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Q4
Let f(x) :=

√
x+ 1. Then f ′(x) = 1

2
(x + 1)−1/2, f ′′(x) = −1

4
(x + 1)−3/2 and f ′′′(x) =

3
8
(x + 1)−5/2. By Taylor’s Theorem, for any x > 0, there exists some c ∈ (0, x) such that

f(x) = f(0) + f ′(0)x + f ′′(0)
2!

x2 + f ′′′(c)
3!

x3 = 1 + x
2
− x2

8
+ x3

16
(c + 1)−5/2 > 1 + x

2
− x2

8
.

Again by Taylor’s Theorem, for any x > 0, there exists some d ∈ (0, x) such that f(x) =

f(0) + f ′(0)x+ f ′′(d)
2!

x2 = 1 + x
2
− x2

8
(d+ 1)−3/2 < 1 + x

2
.

Q8
Fix x0, x with x0 < x. By Taylor’s Theorem, for any n ∈ N, there exits some cn ∈ (x0, x)

such that Rn = f (n+1)(cn)
(n+1)!

(x − x0)
n+1 = ecn

(n+1)!
(x − x0)

n+1. Then Rn+1

Rn
= ecn+1−cn

n+1
(x − x0) ∈

( e
x0−x

n+1
(x− x0),

ex−x0

n+1
(x− x0)). By Squeeze Theorem, limn→∞

Rn+1

Rn
= 0. By Theoreom 3.2.11,

limn→∞Rn = 0.
Q10

Claim: h(n)(x) = e−1/x2
Pn(

1
x
) where Pn are polynomials of degree less than 3n. We shall

prove this by induction. When n = 1, h′(x) = e−1/x2 2
x3 . Suppose the statement holds for

n = k. When n = k + 1, h(k+1)(x) = (hk(x))′ = (e−1/x2
Pk(

1
x
))′ = e−1/x2

( 2
x3Pk(

1
x
) + P ′

k(
1
x
)) =

e−1/x2
Pk+1(

1
x
) where Pk+1(x) = 2x3Pk(x) + P ′

k(x).

To show h(n)(0) = 0, it suffices to show limx→0
e−1/x2

xn = 0 for any n ∈ N. We shall prove this

by induction. When n = 0, limx→0 e
−1/x2

= 0. Suppose the statement holds for n ≤ k. When

n = k + 1, limx→0
e−1/x2

xk+1 = limy→∞
y(k+1)/2

ey
= k+1

2
limx→∞

y(k−1)/2

ey
= k+1

2
limx→0

e−1/x2

xk−1 = 0.

Since h(k)(0) = 0 for any k ∈ N, Pn(x) = 0 for any n ∈ N. But f(x) ̸= 0. Hence, Rn(x) does
not converge to 0.


