
 

Applications of Baire Category Theorem to function spaces

That13 Thesetof all continuous nowhere differentiable

functions forms a residual set in Ctab and

hence dense in Ceab

To prove the theorem we need a lemma

lemma4.2 let f ECla b be differentiable at X Then

it is Lipschitz continuous at x

ie Ifly fix E L ly xt t yEta b

It is clear for y near x The issue is for y not near x

Pf Byassumption HE 0 say E l

I do o such that

t y E X do X do 3x ye a b

15cg f'd al

I fly fix E l Ifast ly X

Hye x do Xtdo n ta b



If ab I x do X do7 0 we are done

If not then fay Eta b x To X do

IY X 17 do

and hence

Ifly f x E Ifly I fix

s all fl lo s 211ft ly x

let L max It Hall Mff I we have

Ifly fix E L ly Xt HyEta b XX

Pf of Thm4.13

Weonly need to show the case that Ia b to I

A L O define

S ft Cto I f is hipcts at some Xero I
with Lip Const E L

Clavin1 Sh is closed

Pf Let Ifn's be aseq in Sh which converges to some

ft CTO I in des metric



By definition of SL that

I Xn Eto IT such that

fu is lip cts at Xn with Lip constE L

ie Italy fan EL ly xul Hyeto I

Wemayassume that Xu x fu same eto I

by passing to a subseq

The corresponding subset for is still convergent

fu f in da

Then

fly fix e Ifly falyl Italy fix

E Il f fullest Ifnly fulxu Ifulxus fix I

s Ilf fullest Lly Xultitalxa faint Halt fix

E 211f fully th ly Xult LI Xu XI

I 211f fully L ly Xt th Xt Xn I LIXu XI

Lly Xt I t 2 Ilf fullest LIXu XI



Letting notes wehave

Ifly fix I E L ly XT Kyoto IT

fest X

Tobecont'd


