



































































































































Notes A Fa X IT Fourier series of fix x 4 0

fay lil

But f IT IT
y Fourierseries o

of f lx X
F IT TI

Convergence is not clear for IT

as the terms decay like I It doesn'tcarge

Notation Big 0 small o

let Xu's be a sequence then
i Xn O ns Hale Cns fu somecast C 0

IS Xn o ns inks o as new

egs i Xn 2ft sin ax 0 n 0 at Xn E

II Xn log n o n but o as no

Eg1.2 fax X restricted to CT T

Extension to a a periodic IN
function F on IR

ten
Fz is continuous since fact fact
fi is an even function






































































































































It is an easy exenese of integration to find that

fax X E 4 É G can x Ex
Caine series f even

Onesees that an 0 he E lank a

Fourier series converges uniformly to a continuousfunction
Will it be the function Ie Seelater discussion

Observation Egs lez oddfunction swieseries

even function cosineseries

Thisis true in general Ex



ComplexFourierSeries

Def 1 A complex trigonometric series is a seriesofthe fam

nIaCae
in x

sans iscalled a bisequence of apx members
ICnein s E o is a bisequence of cpx valuedfunctions
a Escue

in is said to be convergent at X if

HE II Cne exists

Ref ComplexFavierSeries of a 24 periodicopx valued function f
which is integrable METTJ denoted by

f x Egcaein

is a ipx trigonometricseries with Ccpx Fouriercoefficients
Ca defined by

fca I I fix e dx t ne z

Motivation fu Cpx Fourier Series

If fix Isca etax converges nicely

Then fix e im Is an ein msx

Ii fix e imax Ei ca f einmdx



It iseasy to find
gfeienmix

a it
o if h m

II fix e imxdx cm.at

Relationship between Real FourierSeries CpxFourierseries fu
a real valued function f

By cut Sffexséimax

Ii fix faux isuinx dx

I tffixsasuxdx fi fixssuinxdx

Therefore

fa n o Co SÉfix dx ao

fa htt ca ay iby

fu ne 1 then n 71

Ca t Sffex asfnix dx tilt Sffixssuitnxdx
den t t Eben

i
I can ibn fans

Cn do fan o fu real valued

Elden tibia funky function



Corollary If f is a real valued function then
C n CT ax conjugate the Z

ie Ca CT

Pf Easy

Prop Let f be a zit periodicrealvalued function whichis
differentiable on ET T with f integrable on ET Ti
Denote theFouriercoefficients of f r f by
Gulf bulf CnCf an f buff Cuff respectively

Then au f n bn f
buff's n an f
Calf in calf

so it is more convenient toworkwith a Fouriercoefficients
when derivatives involved

Pf anCf's f facesnxdx

integrationbypat I fixasax f Sffextnsaiax dx
CAT fl E IFfix stunx dx n buff

Similarly fu bn f n an f check

Fa cult either from the abovefamula relating cu to anebb
or integration by part directly

calf's EST feet dx text tcinsffexseimdy inca.lt



Remarks 4 f is differentiable on IT TJ doesn't applies

f is Riemann integrable on ETITJ Sotheconditions

in the Prop are needed

A counterexample canbe constructed fromtheexample

gas
suit x o

X 0

Then
ga Eg'suit fist x o

X O

Note that gex is unbounded it is not Riemann
integrable onany closed interval To EJ E o

e However if f is continuously differentiable onETTJ
then f is cts on EITI hence Riemann

integrable on ETAT

Fourierseries of 2T periodic real functions
let f be a 2T periodic function

Then go f Ix is 2T periodic

Therefore sub y Ex
f Ex ga ao t lancesaxtbusuinx

with a o figexdx Itfly dy
an II go auxax fifty as ng dy

but IF gixssainxdx SIfly sinmfg dy



fly aot É nasty businffy
with

g
ao fiftydy

y
an fifty a F g dy

ne

bn SIflysniffy dy
iscalledFourier series of the 2T periodic function f



1.2 Riemann Lebesgue lemma

Recall A stepfunction onET T is a functionof the fam
S x EjSj XI

where is Ij Aj age fu j j N l I
I I

Io Tao a I a'tail I
T do a s any an T do I

di's Faa set E Xe I XE E
O XGE

is the characteristic functionfor E
Iii Sj E IR j O N l

at an

lemmata Foreverystep function S integrable on ET I

I constant C 0 Cindep of n butdepends on s

suchthat lands I Ibuts l s f f nel

where ants bn s are Fourier coefficients of s

Pf Let Sh If SjXz x

then fan 71
Tanis SI If sjxg.la an x dx

If si f asnxdx
9



It S InIsai naja swings

lancelet It is l E th E sit

Similarly fu Ibn151 EG that

Lemma1,3 let f benitegrable m ET Ti Then He o

I a step function Sox such that
i SE f ar ETCTI

ai stiff s e

Pf f Riemann integrable

f can be approximated from below by
Barbour lower sums

ie HE 0 I partition do Tica can Ts

sit

If If m Caja di E

where Mj inf fix XE Taj Aj 17
Define the stepfunction

six If my XI ext ie Sj Mj

with Ig Aj Aj fuj b N 1
Io Lao 9

Then Sef SI six dx Ifm Caja di

s Sics s se



Now we canprove
Thull Riemann Lebesguelemma
The Fourier coefficients of a 2T periodic function f integrable
on E IT converge to o as notes

Pf HE O lemma1.3 I stepfunction s sat

Sef SfCf S s E

Therefore lancf ants ISI f six conxdx

E S f s c E Castes

By lemma l 2 I no 0 Sat

19ns Is Ez K nano
no IT 11
where Casin lemma1.2

Hence laulf E lanes ants an si
s E E s E f nano

i an f to as n th

Similarly for buff


