MATH2050B tutorial 05

October 16, 2022

Abstract

This is for limit superior, series, function limits. The questions to work on are:
new questions (for limit superior),

3.7: 10-18 (for series),

4.13: 9-12

New Questions

1. Find the limit, limit superior/inferior for each of the following sequences (a,) (if
they exist):

_ =D

(a) Gn = 3T
(b) an =n(-1)"
(€) an=(=1)"+ (-1)"*!
(d) an = (=1)"+ (=1)"*?
(e) an = nsin(%)
(f) a, = sin(mn) + cos(mm)
(8) an =2(-1)"+ 5
(h) a, =sinn
(i) ap, =tann
() an = @

)
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e

an = [[ nsinn
i=1
(1) an = nsin(3)

2. If sequence (ay) is convergent and (b,) arbitrary sequence, then
limsup(a, + b,) = limsupa, + limsupb,

3. Prove that if sequence (ay,) with each term nonzero such that liminf “2+ = ¢ > 1,
then (a,) is divergent. Can it contain a convergent subsequence? What if ¢ =17



Section 3.7
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11.

12.

13.

14.

15.

16.
17.

18.

Use an argument similar to that in Example 3.7.6(f) to show that the series Z( D" s
convergent.

If 3" a, witha, > 0 is convergent, then is ) a? always convergent? Either prove it or give a
counterexample.

If 3 a, witha, > 0 is convergent, then is 3 \/a, always convergent? Either prove it or give a
counterexample.

If 5~ a, witha, > Ois convergent, thenis ¥ ./Gndny; always convergent? Either prove it or give
a counterexample.

If 5 aywitha, > 0 is convergent, and if b, := (&1 + -+ + a,)/nforn € N, then show that
> t‘),| is always divergent.

Let Z ) be such that (a(n)) is a decreasing sequence of strictly positive numbers. If s(n)

denote‘: the nth partial sum, show (by grouping the terms in s(2") in two different ways) that

Ha(1) +2a(2) + - -+ 2"a(2")) < 5(2") < (a(1) +2a(2) +--- + 2= Ta(2"1)) + a(27).

Use these inequalities to show that 3 a(n) converges if and only if 3 2"a(2") converges. This
n=1

n=]

result is often called the Cauchy Condensation Test; it is very powerful.

Use the Cauchy Condensation Test to discuss the p-series Z (1/n") forp > 0.

Use the Cauchy Condensation Test to establish the dwergence of the series:

1 1
@ > ® > i’
1
© Z:n{lrm)(lrlln.v:){lnlnlrm)'

Show that if ¢ > 1, then the following series are convergent:

1 1
@) Zn(lnn)“ (®) Zn{lnn]{ln Inn)"



Section 4.1
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9. Use either the &-8 definition of limit or the Sequential Criterion for limits, to establish the
following limits.

1 1
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© lim—=0, @ tm—**t1_1
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10. Use the definition of limit to show that
x+5
a) lim (& +4x) =12, i =
@ lm (42 o Jm
11. Use the definition of limit to prove the following.
L 2x+3 _x?—3x
@ Max—g > R E
12. Show that the following limits do not exist.
1 1
(a) Jltli'l‘(l]ﬁ (x>0), (b) ,lrl—r.%_; (x>0,
- . . . 2
(©) lim (x + sgn(x)), @ lim sin(1/x%).



