



































































































































GeneralCase

Consider Fix DFXIF xtxo yo

Then FCO O

F defined on an open set

F V Xo Fx xtx.EU with 0Gt

and
DecoyDEX DF Xo I

Bythe special case It o such that

I G BELO ECBECODC BROCE
EBEN É

g ESt E is the local inverseof F e
xx Ifxtx

I
DÉxoygot

It WE DFexo BEA yo I

GRECO Xo then Wow yep

G tasty

and G W V by

Gly ECDFJIxo Cyyo Xo Ayew






































































































































clearly G maps W bijective onto V

Since Fix DFS FCx xo yo

wehave F XtXd DF Xo a Yo OXEBRO

F X CDF a FIX Xo Yo XEV

Hence Hye w

F Gy CDF CXDÉCGly Xo Yo

Yo DFXXDFLECDFJcxoxyy.SI 39 49
Yot DFIxo DFS'ADLYYo Saa E.FI
Yoty yo y

i G is the local inverse off

The remaining facts that FeckchepGechis clear

from the definitionof G and the results on ELI
inte special case



Def A Ckmap Fit 5W V Wopenair is

a Ck diffeomorphism if F'existsand isalso Ck

Note I The IFT can be rephrased as

If F U CRI IR EC and

DF is nonsingular at a point Xo EV

then F is a Ck diffeomorphism between some nbds

V and W ofXo Fix respectively

di If Fit W is a Ckdiffeomorphism then

A function q W R there corresponds a function

4 9 of IV IR

Conversely A function 4 VIR therecorresponds a function

9 40 Ft W IR

Moreover 95 Ch 4 is Ck

Thusevery Ck diffeomorphism gives rise to a

local c change of coordinates



Thm3.5 Implicit FunctionTheorem

let U be an open set in IR x IR

F V Rm is a Cl map

Suppose that xo yo EU satisfies

F Xoyo 0 and DyF YoYo is invertible in Rm

Then

1 I an open setof the fam Vixen containing

XoYo and a d map

9 Mt Vick with 9cxosYo

suchthat F x 91 17 0 t XEN

2 9 V V2 is Ckwhen F is Ck K k 0

3 Moreover assume further that DyF is invertible in vine

Then if 4 p K is another d map satisfying

F x 41 5 0 we have 4 9



Note If I El xx xu Yi Ym

Ém xx xn a Ym

then

Dyk
EE

EY É
is mam can be regarded as a lineartransformation

from IRMto IRM

In general for a map F such that

DF exo yo has rank M

then one can rearrange the independent variables

to make the mx m submatrix corresponding to the

last m columns of the Jocabian matrix invertible

ie in the situation of the theorem

Hence the condition that DyF XoYo is invertible in the

Implicit Function Theorem can be generalized to

rankDF XoYo M



Pf of Implicit Function Theorem using InverseFunctionTheorem

Define I VCR R'xRm
U U

x y I X F x y

where Y ER y Pg ER
m

Then I XoYo Xo O

Clearly I 5 Ck if F is C
X c

And InE F xx x y you

FmCx yXn Y gyms

1
O

DOI EY z EI
É É É

Since DyF le
y

É 5 is invertible in AM



DI yoyo is invertible in R XRm

Applying InverseFunctionThenem I local c niverse

co
I I I z WC

k
s V with

Xo Yo I Xo O I Xo0 Edo O

where W and V are open nbds of
XoGo 4,0 and Xo yo respectively

and is C when F is Ck

By shrinking the rinds we may assume

V isof the fam V X V2

where V open in IR containing Xo

V2 open in Rm containing yo

Now f X Z EW

X E OI I exit Iz X Z



E lx Z FIE HA 424,2

X I x Z

z FIE HA Exit

z FIX Ian Z

In particular we can take 7 0 hence

FIX I lx O 0 TX I lxDET

i G V V2 x1 Ezo is therequiredmap

Sit quo Xo 0 Yo

I Fix pix o

and isCkwhen Fisch We'veproved 4120

For 3 DyF is invertible in V XV

So'DyF x y ttyzY It is nonsingular

fa X Y X 92 EV Nz asonemayassumeVisaball



Now if y it Va is another c map set

FIX Y x O

then
o Fix xx FA 90

SolDyF x past tax pas dt xx a

SoDy F x past tax pix dt nonsingular

x S F X EV My

Renard Implicit FunctionTheorem and Inverse Function Theorem

are infact equivalent

If F v IR as in assumptionof the

InverseFunctionThenew then define

Fixy Ux IR IR nth to n din

Xy to Fix y inFethearen

which is C



Note that Fox yo F Xo Yo 0 and

DxFCXoYo DF Xo is invertible

DE exo yo is of full rank rankDECKbo n

By Implicit FunctionTheorem I c map fly near yo

such that
4190 Xo and E 4 y y 0

Notethedifferent in the notations

ie F ply Y 0 near yo

t X 91g is the local inverse

Concreteexamples are omitted since it should be given in advanced

calculus already Afew explicitexamples are given in ProfChou'snotes



53.4 Picard Lindelof Theorem fu Differential Equations

