
 

2.4 Points in Metric Spaces

Def let E be a set in a metricspace I d

4 A paint x GI notnecessary in E is called a

boundarypointof E if
I openset GCI containing x

GRE 0 GE 0
Gn IE 6

a The set of boundarypoints of E will be denoted by

2 E and is called the boundary of E

The closure of E denoted by E is defined to be

É E U ZE

Note i In l it suffices to check G of the form
Belt fu all small e O or even just
ByG f nel See theproof of Prop2.9 a

II JE D IE H E CA EE
DE



Ig Fa Brix yet day x r in Rt standard

2B ex SIX yet dey X r

BIN BFD USBA YEA dayX Er

Further Notes I 20 0 Ex

Ii H ECI SE is a closed set

Iii If E is closed then É E

Pfofdi Consider a seq Xn c2E converging to some TEA

Then HE O Xn EBelx fa nano fasano

Be doxy Xn Belt
E E

As Xn EZE E dan Fe ex

Beday XDAEto Axle

Bedex x XD E

Beane 0 Xe JE
Bex IE 0 Gig

Therefore 2E isclosed



Pf ofLili's Only need to showthat

JE CE if E is closed

Let X EZE thenby definition

BIU AE 0 Bilbo E 0

I Xue BIG ne

dea x at th

i Xu x

Since E is closed Prop 2.7 XE E

Since X EZE is arbitrary JE CE

Prop 9 Let E C I d Then

a X E E Brix ME 0 AN O

b A CB ICB t A B C Id

c E is closed

d E nd C C closedset C E

ie E is the smallest closedset containing E



Pf a E
X EE XEE a XE OE

If XEE then XE Bran E F r 0

Bret AE 0 t r 0

If X EZE then by definition of boundary point

t openset G containing X GR E 0 GIE 0

Since Brix is open and XEBrix treo

we have Brant 0 tho

If XEE we are done XE ECE

If X4E then for any open set G containing X

X E GIE

Hence GIE 0

To show that Gn E 0 we choose ro o

sit Brok C G it is possible since G is open

Then by assumption Brok DE 0

and hence GREG Browne 0



b let XEA

By pasta Bruna 0 tr o

sure A CB Brix AB 0 t r o

Part a again XE B

ICB A

e Consider a seq Xu's EE such that xn x

fu some X E I Weneedto show that XEÉ Propst

Supposenot then X É

Part a I e o such that BED NE 0

Fa this Eo 0 I no 0 suchthat

Xue Bea f n no

Then Bean E O X E JE IE fa nano

In particular Xu'sIno is a seq in ZE and

Xu X

By Noted's above and Prop2.7 XE JE CE

which is a contradiction



d By C E is closed É E

i E e C C closed set COE

E o n t c C closed set COE

Conversely let C be a closedset C E

Thenby lb and Iii of FartherNotes above

E C E C

E c nd C C closedset CoE


