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1. Show that p(x) = lim supx(n), where x = (x(n)) ∈ `∞, x(n) ∈ R, defines a sublinear functional

on `∞.

Proof. Since (x(n)) is bounded for (x(n)) ∈ `∞, we have p(x) is well-defined on `∞.

(sub-additive) For y = (y(n)), x = (x(n)) ∈ `∞,

p(x+ y) = lim sup(x(n) + y(n)) = lim
n→∞

sup
k≥n

(x(k) + y(k)) ≤ lim
n→∞

(sup
k≥n

x(k) + sup
k≥n

y(k))

= lim supx(n) + lim sup y(n) = p(x) + p(y).

(positive homogeneous) Let α ≥ 0 and x ∈ `∞. Then

p(αx) = lim sup(αx(n)) = lim
n→∞

sup
k≥n

αx(k) = α lim supx(n) = αp(x).

This concludes that p is a sublinear functional on `∞.

2. Let p be the Minkowski functional for an open convex neighborhood U of 0 in a normed space

X.

(a) Show that for x 6= 0, p(x) = 0 if and only if x ∈ tU for every t > 0, so U is “unbounded

in the direction of the vector x.”

(b) Show that p(x) ≤ 1 if x ∈ U , and p(x) ≥ 1 if x /∈ U .

Proof. Since U is convex and 0 ∈ U , we have λU = λU + (1 − λ) · 0 ⊂ U for all λ ∈ [0, 1].

In particular, for 0 ≤ t ≤ s, if x ∈ tU for some x ∈ X, then x ∈ tU = s((t/s)U) ⊂ sU since

t/s ≤ 1. Recall

p(x) := inf{t > 0: x ∈ tU}. (1)

(a) Let x ∈ X \ {0}. If p(x) = 0, then for any t > 0, by (1) there exists ε < t such that

x ∈ εU , thus x ∈ tU by the previous argument. On the other hand, by (1) we have

p(x) = 0 if x ∈ tU for all t > 0.

(b) If x ∈ U = 1 · U , then p(x) ≤ 1 by (1).

Let x 6∈ U . Suppose otherwise that p(x) < 1, then x ∈ tU for some t ∈ (0, 1). Thus

x ∈ tU ⊂ U by the previous argument, which contradicts x /∈ U . Hence p(x) ≥ 1.

— THE END —
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