MATH2040 Homework 3
Reference Solution

2.2.3. Let T : R? — R3 be defined by T(a1,a2) = (a1 — as,a1,2a; + az). Let 8 be the standard ordered basis for R? and v =
{(1,1,0),(0,1,1),(2,2,3) }. Compute [T}g If a=1{(1,2),(2,3) }, compute [T]].

«

Idea: The general approach to compute [T]2 is to compute T'(v) for all v € o, then represent these vectors in S-coordinate.
The matrix [T)? is then formed by arranging the coefficients appropriately.

Solution:

1 2
7(0,1) =(-1,0,1)=-1-(1,1,0) +1-(0,1,1) +0-(2,2,3)

~1/3 -1
Hence [T} = ( 293 (1) )

2
T(1,2) = (-1,1,4) :—g-(1,1,0)+2-(O,1,1)+§~(2,2,3)

11 4
T(2,3) = (-1,2,7) = =5 (LL0)+3-(0,1,1) + 5 (2.2.3)

—7/3 —11/3
Hence [T]) = ( 2 3 )

[e3

2/3  4/3
2.2.5. Let
{GH6HEEY)
B={1z2"}
v={1}

a) Define T : May2(F) — Mayo(F) by T(A) = AT. Compute [T],

0 f"3) ’
(c) Define T': Mayx2(F) — F by T(A) = tr(A). Compute [T]2
(d) Define T': Py(R) — R by T(f) = f(2). Compute [T]}.
(e) f A= (é 42>, compute [A],
(f) If f(z) = 3 — 62 + 22, compute [f]s.
(g) For o € F, compute [al,.

(a)

(b) Define T : Pa(R) = Maya(R) by T(f) = <f o) 2f (1)>_ Compute [T]2
)
)

Solution:
1 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0
@7 0)=1( o) (o o) = ( 0} §)=1( o) 7 (6 1) =1 %)
1
0
0
0

Hence [T, =

o= OO




O O NN O
SO
N O N O

(c)T(é 8):1-1,T(8 é):o,T(? 8):0,T(8 ?):1-1.Hence[T]g:(1 0 0 1)

(d) T(1) =1-1,T(x) =2-1, T(2*) =4-1. Hence [T]§ = (1 2 4)

1
R Oy N G R R U R G T 1y
4
3
() f=3—-6r+a>=3-1-6-x+1-2% 50 [f]s= |6
1

(8) a=a-1,so [a], = (a)

2.2.9. Let V be the vector space of complex numbers over the field R. Define T : V. — V by T(z) = Z, where Z is the complex
conjugate of z. Prove that T is linear, and compute [T']g, where 8 = { 1,7 }.

Solution: We first show that 7T is linear.

Let 21,29 € C, a € R. Then there exists rq, 72, m1, mo € R such that z; = r; +imq, 20 = r9 +ims. So

o T(z1 4 22) = (r1+1r2) +i(my +ma) = (r1 —imy) + (r2 — ime) = T(21) + T(22)

e T(az) = (ar1) +i(ams) = a(ry —imq1) = aT(21)

As 21, 29, a are arbitrary, T is linear.

Hence [T1s = ((1) _01)

Note

See also Question 2.1.38 in Homework 2.

2.2.13. Let V and W be vector spaces, and let 7' and U be nonzero linear transformations from V into W. If R(T )NR( U ) = {0},
prove that { T, U } is a linearly independent subset of £(V,W).

Solution: Since T,U are nonzero transformations, R(T ) # {0} and R(U ) # {0}. If T = U, we would have {0} =
R(T)NR(U)=R(T)+#{0}. This implies that T # U.




By the result of Question 1.5.9 in Homework 2, it suffices to show that 7', U is not a multiple of the other.

Suppose otherwise that 7' = AU for some scalar \. As T # 0 and U # 0, we must have A # 0. So R(T ) =R(\U ) =
{ANUW):veV}={UM):veV}={Uw :veV}=R(U), and thus {0} = R(T)NR(U)=R(U) # {0}.

