" ) for some k € Z.

Let v € R(T*™!) for some k € Z*. Then there exists w € V such that v = T**(w) = T*(T(w)) € R(T"). As v,k
are arbitrary, R (T**1 ) C R(T") for all k € ZT. In particular, we have the decreasing chain R(T )2 R(7T?) 2...
and so rank T > rank T2 >

Since V is finite-dimensional, rank T" < dim(V) < oco. Then the set { 0,...,dim(V) } is a finite set, so by pigeonhole

principle there exists rank 7% = rank 77 for some k,j € Z*, k < j. By the monotonicity of {rank 7"}, we have that
rank 7% = rank T**1. By the decreasing chain on the range, we have that R ( 7% ) = R (T**1 ).

We now show by induction (on n) that R (7% ) = R(T™) for all n > k. The base cases come from the definition of k.
Suppose R(Tk) = R(Tl) for somel > k+ 1. Let v € R(Tk) = R(T’”‘1 ) Then for some w € V, v = TFtlyw =
T(TFw). As T*w € R(T* ) = R(T"), there exists x € V such that TFw = T'z, so v = T(T*w) = T(T'z) = T"'z €
R(T' ). As v is arbitrary, R(T%) C R(T'*). By the decreasing chain, we have R (7% ) 2 R( 7' ) and so
R(TH) =R(TH").

By induction, we have R(Tk) =R(T"™) for all n > k. As k > 1, we have 2k > k and so R(Tk) = R(T%).
Therefore V=R (T* )& N (TF).

Note

For part (b), you can also use monotone convergence theorem on {rank7"},cz+ (which gives stability of the chain by
definition), or work on nullity instead of rank. This proof also gives you an estimate on the minimal & that has this property:
k < dim(V).

2 Optional Part

2.2.1. Label the following statements as true or false. Assume that V and W are finite-dimensional vector spaces with ordered bases

B and +y, respectively, and T,U : V — W are linear transformations.

(a) For any scalar a, a1 + U is a linear transformation from V to W.

(b) [T} = [U]} implies that T' = U.

(c) If m = dim(V) and n = dim(W), then [T]} is an m x n matrix.

(d) [T+ Ul =[T];+ Ul

(e) L(V,W) is a vector space.

(f) LV, W) = LW, V).

Solution:

a) True b) True c) False. It should be n x m
d) True e) True f) False unless V =W

2.2.2. Let 8 and 7y be the standard ordered bases for R™ and R™, respectively. For each linear transformation 7" : R™ — R™, compute

[T75-
(a) T :R? — R3 defined by T'(a1,az) = (2a1 — az, 3a1 + 4as,ay).
(b) T :R3 — R? defined by T'(a1,as,a3) = (2a1 + 3as — az,a; + as)



: R? — R defined by T'(ay, az,a3) = 2a; + az — 3az.
: R? — R3 defined by T'(2az + az, —a1 + 4az + 5az, a1 + a3)
: R™ — R™ defined by T'(ay,...,an) = (a1,...,a1)

DI
N RS SS

f : R™ — R™ defined by T'(ay,...,a,) = (an,...,a1)
(g : R™ — R defined by T'(a1,...,a,) = a1+ a,
Solution:
2 -1 s 3 1 0 21
a) [3 4 b) o (2 1 -3) d [-1 4 5
1 0 1
1 0 1 0 1
o 0 0 v
10 0
e) : f) 0 1 0 g) (10 0 1)
) 0 1 0 ... 0
Lo 0 1 0 0 0

2.2.9. Let V be the vector space of complex numbers over the field R. Define T : V. — V by T(z) = Z, where Z is the complex

conjugate of z. Prove that T is linear, and compute [T]g, where 8 = { 1,7 }.

Solution:

(a) Let v,w € V, @ € R. Then there exist v1, va, w1, wy € R such that v = vy + ivy and w = wy + iws, so T'(v) = vy — vy,
T(w) = wy —iwsy, and T(av+w) = T((avr +w1) +i(ava+ws)) = (avy + wy) + i(avy + we) = a(vy —ivg) + (w1 —twsy) =
oT (v) + T'(w). As v,w, « are arbitrary, T is linear.

