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1. (a) Let E1 and E2 be subspaces of an inner product space. Prove that E1 ⊥ E2 if and only if

‖x1 + x2‖2 = ‖x1‖2 + ‖x2‖2

whenever x1 ∈ E1, x2 ∈ E2.

(b) In contrast to part (a), give an example of a Hilbert space H and vectors x1, x2 ∈ H such

that ‖x1 + x2‖2 = ‖x1‖2 + ‖x2‖2, but 〈x1, x2〉 6= 0.

2. Let S be a bounded sesquilinear form on X × Y . Define

‖S‖ := sup {|S(x, y)| : ‖x‖ = 1, ‖y‖ = 1} .

Show that

‖S‖ = sup

{
|S(x, y)|
‖x‖‖y‖

: x ∈ X \ {0}, y ∈ Y \ {0}
}

and

|S(x, y)| ≤ ‖S‖‖x‖‖y‖,

for all x ∈ X and y ∈ Y .

3. Let T : `2 → `2 be defined by

T : (x(1), . . . , x(n), . . .) 7→ (x(1), . . . ,
1

n
x(n), . . .)

for x = (x(i)) ∈ `2. Show that the range R(T ) is not closed in `2.

— THE END —
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