



































































































































PfofThml.lt satisfyinghipcondition

step1 HE o Ia za periodic Lipisfunction g sit

115 9112

Pf By lemmalis and its proof HE o

I stepfunction

six If my XI
where Mj if fix XE Taj Aj 17

Ij Aj Aj fuj b N 1

Io Lao 9

suckthat
y

se f and

SI f s e

Since f is Riemann integrable f is bounded

ie I M O St M E f EM

This implies ME Mj EM

and head M e SEM

Note that f es we then have of f S E M






































































































































Ist sie MIT f s Me

Then choose Oso such 8s Aj aj 5 1,3 N l and

define a piecewise linear containan function by
MJ MJ 1 x a mj p fa XE Aj g to Fb i N

Six
0

sex otherwise

iii iii iii iii
Then clearly g satisfies a Lipschitz condition
And

s 95 51,1 sexy
Mi fi ex a mi if

ITS m Ms 15 ex a mi if

If smjmj.is t 1 xjasj

Iilm mj5Sg9 otag xy






































































































































I 8 It Mj Mj it
s MV 1 8

Therefore I f g f s s 915

E 21 f s S g

C 2 ME 2MEN 1 8

Now fa any E so
we first choose E

Then find the step as described with N ay accordingly

Finally choose

o min
4For as ai p N

we conclude the Lip function g satisfies

If g E E E

Ilf 9112 C E

Infact ourproofshows that if six is a stepfunction onTais
then HE O I Lipfunction gex sit 11s glass



Step completion of the proof

Applying that to the function g in step 1

IN 0 sit 11g Soglo Ea
NottheN instep1

Thus

yg S.gl IS.Iig Sng5IefaT11g SngllaJ
CE

By Corl15

f Sofla sky xp
Note Smaynot belongsto En but

SngEEN

If gllatilg Sngll LEX

s E E Steph

Finally UnaN setofgeneratorsofENC setofgeneratorsofEn
i EN C En

Hence then Ilf Infllas Ilf Sofla E

ie less113ns.fi o
EENCEnprojoffoutoEn



Cor lilt a supposethat f f are 27periodic integrable functions

on ET IT with the same Fourier Series Then

fifa almosteverywhere

ie Fifa except a setof measurezero

b Suppose that f e f are 29 periodic continuous functions

with the same Fourier series Then Fitz

Recall A set E is said to be of measure zero if
HE o I countably many intervals In sit

E C Y In E I In a E

Pf a let f f ta then an f bn f O two

Snf 0 t at 0

Hence Thm1.16 Lfo 11Snf HE 0 115112 0

By theory of Riemann integral 5 0 almosteverywhere

We still have 115112 0 As fi facts Icts so

SEO



Cor1.18 Parserval's Identity

Forevery 2T periodic function f attegrable an ET T

115112 2798 IT cantbi

where do an bn are Fourier coefficients off

Pf By def of an bn

EtiAo Lf y

Gan f aux a

la bn Sf aux

Then If Snf z L F INSISTSof a

By Corl15 Snf Pnf onEN

f Snf orthogonal to the subspace En Ex

ie Cf Snf Snf 2 0

Hence Lf Snf 2 Snf Snf a ASuttle

ST aot anceskxtbusinkx dx

2798 T É faitbi



Then o that quilt Intl

gig Afl asf dnt atlatl

Isis Afl 114511

t 11511 Asics 115nA dentata.ttYcaitbas

eg Fourier series of fix X on E IT

fix X É G Esinux Can O un 0,5

Hence Parserval's Identity

Six'dx TÉ ng

É EulerFamula



0h2 MetricSpace

In this chapter I always denotes a non empty set

Def A meta on I is a function

d Ex I To to suchthat

t XY Z EI

M1 doxy 120 equalityholds Xy

M2 dexg day X

M3 dex g s dexZ day

The pair I d is called a metricspace

Note Condition M3 is called the triangle atequality

eg 2.1 I IR dexy lx yl is a metricspace

g 2.2 Let 71 112 dax y Ei Ai Yi Euclideanmetric

fu X Xy Xu y Yy Yu E IR

Then Rn da is a metric space Proofomitted Ex



eg 2.3 let 1 Rn defines

1 dilly EE
Mi Yi

I do x y YEE Ni Yi l

Then IR di IR do are metricspaces

Generalization of egs 2.222.3 to function spaces

eg 2.4 let Ctab I real continuousfunctions on tab

H f g e cab define

daff g 11f g lo max I Ifix go 1 X fab

Then Ctab do is a metric space Ex

g

If g lb
largestgaps

betweengraphs

of f 9
k



Similarly one can define

diffg S Ifix gas dx

It is also easy to verify that cab di is a metricspace Ex

The natural generalization of the Euclidean metric to cab is

daff g Itg
Notethat daff g 115 9112 as in Fourierseries

M1 M2 are clear for dz because f g its

An Cauchy Schwarz 115911 Elif 112 119112 Ex

dz satisfies M3

Cegb dz is a metric space

Note We are restricted to the space Ciab of continuous

functions not the bigger space Ria b of Riemann

integrable functions



eg25 On I Ria b I Riemann integrable functions on tab

d is still defined

diffg Sab if g

However M1 is not satisfied

d ft g 0 f g almosteverywhere

f g ateverypoint

i d is not a metric on Rta b

To overcomethis we consider It R9

where n is an equivalent relation on Rta b

defined by f g e f g almosteverywhere

check n is anequivalent relation

Thenelements of Rigby can be represented as feria b

If or I g eRiab g f almost everywhere

Now define di on Rigby by di I g di fig



check di iswelldefined
ie indep ofthe choice of representatives f g

H f EF G Eg

d fi g Saif gil

If sitgl Hilla

diff g

Similarly d f g f diff g

diff g diff g

Then it is straight forward to verify that REM di
is a metricspace

Similarly fu Rar Er is a metric space

note that di is the E distance defined before

diff 5 S if gi



Def A norm 11 11 is a function on a realvectaspace I

to to b sit A x y EI d ER

NI 11 1120 11 11 0 X o

Nz 112 11 14111 11

NS 11 911 E 11 11 11911

The pair I 11.11 iscalled a named space

And day IX y it is called themetric induced by the
norm 11a 11

Ex show that doxy lx yl is a metric with theproperty

d ax 293 121 day KLAR

egs a 11 112 Ext s

11 11 Exit I are norms on IR
Axl is Max IWil in

b 115112 S P L
11511 Jab Ifl

y
are norms on Cab

11ft sup2Hex I XEta b



Note We've seen nam induces metric already However

a metric may not induced from a norm

eg I non emptyset

days if xty
if X Y

discretemetric on I Ex checkthisis ametric

I not necessary a rectaspace so d isnot inducedby norm

Even I is a recta space

f dax ay KIdays

Contradiction for 1441 fatty



Def let I d be a metricspace Then fuany non empty

FCI A d y is called a metric subspace

of H d

Notes I metric subspace is a metric space

ii We sample write CK d fa I dtext

it A metric subspaceof a normed space needs not

be a namedspace unless it is a vector subspace

eg R