Contradiction arises. Hence T is not a scalar multiple of U. By symmetry, U is not a scalar multiple of T

Therefore { T, U } is linearly independent.

Note

You can also show this by noting that a linear relation on T,U gives the same linear relation on T'(v),U(v) for all v € V,
and work on this relation (on vectors) instead.

2.2.14. Let V = P(R), and for j > 1 define T;(f) = fU) where f\9) is the jth derivative of f. Prove that the set { T1,Tb,..., Ty } is
a linearly independent subset of £(V') for any positive integer n.

Solution: Letn € Z*, ay,...,a, € Rbesuch that >°" | a;T; = 0. Then for all p € V, we have 3.7, a;,T;(p) = >, aip'¥) =
0. In particular, > 1, a;T(z") = > 1", ai(n"f!i)!x”_i = 0. As the degree of { "~": i € {1,...,n} } are all distinct, by

: : n! _ _ n! __ _ _ _ n! : fed :
comparing coefficients we have Gy = - = gy = 0 and so a; = ... = a, = 0 as none of Tasqr Is zero. This implies

that { T1,...,Ty, } is linearly independent.
As n is arbitrary, { T1,Ts, ..., T, } is a linearly independent subset of L(V) for every n € Z™.

2.3.3. Let g(z) =3+ . Let T : Po(R) — P2(R) and U : P3(R) — R? be the linear transformations respectively defined by
T(f)=f'g+2f and U(a+bx+caz®) = (a+b,c,a—b)
Let B and 7 be the standard ordered bases of Py(R) and R3, respectively.

(a) Compute [U]}, [T]s, and [UT]) directly. Then use Theorem 2.11 to verify your result.
(b) Let h(z) = 3 — 2z + . Compute [h]g and [U(h)],. Then use [U]} from (a) and Theorem 2.14 to verify your result.

Solution: By assumption, 8= { 1,z,2? } and v = { (1,0,0), (0,1,0), (0,0,1) }.
(a)
U(l)=(1,0,1)=1-(1,0,0)+1-(0,0,1)
U(l’):(1,0,71):1-(1,0,0)71~(0,0,1)
U(z*) = (0,1,0)
1 1 0
So[Uly=10 0 1
1 -1 0
T(1)=2=2-1
T(x)=3x+3=3-1+3-x
T(2?*) =42° + 62 =6 -2+ 4 - 2*
230
So[T]s=(0 3 6
0 0 4
UT(1) =U(2) = (2,0,2) =2-(1,0,0) 4+ 2- (0,0,1)
UT(z) = U(3+ 3z) = (6,0,0) =6 - (1,0,0)
UT(2*) = U(6x + 42?) = (6,4, —6) = 6-(1,0,0) +4-(0,1,0) — 6 - (0,0, 1)
2 6 6
So[UT]} =0 0 4
2 0 —6




1 1 0 2 3 0 2 6 6
By computation we have [UT]} = [U]j[T]s = |0 0 1) (0 3 6] = (0 0 4 [, whichis consistent with the
1 -1 0 0 0 4 2 0 -6
result.
3
(by h=3-2z+22=3-1-2-2+1-22 50 [h]g= | -2
1
1
U(h)=(1,1,5)=1-(1,0,0)+1-(0,1,0)+5-(0,0,1), so [U(h)], = [ 1
5
1 1 0 3 1
By computation we have [U(h)], = [UJ3[h]s = {0 0 1 —2 | = [ 1], which is consistent with the result.
1 -1 0 1 5

2.3.12. Let V, W, and Z be vector spaces, and let T : V — W and U : W — Z be linear.
(a) Prove that if UT is one-to-one, then T' is one-to-one. Must U also be one-to-one?
(b) Prove that if UT is onto, then U is onto. Must T" also be onto?

(¢) Prove that if U and T are one-to-one and onto, then UT is also.

