
 

Eg3.3 T 0,1 0,1 Caution COIT is not complete

in

Clearly Tx Ty tix yl Rt I I

t T is a contraction

However if x Elo IT is a fixed point of T

then TX X E X X O 46,1

I T has no fixed paint on Co I

This exampleshows that completeness is necessary in the

Contraction Mapping Principle

eg3.4 S IR IR

H x agates

complete

Then I I flex s 1 a o

Sx Syl Excel lx yl six 91

But there is no constant rat suchthat

I Sx Syl Stix y tx yer Ex



since log ite to HX EIR

S x X G X EIR

it no fixed point

This example shows that rel cannot replaced by 8 1

eg3.5 let f To 1 To I continuously differentiable with

Ifk I s l on Ege

Then f has a fixed point in to 13

Pf By meanvaluetheorem

H X YETO I I ZELO II Sit

fix fly Fez x y

Ifix fly s fall x yl

ME 1561 lx yl

Since 1512151 facts on to I

8 AHHH E TO 1



If 8 0 then f I c on Foot with Ceto I

f to I To17fo C

If to then 8610,1

Ifk fly E 81 91 TXTETO I

f is a contraction on the complete metric space

20,13 standard

By contractionmapping principle

f has a fixed point



Def If a namedspace I 11.11 is complete as a metric

space withrespect to the induced metric

d x y Il x y11 t x y EI

Then it is called a Banach space

eg IR 11 11 P 1 is a Banach space

Cia b 11 Ila is a Banach space

Thai3.4 Perturbationof Identity

let I 11.11 be a Banach space and

IT Br Xo I satisfies CI Xo yo

suppose that I Ida I suchthat

I constant r e 0,1 such that

X2 E Xi E 8 Il Xi Xi Il O Xi Xie Bros

Then Hy EBrts where R G 2 r

I unique XtBret such that Ex Y



y
potty part

r f yo Exo

ie I 5 locally invertible

Idea ofproof

y EX Id E x X EX

X Y Ex

If HYEBrad define TX y Ex note differenty givesdifferent T

Then y Ex Tax ie Xis afixedpointoft

Proof Define É Brio I by

É A INXS OICXo

Xtxot xx Xo Exo

Xt CIXtXo Exo

Xt ETH

Then É o O



Further define for any ye Br10 R Ci rst

the map T Bra I

I s y Ey

ie TX Y Ex Brio A

Then txt Bro

IlTX11 11Y ICHH E NYU THENXo ExoH

E 11411 211 11 E R ON r R C 2 t

t T Bro Bro Selfmap of Brio

And HXi XzE Br o

ATX Tell HEY ENIX Exo Ty EaXo Exod I

A EXITXo E xoxo l

E2114 Yall

Stice reco D T Brio Bro is a contraction

Since Brio is a closed subset and I 11.11 is complete

Prop3.1 Brio is also complete



Hence one can apply contraction Mapping Pmiciple to conclude

that I unique X E Brio sit

TX X in Brts

ie X y Exo ICXo

Y LEICKXo Xo EIXD Xo

Y E XtXo INO X

Ext Xo y Yo Yo EXOD

Note that y got Froyo is arbitrary and XtXo E Bros

we've proved theThm

Remarks

C Onlyneed to assume E and I defined on Brxo openball

satisfying HEAD EADIETHX Xall SECOD

fa Xi Xz E Brito openball Then it iseasy to extend

E and I to Exo and get the same inequality

for all Xi Xz E Brexo Ex



e Actually one can prove mae that

if yeBRY openball then the solution X E Br xo

open ball

checkthedetails of thept

3 The Thu Et Bret Bra exists

Claim 11Ely Ilya lls fr 1191Yall HY Y EBRD

In particular It is uniformlycontains infact Lipschitz

Pf let Xi Écyi Then Xi is the fixedpaint

suchthat Xi Yi Iai

1104 EG 11 114 END Y Exa I

IlyTYall HEAD ENDA
E HYYall TAXI Xall

Ily yall 211E'GD E yall

HEY E yall E I IlyYall



eg3.6 3 4 x x
4,05

has a real root

observation lil small and
Ii 3 4 X4x 0 has a root 4 0

Idea look fa solution near 0 usingThan3.4

Pf Let EA X 3 4 X Xx EG

where IK 3 4 x2 small near x 0

Then ECO 0

And fa Xi Xz E Bolo r o to bedetermined

IND I x2 3 4 3 XE XE

344 4 cxi x.tl
3existXixutxixitx Xuxa lx Yal

E 283 2 r Na Xi

Hence we need to choose r o smallenough such that

8 12Ft z t c

Also in order to include 0.05 E Bros we need

R 1 8 V2 0.05



A choice is r t

Then 8 46 I and 8 1 2 8 84 0.078

ByThm3,4 t ye BE10 I XEBy sit EX y

ie X t 3 4 X y

In particular 0.05 CBET we has a root of

X 3 4 XE 0.05 XX

Onecangeneralizeeg3.6 to

Prop3.5 let ECD x Ex V IR be c on some open set

VC IR containing o suchthat

I o 0 and Eso 34,1 2 0 tig

Then I r 0 andR 0 such that HyeBrio

EX y has a unique solution x in Brio



Pf Fa Xi Xi eBr o r o tobedeteranied

I
openball using remark4

consider

9ft I Kitt x2 XP fat ETO I

Then 410 Ii xD YET Ii X2

Ect Ii Xi taxi Xi

T Ei Nitta Xi Xz Xi

II x2 Efx 1911 910 Sd Ect dtl

E SITE Cattle xp Xz xp de

Stolte exit taxi Dldt la Xel

E 17Eilat ta XD I NaXel

fa some tea 1 byMeanValueThen Since is C

Note that Xi Xi EBr o X it Ca XD EBio

let
unless 5 0 inBrio

Mr EEE fi t 0 wains atrivial case



I IND INI EY IE XD I XP l

E E 17 Atta xD Na Xi l

E In Mr Na Xil

By 43034,1 x 0 tij b.sn and I is c

I r o sit Mrs Ern

WIND END ELXa XI A Xi Ya E Bro

Take R C Est E

ByThm 3.4 Remarks Dee

t YEBE10 I unique XE Br10 sit E x Y



931 Integral Equation

let Kuyt E C 13 0,15 and

14 11 Kla exEEIxa l

Then t g Ecco is with 119ha In
I unique solution y Ecco I with 1121 as sit

yes gusts kexA y't dt

Pf Note that CtoD it la is a Banach space

Consider I Bto to I r o to be determined

5h Ely

definedby Icy x yo SIKHDYHdt VX Eto

Andlet Ely Bicol Cfo I be definedby

Icy ex Sixty't It
Then Ely y Ily and also

I 0107 0 124103 0 whereo zerofunction



H Y YzE BYCO

11414 EYDIE EYE Soka t yictdt Sokex yetidt

S.lyglklxts1 bicts yictsldt
E M HYEYikes

E M 1142 9ill all Ya Yella

E IM Ilya Yella

Choose F then

HILYD ElbaHasElly Yella t YiYat134,9

Hence Them3.4 7

AgeBR o with R l 2 r t 4m dm so

I YEBITO sit Ily g

ie yo fi kex t yGdt go H X Eg i

which is the required solution to the integralequation