(b) By direct computation, we have T(1) =1=1and T(i) =i = —i = —1-14, s0 [T]g = ((1) _01)

2.2.11. Let V be an n-dimensional vector space, and let T : V' — V be a linear transformation. Suppose that W is a T-invariant

subspace of V having dimension k. Show that there is a basis § for V such that [Tz has the form (61 g), where Aisak x k

matrix and 0 is the (n — k) x k zero matrix.

Solution: Let o C W be an (ordered) basis of W. Then | a | = k. Extend « to a basis 5 2 a of V by adding vectors at the
end. Then | 8 |=n,|B\a|=n—k.

We now show that 8 has the desired property. Assume o = { aq,...,ax } and 8 ={ a1,...,ak, Bp+1,-..,Bn } wWith k,n € N
(with the convention that empty range implies empty set). As W is T-invariant, for each i € { 1,...,k } we have Ta; € W,
which means Ta; = Zle cjoy = Z?:l cjog + 327 41 0+ B and so the last n — k entries of [T'a;]g is nonzero. This implies
that the bottom left (n — k) x k block of [T is all zero. Hence [T']g has the desired form.

2.2.16. Let V and W be vector spaces such that dim(V) = dim(W), and let T : V' — W be linear. Show that there exist ordered

bases 8 and v for V and W, respectively, such that [T]g is a diagonal matrix.

Solution: We will suppose that dim(V) = dim(W) =n < co.

Let & CV be an (ordered) basis of N ( T'), and extend it to an (ordered) basis § 2 « of V. Since the sets are finite, we may
assume that o = { vy,...,vx } and 8 ={ vy,...,v, } with k =nullityT € {0,...,n }.
Let ¢pi1,...,¢n € F be scalars such that 1" , .\ ¢;Tv; = 0. Then T (Z?:kﬂ civi) = 0, > i1 Civi € N(T), hence

Z?:kﬂ Cv; = 2?21 d;vj, Z?:kﬂ Civ; — 2?21 d;jv; = 0 for some scalars dy,...,d; € F. By the linear independence of the
basis 3, ¢; = d; = 0 for all 4,j. This implies that { Tv; : i € { k+1,...,n } } is a linearly independent set in W. Thus
we can extend it to an (ordered) basis v = { w1, ..., w;, Tvgt1,...,Tv, } of W for some [ € N with wy,...,w; € W. Since
I+ (n—k)=dim(W) = dim(V) = n, we must have | = k.

We now show that [T} is diagonal. For each i € {1,...,k}, v; € N(T ) and so Tv; = 0, [Tvi], = (0 ... O)T. For each
ie€{k+1,...,n}, Tv; is the ith vector in v, so [Tv;], =(0 ... 0 1 0 ... O)T where only the ith entry is nonzero.

This implies that [T} = ( O ka(nk)> is diagonal.
O(n—k)xk Iy,




Note

It is also possible to handle the case where dim (V) = dim(W') = oo, but we would need to extend the concepts (e.g. diagonal
matrix) beyond the scope of the course.

2.3.1. Label the following statements as true or false. In each part, V, W, and Z denote vector spaces with ordered (finite) bases «,
B, and =, respectively; T : V. — W and U : W — Z denote linear transformations; and A and B denote matrices.

(a) [UT, = [TI3[UT}

[e3

Latp=A+B

)

(c) [U(w)]s = [U)B[w]s for all w € W

(d) Mdv]a =1

() [T%)5 = ([T13)?

(f) A% = I implies that A=Tor A= —1I

(g) T = Ly for some matrix A

(h) A2 =0 implies that A = 0, where 0 denotes the zero matrix
)
)

Solution:

a) False b) True ¢) False. Note the mismatch in the
bases

d) True e) False unless V=W and a = 3 f) False. Consider A = <(1) _01) for
RQ

. 00 9 -
g) True h) False. Consider A = 10 for R* i) True
j) True

2.3.12. Let V, W, and Z be vector spaces, and let T: V — W and U : W — Z be linear.
(a) Prove that if UT is one-to-one, then T' is one-to-one. Must U also be one-to-one?
(b) Prove that if UT is onto, then U is onto. Must T" also be onto?

