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1. Let B(S) be the vector space of all bounded F-valued functions on a nonempty set S. Define
]| = sup{|z(®)]: t € S}.

Prove that (B(S), ] - ||) is a complete normed space (cf. [Textbook, Theorem 3.5]).

Proof. First we verify the axioms of a norm. Let z,y € B(S). Then |z|,|y|| < oo by the
definition of B(S).

o If ||z|| =0, then for all t € S, |z(t)| < ||z]| = 0 which implies x(t) = 0. Hence x =0 on S.

e Let o € F. Then |Jax| = sup{|az(t)]: t € S} = |a| sup{|z(t)|: t € S} = |a]||z]|.

o [le+yll = supses [(2+y)(t)] < supies(Jo(t)[+]y()]) < supieg [2(8)[+supses [y(@)] = [lz]+yll,
where the first inequality is by the triangle inequality of |- | in F.

Next we establish the completeness. Let (x,) be a Cauchy sequence in B(S). Then for every
e > 0, there exists N € N such that for all m,n > N,

|2 (t) = 2n ()] < 2 — 20 <€ (1)

for all ¢t € S. Hence for each t € S, (z,(t)) is a Cauchy sequence in F. By the completeness
of F, for each t € S there exists x(t) € F such that lim,, . z,(t) = x(t). Define z by setting
value z(t) for each t € S. Then let m — oo in (1), we have

|z(t) = zn(t)] < €

for all £ € S when n is large enough, that is lim, . ||z — z,]| = 0. Moreover, since ||z| <
|lznll + |z — 20| < ||za||+1 < oo when n large, we have x € B(S). Hence B(S) is complete. []

2. Show that for 1 < p < o0,
coo Clp Ccop CeCly

and all inclusions are proper. (Please refer to [Textbook, Section 3.3 & 3.4] for the definitions
of above spaces.)

Also show that

Coo is dense in the space ¢y,
coo is dense in £,
Coo 1s not dense in c,

Coo 1s not dense in £,

in the topology defined by the sup-norm, || - ||so-

Proof. First we check the strict inclusions.



o Let v = (2(7))2, € coo. Then there exists n € N such that z(i) = 0 for all i > n + 1.

Thus - .
lzlp =" lz(@)P =D z(@)P < oo,
i=1 i=1

which implies z € ¢,. Hence c¢og C £,. On the other hand, take y = (1/i*):°,. Then
lyllb = >_72, 1/i* < oo, which implies y € £, but y & coo.

o Let o = (2(i)2, € £,. Then ||z][p = 3277, |x(4)]” < oo, which implies lim;_,« |z(i)] = 0.
This means = € ¢y. Hence £, C ¢p. On the other hand, take y = (1/i7)?°,. Then
yllb = >_=, 1/i = oo, which implies y ¢ £,, but y € co.

o Let v = (2(i))2, € ¢p. Then lim; o |2(7)| = 0, thus (z(i)) converges to 0. Hence = € ¢
and ¢q C ¢. However, the constant sequence y = (1)$2, € ¢ but y ¢ .

e Since every convergent sequence is bounded, we have ¢ C ¢,. However, not every bounded
sequence is convergent, for example, y = ((—1)%)2, € {,, but y & c.

Notice that (a) implies (b) by ¢, C ¢ and (c) implies (d) by ¢ C {s. It suffices to check (a)
and (c).

(a) Let x = (2(4))2; € ¢o. Then lim;_, |2(:)| = 0. For every £ > 0, there exists n € N such
that |z(i)| < e for all i > n. Define y = (y())$2, with y(i) = (i) for i < n and y(i) = 0
for 4 > n. Then

[l = ylloo = sup |2(i) — y(i)] = sup [z ()| <e.

1€eN >n

Hence cg is dense in ¢y with respect to || - ||oc-

(c) Take the constant sequence z = (1)7°; € c¢. Then for every y = (y(i))2, € coo, there
exists n € N such that y(i) = 0 for all i > n. Hence ||z — y||o > |z(n)| = 1, which implies
coo 1s not dense in ¢ with respect to || - || -

— THE END —



