



































































































































cont'd

claim2 SL is nowhere dense

By claim I oneneeds toshow CIO I I Sh is dense

Pf By definition we need toshow that

HE O and f ECLO 13

BE f n Cio DlSi 0

If f 4SL it is clear f e BEA f eCEBise

For ft SL Weierstrass Approximation Theorem

VE O I a polynomial p such that

If p lo

let the lip constant of p be 4

For r o Coral not necessary rational let

pix be the restriction to top of the jig saw function

of period at satisfying 9103 1 01951

and slope of the graph of p is If
except the finitely many non differentiabe points






































































































































I a

it is Y

Then consider the function

glx pox GAI E CEO IT

Then 119 Ho Elp flat 119110 E E E

ie ge BE f t te co Il

Ontheotherhand

Egly E 94 Elgly gas ply past

lays pix Elgly gas 4 ly Xt

Note that txeto I Fyeto I near X suchthat

191g pix Fly x1

I a

its Ii

Igly guys Er 4 ly Xt






































































































































Hence if we choose r e Ey then

txtto I IYeto I such that

Igy gu 2 Er 4 lyx1 L ly Xt

ie txtto17 g is not Lipcts at x with Lipconstant L

94 Sh

i B fl n Cto Dl Sc 0

By Clavin1 SL is closed hence Sh is nowhere dense

Faial step

let 5 1 ft CTO13 f is differentiable at some XEto IT

Thenby lemma 4.12

tf E S f E SN fu sane NEIN

S C ÉSN

By claim2 S is of 1st category

And Baire Category Thu using CEO IT is complete






































































































































S has empty interior

Set of cts butnowhere differentiable functions on to I

complement of S in Cto 13 is a residual set

and hence dense in CTO IT

Remarks Is The Thm and its proof provide no explicitexample

not even a method to construct a contamas

nowhere differentiable function

Iii Anexplicit example was given by Weierstrass

W x I asE x on IR






































































































































Furtherexamples

Def let f ab IR be a function and

L IR R

É tax
ta some apex

his degreepoly

Wesay L crosses f or f crosses L

if I Xo tta b and 8 0 such that

f Xo L Xo

and either one of following holds

I

y
Lex Efx A XExo d Xo A a b

iiiLIX I fix D XE Exo Koto ntab

Ii

yl
X z fix A Xetxo d Xo Acab

x E fix D XE Exo Koto ntab






































































































































eg fix suit

Lix 0 zerofunction III i
Clearly L crosses f
at O IT I 2T

AtXo 0 the O o can be chosen as T

If 41 1 1 L doesn't cross f
at every intersection anti I for all

X G anti E D anti Et 8 tentDE YOU 2T

f x LIX 1

Ix suit Xt oeg
fast o to Nih
Then no lute L crosses i

n

f at Xo 0

All lute L passing thro 10,0 intersects y tix s

Then infinite oscillation of f

neither I nasi in the definition holds
































































































































Def A function f a b IR is said to be crosses no lines

if there is no Lix ax p crosses f

Thm The set D If eClab f crosses no lines

is a residual set in Cta b and hence dense

Pf Notethat

Cfab 17 1 ft CIAb I some L crosses f atsomept
where x L Xt p L PEIR

Andwe need to show that Ctab 18 is of 1stcategory

Notation Fa f ECiab and aEIR we denote

f a X fix L X

subtracting the linear part of L from f

let An be the set of ft Tab for which

I d E En n and XEta b such that



y
f alt E fax Ut E x T X

tea b

t alt 2 fax ft e x f

Clearly An C Anti tn nice x hi x DC x ntAttn

Note that t is now the independent variable and

f alt s f alk is exactly

fit eat fix xx Lt t t ex ta X

Similarly f alt s fix is exactly

fit Z att fx xx LA FAE IX t

ft An f crosses L at X

with slope Kien

And if f crosses some L at some X

with L given by casts a stope p then forsome do

either
http fits t tax o Drea b

1
http 3 fits t te Tx Xeon tab



or

y
http fits t teth ox Inca b

http Efits Ute Tx xtoJnTab

By continuity of fecia bI we also have

LXtp fix

ie B fix xx Ey

Hence either

1
f a Ef alt HAEX o x nca b

f XX f alt t te Tx XtoJnTab