let f be a function defined on

R Eto A total x Exo b xotb

where to Xo EIR and a b 0

We consider Cauchy Problem Initial ValueProblem

IVP fit x

x to Xo

it find a function Xlt defused in a perhaps

smaller interval

x to al total Exo b Kotb

fu some o salsa such that

Xlt is differentiable

f x to Xo and

If Ct fit X1tD HAEItoal total



eg3 Consider

y
of HE

XCO D

Here fit x It x is smooth on

Ed a x Eb b for any a b o

However thesolution

xcts tant

definedonly on C E E

Even for nice f we may still have aka

Recall

d f defined in R Ito d tota xExob Kotb satisfies the

Lipschitz condition uniform int

if I L 0 Sit A Ct XD It XD ER

1ft X flt XD E LIX Xa

ii In particular flt a is hip cts in X At Eto a total

I L is called a Lipschitz constant



I If L is a Lip constant fat then any L L is also

a Lip constant

V Notall cts functions satisfy the Lip condition

ef fit x t x is cts butnot hip near0

Vi If R Ito A totalxexo b xotb and

flt X R R is Cl

then fit x satisfies the Lip condition

infact forsome Y E Iob Kotb

If it XD fit XP 3Gtg x2 xD

Hence HetxD fit xp E LNa Xi l

for L Max I EH X Ct Der



Then3.10 Picard LindelofTheorem

Fundamental TheoremofExistenceandUniquenessof
DifferentialEquations

Let f be containas function on

R Eto d tota xExobKotb CtoXo EIR a b o

satisfies the Lipschitzcondition on R uniform in t

Then I al ECO a and

X GC Ito AStotal
such that

Xo b E Xlt E X otb f te Ito al total and

solving the Cauchy Problem IVP

Furthermore X is the unique solution in Eto d total

Note al can be taken to be any numbersatisfying

or a's min la I I

where M Sup IIFA X It DER

L Lip const fa f



Prop1 Setting as in Thm3.10 every solution X of IVP

from Ito al total to Exo b Xotb satisfies

the equation x Xo SISI Adt 3 7

Conversely every Xlt E Cto al tota's satisfying 3 7

is C and solves IVP

If Obvious by FundamentalTheoremofCalculus

ProofofPicard Lindelof Thonem

Fa a o to bechosen later we let xo beats exo tb

I
D 9ECTto astotal to Xo pit Exob Yotby

with uniform metric do on I

First note that I is a closed subset in the

complete metric space Cto astotal dos

Hence I do is complete



Refute Tar I by

Tp A Xo SffispisDds

This is welldefused as 915 E Xob Kotb

clearly

pectoral tta
I 4 to Xo

To show TOEI we still need

9 t E Xo b Kotb

Let M Ieper fit ol

Then t t t t to as total

TDA Xo Sffis pass Is EM It tol
Ma

If we choose o a's then

7 It Xo Eb TYE I



This is for Osa's

1 T I I is aselfmap from a

I completemetricspace I do to itself

To seewhether T is a contraction we check

Ta Ta It Xotsffis asDds Xotffis9,1sDds

E IIIs 9 s fisgolds

LStiles qcolds by lipcondition

E L It to sup 19215 9,151
Etodtotal

La da 9,9

Therefore if we further require La 2 1

then T is a contraction

dis Ta Ta E 8daL92,9 with K La's l



In conclusion if
Os al min la F I

then T I is a contraction

I on a completemetricspace 17 do

Therefore by Contraction MappingPrinciple

T admits a unique fixed point at EI

ByProp3.11 we'veproved Thin310

Notes

l ExistencepartofPicard LindelofTha still holds with

flt X its only without Lip condition

However the solution maynot be unique

If Consider flt x 1 1 on Rx IR f is cts

butnot Lip cts



CauchyProbem
1 1 on IR

XCo 0

has solutions Xiao and

Xalt It to

It too

check Xa is differentiable with AE ta Nal ft EIR

Xz O 0

2 Uniqueness holds regardless of the size of the interval

of existence

Proofomitted as it is more in the curriculumof ODE

seeProf Chou'snotes faceproof

3 The proof waks fa systemof ODES

just the X and f become vecta valued



Them3.13 Picard Lindelof TheoremforSystems

Consider
Cup ft fit x

X to Xo with Xo Yy

Mt
Xlt Ii e Tx b x tb x x Xub xntb and

fit x It e CCR with

R Ito a tot a x Tx b x tb x a x Xub Xntb

satisfying Lipschitz condition uniform int

flt x flt y E LIX91 Alt X ay ER

for some constant L 0

Thereexists a unique solution x e C'Ito a total with

Xlt E Tx b x tb x x Xub xntb At Eltoa total

to IVP where a satisfies

Osa'smindask I

here M MEYsupIft x



4 ThePicard LindelofTheorem fu system can be applied to

initial value problem for higher order ordinary differential

equations

Ifm fit x dat dÉm

to Xi
it

By letting ft then

dig

1
at

that

It Is
gym

with Ito Efm