Solution:

(a) Suppose UT is one-to-one. Let v € N( T ). Then T(v) =0, so UT(v) = U(T(v)) =U(0) = 0. As UT is one-to-one and
linear, we must have v = 0. As v is arbitrary, this implies that N ( 7" ) = {0} and so T is one-to-one.

Consider the case where V = W = Z is the real vector space of real sequences, U is the left-shift operator, and T
is the right-shift operator as defined in Question 2.1.21 in Homework 2. Then UT = Idy is one-to-one, but U is not
one-to-one, as proven in Question 2.1.21.

(b) Suppose UT is onto. Let z € Z. Since UT is onto, there exists v € V such that 2 = UT(v) = U(T(v)) e R(U ). As z
is arbitrary, this implies that U is onto.
Consider the same example as in the previous part. Then UT = Idy is onto, but 7' is not onto, as proven in Question
2.1.21.

(¢) Let ve N(UT ). Then 0 =UT(v) = U(T(v)). As U is one-to-one, this implies that T'(v) = 0. As T is also one-to-one,
v = 0. As v is arbitrary, this implies that UT is one-to-one.

Let z € Z. Since U is onto, there exists w € W such that U(w) = z. Since T is onto, there exists v € V such that
T(w)=w. Soz=U(w) =U(T(v)) =UT(v) € R(UT ). As z is arbitrary, this implies that UT is onto.

Note

See the analog in set theory, which has essentially the same proof.

2.3.16. Let V be a finite-dimensional vector space, and let T': V' — V be linear.
(a) If rank(7T') = rank(7?), prove that R(T )N N (T ) = {0}. Deduce that V =R(T )& N(T).
(b) Prove that V=R (T*) &N (T*) for some positive integer k.

Idea:

(a) We want to show that v =0 for each v € R(T )NN (T ). Since v € R( T ), we must have v = T'(w) for some w € V,
and so v = 0 if and only if w € N( T ). Since T?(w) = T(v) = 0, we know that w must be in N ( 72 ). So it suffices to
show that N (72 ) CN(T).

(b) By part (a), it suffices to show that rank(7*) = rank((7%)?) = rank(7T?*) for some positive integer k. To do so, we may as
well consider the behavior of the integer sequence (rank(7™)),en. Since 0 < rank(7T") = dim(R( 7" )) < dim(V) < oo,
the sequence can take only finitely many values. So, if we can find some properties of this sequence, we may be able to
find the appropriate k.




Solution:

(a) For each v € N(T ) we have T'(v) = 0 and so T%(v) =T(0) =0, v € N (72 ). This implies that N(7 ) C N (7?).
Since rank(T) = rank(7?), by dimension theorem we have dim N (7' ) = nullity(7T') = dim(V) — rank(T") = dim(V) —
rank(7?) = nullity(7?) = dimN ( 72 ). Hence N(7 ) =N (1?).

Let v e N(T )NR(T). Then T(v) = 0 and there exists w € V such that v = T'(w). So T?(w) = T(T(w)) = T(v) =0,
weN(T?)=N(T). Thus v =T(w) = 0. As v is arbitrary, this implies that N (7" )N R (T ) = {0}.

Trivially, R(T )+N (7T ) C V. By the result of Question 1.6.29(a) in Homework 2 and the dimension theorem, we have
dim(R(T)+N(T))=dim(R(T))+dim(N(7T)) —dim(R(T)NN(T)) =dim(R( 7))+ dim(N (7)) = dim(V).
Hence V.=R(T )+ N(T). By definition, V=R(T )& N(T).

(b) Let n € N. Then for each v € R( 7" ) there exists w € V such that v = 7" (w) = T"(T(w)) € R(T" ), and
so v € R(T™). This implies that R (7" ) € R(T™ ), and so rank(T"*!) < rank(T™). As n € N, the sequence
(rank(T™))nen is non-increasing.

For each n € N, as R(T™) C V, we must have 0 < rank(7T") < dim(V) < oo. This implies that rank(T™) €
{0,...,dim(V) } foreach n € N. As {0,...,dim(V) } is a finite set, by pigeonhole principle there must exist £ € N and
I € Z* such that rank(7*) = rank(T**!). By the non-increasing property of the sequence, rank(7*) = rank(T*+1) =
... = rank(T**!), thus we may assume that [ = 1.

