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Section 7.1

5. Let P == {(I;,t;)}™, be a tagged partition of [a,b] and let ¢; < cs.

(a) If u belongs to a subinterval I; whose tag satisfies ¢; < ¢; < co, show that
a—|Pll<u<e+]|P.

(b) If v € [a,D] and satisfies ¢; + ||P|| < v < ¢, — ||P|, then the tag t; of any
subinterval I; that contains v satisfies t; € [c1, ¢a].
Solution. (a) Write I; = [z;_1,2;]. Then z; 1 < u,t; < x;, and hence
ti—(vi—wi) =m0 — (i —t) Su<ai+ (6 —20) =t + (v — 159).

Since ¢; < t; < ¢y and 0 < x; — ;-1 < ||P||, we have ¢; — ||P|| < u < co+||P|.

(b) We can replace the tag of I; by v without changing ||P||. Then, since t; € I,
it follows from (a) that

e = (e + [PI) = 1Pl < ti < (e = IPI) + 1PI] = o
O

6. (a) Let f(x) =2if0 <z <1land f(z) =11if 1 <x <2. Show that f € R[0,2]
and evaluate its integral.

(b) Let h(z) =2if 0 <z <1, h(1) =3 and h(z) :=1if 1 < 2 < 2. Show that
h € R|0,2] and evaluate its integral.

Solution. Fix ¢ € R and define g : [0,2] — R by

2 if0<fe<;
glx)=<c ifz=1;
1 ifl<ax<2

We will show that, regardless of the value of ¢, we always have g € RJ[0,2] and
2

Js9=3

Let 73 = {([zi—1, 7], t:) }i=, be a tagged partition of [0,2]. Suppose z;1 <1 < .

Let Pl == {([SCi_l, x,],tl) f:ll and PQ = {([xi—].?xi}?ti)}?:k—l’-l' Then we have

5(9; P) = 5(9; 731) + g<tk)<xk: - xkfl) + 5(9;752),
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where

k—1

S(giP1) =D g(t:) (@i — xi1) = 2(we1 — o) = 2= 2(1 — z41),

i=1

n

S(g;752) = Z gti)(x; —xiq) = (xp — ) =1 — (z, — 1).

i=k+1
Let M = max{1,2,|c|}. Then

(0 P) = 3| < 21— mpoa| + lg(t) ok — @] + o — 1]

<2|[P||+ M|[P] +|IPl
= 3+ M)|P|

Now for any & > 0, we can take 0 := /(3 + M) > 0, so that any tagged partition P
of [0,2] with ||P| < ¢ satisfies

‘8(9;75) —3‘ <(B+M)s=c¢.

Therefore, g € R0, 2] and f029 = 3. O

It f € Rla,b] and | f(z)| < M for all z € [a, b], show that ‘fff‘ < M(b—a).

Solution. Note that —M < f(z) < M for all x € [a,b]. By Example 7.1.4(a), a
constant function g(x) := k is Riemann integrable on [a, b] and ff g=kb—a). Tt
follows form Theorem 7.1.5 that

—M(b—a):/ab—Mg/abfg/abM:M(b—a).

This is just ‘fff’ < M(b—a). O

Let g(x) == 0 if z € [0,1] is rational and g(z) = 1/z if x € [0,1] is irrational.
Explain why g ¢ R[0, 1]. However, show that there exists a sequence (P,) of tagged
partitions of [a, b] such that ||P,|| — 0 and lim S(g; P,,) exists.

Solution. Let P = {[z;_1, 2]}, be a partition of [a,b]. If we choose a rational
tag r; for each subinterval [z;_1,z;], then

S(gi {([wim1, i), 7m5) }imy) = 0;

while if we choose an irrational tag ¢; for each subinterval [z;_1, x;], then

S {([xi—v, zi], @) Yiey) > 1
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Since ||P|| > 0 can be arbitrarily small, we have for any L € R, there exists g := 1/2
such that for any § > 0, there is a tagged partition P of [a,b] such that ||P]| < §
and

‘S<g§7j> - L‘ 2 €o-
Hence g ¢ RI[0, 1].
Finally, we let (73 ) be a sequence of tagged partitions of [a,b] defined by P, =
{([=L, 4], £)}» . Then ||P, |=21—0and S(g:P,) =0 for all n € N. O

n '"nl'n

Consider the Dirichlet function, introduced in Example 5.1.6(g), defined by f(x) :=
1 for z € [0,1] rational and f(z) = 0 for x € [0,1] irrational. Use the preceding
exercise to show that f is not Riemann integrable on [0, 1].

Solution. Let (P,), (Q,) be two sequences of tagged partitions of [a, b] defined by

(e S ([ e

Then [P, | = Q.| = L — 0. However, S(f;P,) = 1 while S(f;Q,) = 0 for all
n € N. Since lim S(f; P,) # lim S(f; Q,), f is not Riemann integrable on [0, 1] by
Exercise 7.1.11. [

If f € Rla,b] and ¢ € R, we define g on [a+¢,b+ ] by g(y) = f(y — ¢). Prove that
g € Rla+c¢,b+c] and that [ ey = ff f. The function g is called the c-translate
of f.

Solution. First we observe that if P = {([z;_1, 2], t:)}7, is a tagged partition of
[a+ ¢,b+d], then P, = {([z;_1 — ¢,z; — c],t; — ¢)}7, is a tagged partition of [a, b]
and |[Pe|| = [IP|-

Let € > 0. Since f € R]a, b, there exists 6 > 0 such that if Q is any tagged partition

of [a,b] with || Q]| < &, then
‘ b
strio- [ s

Now, if P = {([w;_1, 2], t;)}, is a tagged partition of [a + ¢, b+ ¢] with |P| < 4,
then

< €.

= Zg(ti)(9€i —Ti) = Zf(ti —o)((zi — ¢) = (wi—1 — ©)) = S(f, Pe).

Since P, is a tagged partition of [a, b] with ||P.|| = ||P|| < &, we have

'S<g, f‘ \ )—/abf

Therefore, g € Rla + ¢, b+ ¢] and fbj:ccg:fff. O

<e&.




