
 

3.5 Appendix Completion of a Metric Space

Def A metricspace I d is said tobeisometricallyembedded

in metricspace Y g if
I a mapping E I Y s t

dex y p EX Ey

Notes I E is called an isometric embedding

from Id into CT 9 And sometime

called a metric preserving map

i I must be one to one and continuous

Def Let I d and Y 9 be metric spaces

We call CY g a completion of I d

if a G p is complete

e I isometric embedding I d Ep

suchthat the closure EI



g Yp IR standard is a completion of

I d Q inducedmetric F Q C IR

Then IR standard is complete

I Q inducedmetric IR standard

8 É
ICQ OI IR Q is dense in IR

Def Two metricspaces I d Ibd are called

isometric if I bijective isometric embedding

from I d onto I d

Notes I the inverseof the bijectiveisometric

embedding is also an isometricembedding

is Two metricspaceswill beregarded as

the same if they are isometric

Thm If Y 9 E p are completionsof a metricspace

CA d Then I g and CY p are isometric

ie Completion is unique up to isometry



53.2 TheContraction Mapping Principle

Ref I Let I d be a metric space A map

T A d I d is called a contraction

if I constant r ECo 1 suchthat

d Tx Ty I 8 dexy tx ye I

e A point X EI is called a fixedpointof T

if TX x

UsuallywriteTx instead ofText

Thm3.3 Contraction Mapping Principle BanachFixedPointThan

Every contraction in a completemetricspace admit
a unique fixedpoint

Pf Uniqueness Suppose X y are fixedpts oft

Then d x y d Tx Ty x y arefixedbyT

I 8 day for some re 6,1
T contraction

dex y o x y



Existence let Xo EI

Define I Xn it by Xn TXn e fun13

Then Xn Tent T TXn 2 P Xu z

T Xo

For any man

d xn Xn d TX TX d WHY TNX

d T T MN
xo T TNXo

r dCTU N Mxo TN ko
whereVelo D is theconstant sit dox Ty Erday toe

f

2Nd T xo xo 2Nd Xo T Mx

ONId Xo TXo t dCTXo T Xo t

d T X T I t d TaMI tand

JNIdCtxXo rd To xo t

H M'd Tx xo t 8 d Tx xo



J it rt tf J dCtx Xo

IF detoxo

Therefore He 0 if N 0 is chosen s t

If dCTxgxo

wehave f n MEN

d xnXm E dexn XN td xn Xm Et E E

I Xa's is a Cauchy seq in I d

By completeness of I d I x EI st xu x

Note that a contraction is always contaiums Ex we have

YesXu heyTx Theta i Tx

x is a fixed point of T H