Since rank(7"™!) = rank(T*) < dim(V) < oo and R (T*** ) CR(T" ), we have R( T% ) =R (T**1).

Suppose R(T™ ) = R (T™*") for some m € N. By the previous argument, we have R ( 7™+2 ) C R (7™ ).

Let v € R (7™ ). Then there exists w € V such that v = T+ (w) = T(T™(w)). AsT™(w) € R(T™) =R (T™"),
there exists u € V such that 7" (w) = T™*(u), so v = T(T™(w)) = T(T™(u)) = T™ ?(u) € R(T™2). As v is
arbitrary, R (T™%1 ) CR (7™ ), and so R (7™ ) =R (T™*"?).

By induction, R (7% ) = R (T**™ ) for all m € N. In particular, R (7% ) = R ( T?* ), and so rank(T*) = rank(T?*) =
rank((T%)?).

By part (a), V=R(TF)oN(TF).

Note

Using monotone convergence theorem in part (b) on the bounded integer sequence (rank(7T™)),en instead of pigeonhole
principle gives you directly that rank(7%) = rank(7*+™) without going through induction, although the proof presented here
also gives you an upper bound on k: k < dim(V).

In both parts, the finite-dimension assumption is critical.

a a+b

24.14. Let V = { <O

) :a,bycelF } Construct an isomorphism from V to F3.

Solution: We will first construct a basis of V' before constructing an isomorphism.

1 1 0 1 0 0 .
Letﬂ{(o 0)’(0 O>’<O 1) } It is easy to see that 5 CV and so Span( 8 ) C V.

Let A€ V. Then A = g aib>:a((1) (1))+b(8 (1)>+c<8 (1)>GSpan(,B)forsomea,b,ceF. As A is arbitrary,

this implies that 8 spans V.

11 01 0 0\ a a+by (0 0 _ o
Leta,lxcGIE‘besuchthata(0 0>+b<0 0>+c<0 1)—0. Then <0 c >—<0 0) andsoa=a+b=c=0,

b=10. As a,b, c are arbitrary, § is linearly independent.
So B is a basis of V, and dim(V) = | 8 | = 3 = dim(F?).

Let ® : V — F3 be the linear map that maps 3 to the standard basis of F3. By theorem, such ® exists. By dimension
theorem, to show that ® is an isomorphism, it suffices to show that & is onto.

Let (a,b,c) € F3. Then A = (8 al—b) =a ((1) (1)> +b <8 (1)) +c (8 (1)) € V and ®(A) = (a,b,c) by definition. As

(a, b, c) is arbitrary, ® is onto.

So ® is an isomorphism from V to F3.




Note

See also the next question (Question 2.4.15).

2.4.15. Let V and W be n-dimensional vector spaces, and let T': V' — W be a linear transformation. Suppose that g is a basis for
V. Prove that T is an isomorphism if and only if T'(3) is a basis for W.

Solution:
(a) Suppose T is an isomorphism. Then T is one-to-one and onto. By the result of Question 2.1.14 in Homework 2, T'(3)
is a basis for W.

(b) Suppose T'(5) is a basis for W. Since V and W are both n-dimensional, we may assume that 8 = { v1,...,v, } and so
T(B)={T(v1),...,T(vn) }

e Let v € N(T ). Then there exist scalars ay,...,a, such that v = >0 | a;v;. So 0 = T'(v) = T(Y i, aiv;) =
Yo a;T(v;). Since T(B) is a basis for W, it is linearly independent, so a1 = ... = a, = 0 and thus v =
>, a;v; = 0. This implies that T is one-to-one.

e Let w € W. Then there exist scalars ag,...,a, such that w = > a;T(v;) = T(X;_, av;) € R(T). As w is
arbitrary, this implies that 7" is onto.

So T is a bijective linear transformation, thus 7T is an isomorphism.