(¢) Prove that if U and T are one-to-one and onto, then UT is also.

Solution:
(a) Let v ee N(T ). Then Tv =0, so UT(v) = 0. As UT is one-to-one, v = 0. So T is also one-to-one.

Consider V.= W = Z is the real sequence space, U is the left-shift operator and T is the right-shift operator. Then
UT = 1d is the identity map and so is one-to-one, but U the left-shift operator is not one-to-one, as proven in Question
2.1.21 in HW3.

(b) Let z € Z. As UT is onto, there exists v € V such that z = UT(v) = U(T(v)) € R(U ). As z is arbitrary, U is onto.

Consider V.= W = Z is the real sequence space, U is the left-shift operator and T is the right-shift operator. Then
UT = Id is the identity map and so is onto, but 7" the right-shift operator is not onto, as proven in Question 2.1.21 in
HW3.

(¢) Suppose U, T are one-to-one and onto.

Let z € Z. Then there exists w € W such that z = Uw. As T is onto, there exists v € V such that Tv = w. So
z=Uw=U(Tv)=(UT)(v) € R(UT ). As z is arbitrary, UT is onto.

Let v € N(UT ). Then 0 = UT(v) = U(Tv). So Tv € N(U ) = {0}. Hence Tv =0, v € N(T ), v =0. As v is
arbitrary, UT is one-to-one.

Hence UT is one-to-one and onto.




2.3.13. Let A and B be n x n matrices. Prove that tr(AB) = tr(BA) and tr(A) = tr(AT).

()
(b)

Solution:

tr(AB) = Y1 (AB)si = S0 Y0 Ay By = Y0 Sy BjiAij = Y5, (BA)j; = tr(BA)
tr(AT) = Z?:l (AT)ii = Z?Zl A= tl"(A)

2.3.17. Let V be a vector space. Determine all linear transformations 7 : V — V such that T = T2.

(a)

(b)

Solution:

Let T : V — V be a linear map such that 72 =7T. Then N(T )=N(T7?)and R(T )=R(T?).

Let v € R(T)NN(T). Then for some w € V, v =Tw and Tv = 0, so v = Tw = T?w = Tv = 0. As v is arbitrary,
R(T)NN(T)C{0}. It is trivial to see that {0} CR(T )NN(T ), so we have R(T )NN(T)={0}.

Let ve V. Then v =Tv+ (v—Tv) with Tv € R(T ) and T(v — Tv) =Tv —T?v = (T —T?*)v=0,v—Tv e N(T).
Hence v €e R(T )+ N(T ). As v is arbitrary, V C R(T )+ N(T). It is trivial to see that R(T )+ N (T ) C T, so
R(T)+N(T)=V.

Hence, V.= W; & Wy with W, = R(T ) and Wy = N(T ). For each x € Wy = R(T), there exists y € V such that
r=Ty=T?y=Tx,soW, C{z €V :x=Tzx} Foreachx €V and its corresponding direct sum decomposition
x = wi + we with wy € Wy and we € Wy = N(T'), Te = Twy + Twe = Twy = wy, hence T is the projection on Wi
along Ws.

Let W1, W5 C V be subspaces of V' such that V =W; @ Wy and T : V — V be the projection on W; along W5. Then
by Question 2.3.16, T is linear and Wy = {x € V : Ta = x }. Hence, for each x € V and its corresponding direct sum
decomposition = = w; + we with wy € Wi, wy € Wy, we have Tx = wy = Tw; = T?x. So T = T2.

Hence linear transformations 7 : V' — V such that 72 = T are exactly the projection maps corresponding to some pair of
subspaces that forms V' as theirs direct sum.

Note

We do not use the result of Question 2.3.16 as it relies on Question 2.1.35, which relies on the finite dimension assumption on
the space. However, you can notice that the proof (the part on showing the direct sum) is similar to that of Question 2.1.35.
This is due to the fact that the proof of that question utilizes only the relations N(7°) = N(7? ) and R(T ) = R(T?)
(obtained from the dimension theorem and so required the finite dimension assumption), which we have here by default.

See also Question 2.1.17 in HW3.




