
 

c cont'd

Assume I d has no isolatedpoint

Claim txt I 3 5 is nowhere dense in I

Pf Suppose not then 3 31 1 3 contains some open

ball Bry

i e Brly CE 3x

This implies y x

Brix C IX Brd

2 3 Brix is open

x is isolated which is a contradiction

Then by b the claim any finite set is nowheredense

eg IR doxy lx yl has no isolated paint

any Ny Xn is nowhere dense

But for countable subsets we have no such conclusion

IN 31,33 3 countable and nowhere dense Ex

Q countable but not nowhere dense infact Q isdense



Examples in infinite dimensional normed spaces

eg let Mtab spaceof bounded functions on a b Notnecessary
continuous

Then 11ftla gyp Ifall is welldefined

and is a norm on MtabJ check

Clearly Ctab do is a metric alsorecta subspace of

Miab do

Claim Cia b is nowhere dense in Miab wit dismetric

Pf I clearly Cia b is closed in Mca b

uniform limit of cts functions is cts

Hence Ctab is nowhere dense in Mtab

Miab ICAI Mcab Icca b is dense

We only need to show that

2 A B f C Miab Biff n Mcab Icca b 0

11 If f EMtab ICTab we are done



di If f E Cab

defuse gox Just E XEta b no
N E X E a b IQ

Then gox fix IE

Ilg fila E ge BEA

If gectaby then

g f
air is continuous

Ez Ia b IQ

which is impossible

Hence gentab Iccab

BE f n Mtabl cab 0

eg let lis space of bounded sequences with dis metric

do x y supHu yal for Xi xu's y syn

let E subset of convergent sequences

Then E is nowhere dense in la dos



Pf Weonly need to show 4 k in thefollowing

1 E is closed in lis

Pf We'll show that late is open

Let X Hu's e late

Then Xu diverges and

to h linkup x y lingif Xu L G O

Take E tf o

then t y ayn E BY x we have

Xu E s y u s X n t e f n

f
luisupXn E E binsupyn

lui nif Y E his if Xu te

linsupy a L E 231 Lf snia L e

It e a leuinifyn

y 3yab is divergent

Hence Bex c late late is open

this proves I



z loll lol E by a is dense

Pf Let Bex be a ball in lo

we need to show that Bolex in late 0

If X E lol E we are done

If XE E then X 3xn is convergent

let L le Xn

Then I no o sit IXu LI f f nano

refute y unseen by

t.isXu if nano

In Lt if nano u odd

h if nano e n even

Then IXn yal o if nano and

Nn Yal E lXu LI IL Yul

3 E3 3 s E Un no

do x y e f e ye B x

However luissupyn Lt L E limit yn

Y Else Bax n late 0 A



Def A set in a metric space is called of firstcatogroy or meager

if it can beexpressed as a countable union of nowhere dense

sets

A set is of secondcategory if it is not of firstcategory

A set is called residual if its complement is of first
category

Prop4.8 Let I d be a metricspace

a Every subsetof a set of 1stcategory is of 1stcategory

b The union of countablemanysets of 1st category is

of 1st category
c If I d has no blatedpoint then every countablesubset

of I is of 1st category

Pf a let E c I be a setof 1st category

Then E É En for some nowhere dense set Eyn 13

let F C E then by Prop4.7 la

FA En is nowhere dense An FAEnC En



Hence F FAE FAEn is of 1stcategory

b Let En En k En m nowhere dense

É En É Enn Cent
is of 1st category suice INN iscountable

C If E Xi SI CI then Prop4.74

Xi's is nowhere dense ti

E lxi is of 1stcategory byparts

Prop4.81 Let I d be ametricspace

a Every subset containing a residual set is residual

b The intersection of countable many residual sets is a

residual set

C If I d has no isolatedpoint then complementof a

countable set is a residual set

Ef By taking complement in Prop4.8



eg4.5 IR has no isolated point in standardmetric

Iq is nowhere dense t rationalnumber

Q is of 1stcategory

Hence I IRI Q theset of irrational members is a

residual set in IR

Thm4.9 BaireCategoryTheorem

In a completemetricspace any set of 1stcategory

has empty interior

Pf Let thecomplete metricspace be I d

And let E É En C I beof 1stcategory

where En is nowheredense in I An

Consider any openmetric ball Brix of I

Since E has empty interior by defu of nowhere denseness

EET ABroxo 0



let X E IET n Br Xo

Since both IIE BroXo are open

I n o sit BAX C I IET nBr.Xo

and r s y as we can alwayschoose a
smaller ball Ian's Emma

Br Xi MET 0 If ye yeBr

Now E is nowhere dense E has empty interior Is Eri
fr ready

XD

III n Brix 0

Similarly to the above I X E III n BrCx

and re o with he such that

Brake C IIE JOB ex
C É
C Brix

Note that Brix C BrXD C GIETTABrdo C EET

Brok

x X Bri

q

E E E



Repeating the process we obtain Xabi CA

and brush C Rt such that

9 Brat Xue C Bryan

b Tnt E E

C Baku CI EJ Ajit n

Bran ME 0 Kj b n

By 9 b Xu's is a Cauchyseq Ex

Hence completeness of I I XE I sit Xu x

By 9 again Xn me Bryant Am 1,33

X E Bryan

By a k X E I IET and BroXo

Since n is arbitrary XE I CHET I EET

xe EE n Broxo

IIHF n Broxo 0



All Fn n Broko AIME n Broko

0
Since Broko is arbitrary E En has empty interior

Note This implies if I complete residueset is dense

E empty interior IIE dense

Recall that E is closed nowheredense set

IIE E IIE is an open dense set

Hence Thm4.9 can berephrased as

Thin4.9 Baire CategoryTheorem

In a completemetricspace countable intersection of open

dense sets is dense

ie If I d is complete and Gn CI is a sequence of

open dense sets in I then I Gn is dense

Pf Ex



Cor4.10 let I d be complete

Suppose that I n
En with En are closed subsets

Then at least one of these En's has non empty interior

Pt Suppose not then all En has empty interior

En is nowhere dense f n Since En are closed

Hence I É En is of 1st category

Baire CategoryThm I has empty interior which

is a contradiction since 1 2

Remark This corollary wipliesthat it is impossible to decompose

a completemetric space into a countable union of

nowhere dense sets

i.e completemetricspace itself is of 2nd category



Cor4.11 A set of 1st category in a complete metricspace

cannot be a residual set and vice versa

residualsets of a completemetricspace isof 2ndcategory

Pf Let E be aset of 1st category

then E É En with En nowhere dense

If E is also a residual set

then IIE is alsoof 1st category

hence IIE É En with En nowhere dense

I EU LIE EEN U É En

Taking closureof En Eh

I C EET U É ET CA

I EE U EET



ie I is a countable unionof close subsets with

empty interiors Thiscontradicts Cor4.10

The other way is similar

eg R is complete Q of 1stcategory

I IRIQ isof2ndcategory