Therefore T is an isomorphism if and only if T'(5) is a basis for W.

Note

By dimension theorem, it suffices to show either condition in part (b). See also the previous question (Question 2.4.14).

2.4.16. Let B be an n x n invertible matrix. Define ® : M,, ., (F) — M, x,(F) by ®(A4) = B~ AB. Prove that ® is an isomorphism.

Solution: We first show that ® is linear: for all A, A" € M,,«,(F) and ¢ € F,
e $(A+A)=B"1(A+A)B=B'AB+ B 'A'B=®(A) + ®(4)
o &(cA) =B (cA)B =cB 'AB = c¢®(4)

These imply that @ is linear.

e Let A€ N(®). Then 0 = B~'AB,so A= B(B~'AB)B~! = BOB~! = 0. As A is arbitrary, ® is one-to-one.

o Let A€ M,y (F). Then BAB™! € M,,«,(F), and ®(BAB~!) = B"Y(BAB™')B = (B 'B)A(B™'B)=AcR(®).
Since A is arbitrary, ® is onto.

Thus @ is an isomorphism.

Note

Since ® maps a finite-dimensional space M,,«,(F) to itself, by dimension theorem it suffices to show its linearity and either
one of one-to-one and onto.

2.4.19. Let T : Myyo(R) — Mayo(R) be the linear mapping defined by T'(M) = MT for each M € M2 (R).
Let 8= { E'', E'2, E?' [E*? }, which is a basis of Mayx2(R).
(a) Compute [T]g

(b) Verify that Lags(M) = ¢gT(M) for A= [T]g and M = (;, 121)



Solution:

(a) T(EM) = (EW)T = 1. B, T(E'?) = 1- B!, T(E?) =1- E'2, T(E?) = 1- E?2. So [T]s =

o oo

1 2

(b) M = (3 4> =1-E1+2.-E24+3.E> +4.F?2 50 ¢p(M) = and thus Lagg(M) = [T]3

=W N =

1 3

T(M)=MT = <2 |

)1~E11+3~E12+2~E21+4~E22,soqﬁﬁT(M)

N RV

Thus the results are consistent.

0
0
1
0

ENGUEN R

oo = O

= o O O

=N W

2.5.3(e). For the following pair of ordered bases 8 and 3’ for P3(R), find the change of coordinate matrix that changes 8’-coordinates

into B-coordinates.
ﬁ:{wz—x,xQ—i—l,x—l}andb":{5x2—2x—3,—2x2+5x+5,2x2—x—3}

Idea: The change or coordinate matrix from a-coordinate to S-coordinate is simply [Id]g, so to compute the matrix it suffices
to simply represent vectors in « in terms of vectors in (.
Solution:
502 —2r —3=5-(2—2)+0-(2°+1)+3- (z — 1)
202 4+ 50 +5=—6-(z—z)+4-(2*+1)—1-(z—1)
2% —x—-3=3-(2*—2)—1- (2 +1)+2-(z - 1)
5 —6 3
Hence the change of coordinate matrix is [Id}g, =10 4 -1
3 -1 2

2.5.4. Let T be the linear operator on R? defined by T (a> = (2(1 + b). Let 8 be the standard ordered basis for R?, and let

b a—3b

-1
;L 1 1 ] 11 (2 1
B = { (1 9 . Use Theorem 2.23 and the fact that 1 9 =\ 1

) to find [T] 4.

r(5)=() =2 )+ ()
r()=(5)=1() ()

So (1]}, = G ;)

’

e 7] =l rlatialy = ) whaly = (2 ) (5 5) (3 2) = (5 5).




Note

-1
Although [T and [Id]g, are easy to compute (as everything is already represented in the standard basis 3), usually ([Id]g,)
and the multiplication of the matrices are much harder and prone to error, especially in the case of high(er) dimensional
spaces.

2.5.6(c). For matrix A and ordered basis 3, find [La]g. Also, find an invertible matrix @ such that [La]s = Q1 AQ.

