
 

Ch4 SpaceofContinuousFunctions

54.1 Ascoli's Theorem

Notation If I d metric space we denote

Cb A FE CA Ifm EM H XE I fasoneM

the vectorspace of all bounded continuous functions
on I

Clearly
Cb I C I

I set of continuous functions on A

eg If G nonempty bounded open set in IR then

I E CLE
as G is closed and bounded FEC E
has to be bounded



Recall Anam Il Il on a real vector space I is defined

by the following properties

N1 11 1120 11 11 0 X 0

NZ II 2 11 141 4X4 LE IR

N3 IXtyll E 11 11 1144

And a vectorspace with nom A 11 11 is called a

name space A nam space has a natural metric

d x y AX 411

Fact The arm af lls SEE If l

is a name on CbA

And we always assume Cb I withmetric

daff g 11 f 8110

given by the supnorm



Similar to Cla bl dis we have

Prof Cb I da is complete faanymetricspace d

Pf let fu be a Cauchy seq in Cbt do

Then HE 0 I no 20 Sit

Ifm full E t m n Zno

In particular Y XE I

Ifuk fax E Afm fully c E Um nano

fun is a Cauchy seq in IR

By completeness of IR not 1

this fuk exists

In general it depends on x Let denote it by

fix lyinfact t X E I

This gives a function f on I



Clavin f is bounded

Ff Letting me a tie we have

HE O and AXEL

a fix fuk E E then

In particular Hix Fux EE Ke o TX

Axel fix k Et frow E Mo

where Mo is a bound fa tho

i f is bounded

Chainz f is containers

Pf Fn Is t Xo EI HE O IT O

sit I fngxs fn.co Eg Adx Xo d

Then together with 4 a

fix fexoslelfexs fnolxsltffndxs fnolxosltlfn.co fix

4 4 LE A dixXo ad



I f is cts at Xo
Since Xo GI 5 arbitrary f is cts on I

Claims 1 2 ft Cb A

Finally by 4 2 If I fix fuk 4 then

ie daffy f E Ey t ne n o

So daffy f o as n is

That is fu f in GA do

Notes

I We've just proved that Cb I do is a

Banach space ie a complete armedvecta space

ID GII is usually of infinite dimensional

egs When I IR a subset with nonempty interior in Rn



Expliciteg I To I CR then

Snk X IocGR

clearly X Into is a linearly indep subset

Cb I Cto IT is of infinite dimensional

Iii Cy couldbe offinite dimension

eg Itp p finite set with discrete metric

Then I If
I k ftp3 ftp.t

is a linear bijection