or

y
f alx13falts ttEx o xJnca b

f ME f alt t te Tx XtoJntab

Jean a feAn tasman halal too

SEA É An a feA An

Denote B Ifectaib f EA



Then f crosses some lines

FE AU B

Hence Cta b IZ AUB

so we onlyneed to show that An is nowheredense tn

by proving

4 An is closed th and

2 Ctab I An is dense

Pfof11 Let Ifk's be a seq in An and

fk f in Ctabl do

Since the An I LkEEDM and

Xk E TAb

Sit fr alt E fr anXk f tf Xknt Xn

fr alt fr anXk f tf Xk Xatt
te Tab

Bypassing to subseq we may assume

Xn Xo Eta by

Lk doE E n n



Then fr glass fr aan t t t Xk t Xe

fut date fan ahh HE Xk t Xk

Now t t t Xo tn Xo I ko20 Sit

t E Xu ta XD U kako suice Xa Xo

Then fief in Ctab3 do dado Xa Xo

wehave fits Lots flxo 2810 by letting btw

Since tf Xo at Xo is arbitrary we've proved

f dolt I f do Xo t t t Xo taXo

Similarly we can prove

f aft 2 f xoxo t t E Xo Xoth

Hence te An i Anisclosed

Pfofa het BY f CCrab be a metric ball

If f An then BEA s cab An 0

If f eAn by Weierstrass Approximation Theorem

I polynomial p sit Ilp floss



Before Glx pix Igpix e cca by
wemay assume
Lab to I

where 4 is the restriction to ta b of the jig saw function

of period at satisfying 059 1 and

slope ofthe graph of 9 is I't Cr o tobedetermined

except the finitely many non differentiable points

I a

it is Y

Then 11g fila Ell g plat Ilp fila

E se

ge BEA

suppose that geAn

then I Xeta b LEEn n sit

g alt f g yes text X

I
g act g a x AE X X th



If pix eTo.IT then consider

g alt s g yes t te x ta X

which implies f te x ta X

Plt felt at spox fax ax

pix pit z 311kt E pix pits

By theproperty of 4 It with ox ter

I
St pix pit E E

EE
consider renin Itn KET where L Lipconstofp

By rata te x nt x and sit

I 234 x t E pix pits

Is Elix ti tf LK ti

KUEI r al

which is a contradiction



Here YA E IE I

Then consider g alt z g yes t te lx Xth

which implies ft e x Xt's

pits fact at a past Old DX

Ect 61 12 Ect x E pits pas

By the property ofp It with or Axe r

sit Git ANE E

since rat t C X t and sit

I 234Ct x E pets pas

I E E Lta rat as before

Again it is a contradiction

Therefore g An Hence GEB f n IccablAn

which implies BEA Icca b An 0

This completes the proof of the Theorem A



Def A function f a b IR is said to be nowhere monotonic

if I no interval ISd C ta b on which f is monotonic

Car The setof continuous nowheremonotonic functions is

a residual set in Ctab hence dense in cab

Pf If f ECTa b is monotonic on some interval Is d

then LX P with p e flo flds crosses f

if fld f c ap E fld fly if flo fi d

If fl c fld then f cast onTed

Clearly many lines cross f

Hence f monotonic on some interval

f E Ctab IZ

Since Ctab 12 is of 1st category

anysubset of Ctab 12 is also of 1st category



set of its functions monotonic on some interval

is of 1st category

i Set of Is nowheremonotonic functions is a residual

and hence dense by Baire Category Thm

sauce Cia b is complete

Remark TheThar can be used to prove Tha4.13 too



Another application of Baire Category Thenew

Thm4.14 Every basisof an infinite dimensional Banach space

consists of uncountablymany vectors

Pf Let U be a Banach space

Suppose on the contrary that V has a

countable basis B 3Wj

Then V Wn

where Wa spanhw n Wn

Claim1 Wn has empty interior

Pf Since V is of infinite dimensional

V1Wn 0 An 1,2

veV NI I IWn 0 An 43

by scaling Wu is a vector subspace



i one can find to EVIWn suchthat

Nott
Then t weWn and E 0

Wt Evo E Bel win V Inn

Belwin VIWn 0

Wn has empty interior

Claim Wn is closed An 1,3

Pf let up É be a seq in Wn and converges to

some Vo E V

Note that T Wn IR

jÉajwj A Cat ans

is a recta space isomorphism

And hence the norm in V jÉajWit v gives a

noun on IR

Ilcan an 11 154asWil v



Since any two norms on IR are equivalent

11car an Il is equivalent to standard Euclidean now

Icab and fait tan

I 9 Ca o sit

lulu S C Tol e ca luv t veWn

Since Vevo in V IVe's is Cauchy in V t.tv

HE O I do 20 Sit

IVe Un ly S E H l ke lo

ITue Tun le IVe Un E E t Skelo

The is Cauchy in IR withstandardmetric

By completeness of IR I ah cat an ER

St Tue at o as e o

Let U T at It agingEton
we have

Ne Mr E Gltoe am so as to



By uniqueness of limit Vo Ut Vo EWn

i Wn is closed Thisproves Claw 2

By Clowns1 2 Wn is nowhere dense

V Wn isof 1stcategory

But V is complete this is impossible

contradicting Baire CategoryThan

Hence any basis of V cannot be countable