1 1 -1 1 1 1
A=12 0 1 | andg= 11,1{0],(1
11 0 1 1 2
Solution:
1 1 1 1 1
Lall]=13]|=2-11]—-2-|{0J+1-|1
1 2 1 1 2
1 0 1 1 1
LalO0O])=13]|=2-11]-3-|0]+1-|1
1 1 1 1 2
1 0 1 1 1
Lall]=14]|=2-11]—-4-|0|+2-|1
2 2 1 1 2
2 2 2
So [LA]BZ -2 -3 -4
1 1 2
Let a be the standard basis of F3. Then by theorem we have [L 4], = A, and so [La]s = [Id]g[LA}a[Id]g = ([Id]g‘)f1 [Lala(ld]g,
1 1 1
which means we may choose Q@ = [Id]g =1 0 1
11 2

2.5.7. In R?, let L be the line y = ma, where m # 0. Find an expression for T'(x,y), where
(a) T is the reflection of R? about L.
(b) T is the projection on L along the line perpendicular to L

Solution:
. - 1 1 -m m 1 —-m .
(a) Tt is easy to see that T is linear, T <m> = (m> and T( 1 ) = (1> Let 8 = { (m) ,( 1 ) } It is
easy to verify that § is a basis of R%. Since T is linear, [T]z = (1) _01 . Hence in the standard ordered basis

=L () ()} e = nagmamaz = (L (5 0L - (;rf mﬁ) T(o.y) —

1—m?> 2m 2m 1—m?
(1-1—7712 T+ 1+m?2 Y, 14+m?2 L= 1+m?2 y)

(b) It is easy to see that T is linear, T' <;) = (%) and T <—1m> = (8) Let 8 be defined as in the previous part.

-1
As T is linear, [T)g = <(1) 8> Hence in the standard ordered basis «, [T], = <1711 —1m> ((1) 8) (7}1 —1m> =

1 m

14+m?2 1+m?2 } _ 1 m m m2

m m? y SO T(xvy)_ (1+m2x+ 1+m2y7 1+m2x+ 1+m2y
1+m?2 1+m?2

Alternatively,
(a) By high school mathematics, the reflected point (a,b) should satisfy that (’”Tz, HTy) € Land (a—x,b—y) € L+ with
L* being the line that passes through origin and is perpendicular to L, hence with slope —1/m. This implies that




b% =m%~ and b—y = —L(a — x). Solving the system gives (a,b) = ((1_7'111);';2my, Qm"cfﬁ;mz)y), so T(x,y) =

1-m 1—m?
<l+mzx + 1+m2 Y, 1+m2x 1+m?2 y)

(b) By high school mathematics, the projected point (a,b) should satisfy (a,b) € L and (z — y) — (a,b) € L*+. This

implies that b = ma and y — b = —X(z — a). Solving the system gives (a,b) = (ﬁ%’, mfj:n”;y . So T(xz,y) =

1 m m m>
(1+m2$ Ra P e K e e y)

Practice Problems

2.2.1. Label the following statements as true or false. Assume that V and W are finite-dimensional vector spaces with ordered bases
B and +y, respectively, and T, U : V — W are linear transformations.
(a) For any scalar a, a1 + U is a linear transformation from V to W.
(b) [T} = [U]} implies that T' = U.
(c) If m = dim(V) and n = dim(W), then [T]} is an m x n matrix.
(d) [T+ U] = [T]5 + [U]5
(e) L(V,W) is a vector space.
(f) LV, W) = LW, V).

