
 

a A reason for studying Cb I instead of CA is

the fact that CCI may contain unbounded function

and supn am 11 His doesn't define

leg I IR L A to

However in some cases it is still possible to define
a metix on C I
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where 11 a la Bato is the supnoon on the

closed ball Bto

Then d is a completemetric on CARD Ex



v Recall

Bolzano WeierstrassTheorem in R

Everybounded sequence set has contains a

convergent subsequence sequence

Cb I maynot have Bolzano Weierstrass property

eg Cho 1 CEO I Let fall X Xero I

Then Ifalls 1 t n

Note that pointwise limit falls
X l

0 otherwise

no subsequence converges in CbTo 1J

In view of note v we needfurthercondition to

help us to find convergence sequence in subsets

ofGCI



Def let I d be a metricspace A set ECI

is called a precompact set

if every sequence in E contains a convergent subsequence

with limit in I notnecessaryinE

If further required that the limit belongs to E

then it is called compact

Note Compact set is a closed precompact set

Pf Let Xn CE

E precompact I Xa Z E A

E closed Z E E

Hence closed precompact compact

The otherdirection

compact closedprecompact

is trivial



eg Bolzano Weierstrass

ECR is precompact E is bounded Ex I

Hence

ECR is compact E is closed e bounded

Def let I d be a metricspace

A subset C of C I is equicontinuous

if HE 0 I 8 0 suchthat

Ifix fly s E f fel dix y ko x yet

Note Clearly if E is equicontinuous then

any Ecl is equicontinuous

Eg If I E C IRD G open bounded

They f E C E is always uniformly continuous



HE O I 8 0 sit

Ifex fly Is E H d x y lxy ko x yEE

The o here usually depends on f

Comparingto the definition of equicontinuity

E is equicontinuous if we canfind a

uniform 8 o fa all functions f E E

ie O is independent of points X get
and functions f E b

eg A function f defamedon a subset E of IR Gt4 open
bounded

is called

Holder continuous

if I LECO 1 suchthat

Ifix fly E L lx y p tx yet

for some constant L



The number x is called the Holderexponent

The function is called Lipschitz continuous if

4 holds for 2 1

For a fixed a e 0,17 L 0 the family

E teCLE f Holder Lip with exponent a and L o

is an equicontinuousfamily

Pf HE O let 8 o suchthat Loke

Then f fee t x y EE with lx y lad

Hix fly I E LAYI e Loke A



Prop4.1 let E be a subset G where

suppose thateach function in E is differentiable and

Then E is equicontinues

ie E f e G f differentiable ELEM Fi

sa someM
is equicontinuous provided E isconvex idep off

Pf t x y e E

E convex Xttly X EE Ate Io 13

Then fly fix Side fatty x dt

So É fxlxttyxscyi xi.at



É S fatty xDde Cy xD

f ÉIIYxDdI ITXI
E Th M ly XI

where M uniformbd on the partial derivatives

Interchanging x y we have

Hgs fix E Th M ly Xt A x y E E

Then by the aboveexample E isequicontains

Eg4.1 Equicontinuous but unbounded

let I El I and consider

E LX E CEDIT It t AGES IS

H X E E I X t XCole Ix'll It SI E It s t

E is equicontinuous as above



But E is unbounded in CE1,13

Xnlt E th E E has

IlXu Ila Eth to as n to

clearly IXnS has no convergent subsequence

eg45 Closed Bounded butnot Equicontainers

let B If E CTo I HATE I HXETO I

BY10

Then B is closedand bounded

To show that B is not equicontinuous we only need to

find a subset of B which is not equicontinuous

Let fake sin nx E CB

Claim fax sin nx É is not equicontinuous



Pf Suppose on the contrary that

fuk sinnX É is equicontainers

Then fa E I I 8 0 such that

that XYETO I with Myke we have

Isuinx sang t t

However forany o o if n max E I
wehave XO Y En ELo I with IX y s d

and I stun o stun Enl lo 11 1 E

which is a contradiction

saints is notequicontinuous



Lma43 Let A L Z be a countable set and

fu A IR nt z be a sequence of functions

defined on A

Suppose that foreach Z j E A

fully É is a bounded sequence in IR

Then there exists a subsequence Ifni É of Ifn
such that t z je A

futz is convergent

Pf Since fact is a bounded sequence in IR

I a subsequence th such that

fila is convergent

Notethat we haveusedthe same index n to denote the

subsequenceInn Thesuperscript1 is to denote that it is convergent
when evaluated at Zi



For this subsequence th of original fn

they is bounded sie the far

Hence I a subsequence Ifn of Ifn such that

If Go is convergent

Note that since HS is a subseq of Itn's

if is also a subsequence ofHas

Also If As is a subseg of the convergent subsequence

khans

i Ificzi is alsoconvergent

Therefore we'vefound a subsef Ifn of Hal suchthat

If is a subsef of th and

If a and face are convergent



Repeating the process one can obtain sequences

fin j 0,13 with fu fu
such that

I 35 s is a subsequence of fin tj 91,3

Ii fined fined fine are convergent 571

carryout at

fl fl f's i i th z

f f t f a Zyzi

f f f f Zi 2,23

th th f a fan Zi Zi Zy

Define Gu fi that thediagonalsequence

then Ign is a subsequence of Ifn's and

fu anyfixed j 13 got fact



As n is n z j fusufficiently large n

Herta Ifncap is a subsequence of the convergent sequence

512 far all sufficiently large n

Therefore Igulp is convergent

This completes the proof of the lemma

ThismethodoffindingGn is called the cantor'sdiagonal trick

Thm4.2 Ascolis Theorem

suppose that G is a bounded nonemptyopenset in IR

Then a set E c CCE GCE is precompact

if E is bounded insupnom and equicontinuous