Solution:
(a) True
(b

True

(c) False. It should be n x m

e) True

)
)
(d) True
(e)
(f)

f) False unless V = W. Also, they are isomorphic (as they have the same finite dimension)

2.2.2. Let 8 and ~ be the standard ordered bases for R™ and R™, respectively. For each linear transformation 7" : R™ — R™, compute

) T :R? — R3 defined by T'(a1,az2) = (2a1 — az, 3a1 + 4as,ay)

) T :R® — R? defined by T'(a1,az,a3) = (2a; + 3az — asz, a1 + az)

(c) T :R3 — R defined by T(a1,az,a3) = 2a; + as — 3as

(d) T : R3 — R? defined by T'(ay, az,a3) = (2as + az, —ay + 4as + baz,a; + az)
) T :R™ — R™ defined by T(a1,as,...,a,) = (a1,a1,...,a1)

) T :R™ — R™ defined by T'(ay,az,...,a,) = (an,Gp—1,...,01)

) T :R™ — R defined by T'(a1,as,...,a,) = a1 + a,

Solution: For the sake of brevity, we will not give the detail proofs for the reasoning. Readers are encouraged to work out
the details.

2 -1
(a) [3 4
1 0




0 2 1
(d) | -1 4 5

1 0 1

10 0

10 0
(e) .

10 0

0 0 1

0 0 1 0
(f) :

0 1 0 0

1 0 0
(g) (1 0 0 1)

2.2.10. Let V be a vector space with the ordered basis 8 = { v1,v2,...,v, }. Define vg = 0. By Theorem 2.6, there exists a linear
transformation 7' : V' — V such that T'(v;) = v; + v;_1 for j =1,2,...,n. Compute [T]s.

1 1 0 0
0 1 1 0
Solution: T'(v1) =vg+wv1 =1-vy and T(v;) =1-v;—1+1-v foralli e {2,...,n }. Hence [T]g = o0 1 ..0
0 0 0 1

2.2.16. Let V and W be vector spaces such that dim(V) = dim(W), and let T : V. — W be linear. Show that there exist ordered
bases 8 and « for V and W, respectively, such that [T]g is a diagonal matrix.

Idea: To show the proposition, we may try to construct the bases 5 and  that satisfy the conditions. Since [T]g is diagonal,
we must have T(3;) = ¢;7; for some scalar ¢; € F, so it suffices to construct 5 only. Note that by Question 1.6.34(a) from
Homework 2 we should always have V' =N (T ) @® U where U is some subspace of V' that should “correspond to the nonzero
part of T”. We can then construct 8 by extending the bases of these subspaces.

Solution: We may assume that dim(V') = dim(W) = n.

Let 8/ CN(T ) be a basis of N(T ) C V. By extension theorem, we can extend 8’ to a basis 5 2 " as § = ' U o where
aCVandanpf=0. Let v =T(a) CW.

We may assume that nullity 7 = dim(N(7)) = k < n, and o = {v1,...,Un— }, 8 = { Vn—k+1,.-.,0n }. Then v’ =
{wy,...,wp—p } with w; =T(v;) fori e {1,...,n—k }. We will first show that 4/ is linearly independent.

Let ci,...,chn—r € F be such that 0 = Z?;lk ciw; = Z?;lk ¢;T(v;). Then T(Z?;lk civ;) = 0, so Z?;lk cvi € N(T) =
Span( ) and thus there exist d,,_g41,...,d, € F such that Z?;lk CiVi = D i _pqq diviy or YO0 vy = 0 with ¢; = —d;
forie {n—k+1,...,n}. Since 8 is linearly independent, ¢; = ... =¢, = 0. As ¢1,...,c,_ are arbitrary, v = T(«a) is
linearly independent. In particular, they are distinct.

So we may extend ' to a basis v of W as v = 4’ Ud where § C W and 4’ Nd = (). We now show that 8 and v satisfy the
requirement.
For each i € { 1,...,n—k }, we have by definition T'(v;) = w;. Foreachi € {n—k+1,...,n }, we have v; € N(T ) and so
T(vi) =0. So [T]}; = ( Tk O("_k)Xk), which is a diagonal matrix.

Okx(n—k)  Okxk

Note

Although not presented here, the same proof also works for the case where V, W are not finite dimensional. However, certain
concepts (e.g. diagonal matrix) and lemmas (e.g. extension theorem) require extensions first.




2.3.1. Label the following statements as true or false. In each part, V, W, and Z denote vector spaces with ordered (finite) bases «,
B, and -y, respectively; T : V — W and U : W — Z denote linear transformations; and A and B denote matrices.

a) [UT]) = [TIZUT}

[T(v)]g = [T]3[v]q for all v € V
()]s = [U)E[w]p for all w € W

b

A/\
o

EA

[ =
ldv]a =1

[T%)5 = ([113)°
A? = ] implies that A=Tor A= —1I

T = L4 for some matrix A

Layp=La+Lp

If Ais a square and A;; = d;; for all 7 and j, then A =1

N AN~ —~
— B 0R T o
N AN G ENI N SENG NS S N

Solution:
(a) False unless V =W = Z and a = 8 = +, otherwise the multiplication on the right-hand side may not even make sense.
Notice the mismatch in the bases

(b) True

c) False

)

()

(d) False unless V =W and a = 8

e) True
)

f

(
(f) False

(g) False. Consider A = <(1) _01)
(h) True
(i) True
() True

2.3.4. For each of the following parts, let T" be the linear transformation defined in the corresponding part of Exercise 5 of Section
2.2. Use Theorem 2.14 to compute the following vectors:

1 4
a) [T(A)]a, where A = (_1 6)

Hla, where f(z) = 4 — 6z + 322

[T(A)], where A = G Z)

[T(f)]~, where f(z) =6 —xz + 22°

Solution: Recall that

{606 0606 )

v =A{1}

o o (1 =1y {10y (0 1\ ., (0 0y, . (00
(a) Recall that T(A) = A". Then T(4) = A —<4 6 =1 0 0 1 0 0 +4 10 +6 0 1) %°

T(A)a=(1 -1 4 6).

(f’éo) jjjgzl));).ThenT(f)(_06 E)G.G) 8)+2.<8 (1))+0 <0 8>+6.<8 (1))7

6 2 0 6)

(b) Recall that T'(f)

S0 = (-
(c) Recall that T(A) = tr(A). Then T(A) =51, so [T(A)], = (5)
7(

(d) Recall that T(f) = f(2). Then T(f) =121, so [T(f)], = (12)




2.3.9. Find linear transformations U, T : F? — F? such that UT = Ty and TU # T,. Use your answer to find matrices A and B such
that AB =0 but BA # 0.

Solution: Define T, U : F? — F? by T'(a,b) = (a + b,0) and U(a,b) = (b,0) for (a,b) € F2. It is easy to verify that T, U are
linear transformations.

For all (a,b) € F? we have UT(a,b) = U(a + b,0) = (0,0), so UT = Ty. Also, TU(0,1) = T(1,0) = (1,0) # Opz, so TU # Ty.

Let a be the standard basis of F2, and let A = [U],, = (8 (1)), B=[T],= ((1) é) By the previous result, AB = [UT], =
[To]a = 0 but BA = [TU]4 # [To]a = 0.

2.3.11. Let V be a vector space, and let T : V — V be linear. Prove that T2 = T if and only if R(7 ) CN(T).

Solution:

(a) Suppose T? = Ty. Let v € R(T ). Then there exists w € V such that T(w) = v. Then T'(v) = T?(w) = Tp(w) = 0, so
v € N(T). As v is arbitrary, this implies that R(T ) CN(T).

(b) Suppose R(T)C N(T). Let v € V. Then T(v) € R(T ) C N(T),soT?(v) =T(T(v)) = 0. As v is arbitrary, this
implies that T2 = Ty.

Hence 7% = Ty if and only if R(T ) CN(T).

Note

See also Question 2.1.18 in Homework 2.

2.3.17. Let V be a vector space. Determine all linear transformations 7 : V — V such that T = T2.

Idea: It is tempting to say that T(Id — 7)) = 0 and so either T'= 0 or T' = Id. However, the first equation only can give us
that R(Id =T ) C N (T ), by the same proof of the previous question (Question 2.3.11).

Assume that V is finite dimensional for the moment. Since T' = T2, we have rank(T) = rank(7?). So at least for the case
of finite-dimensional V', we have V. =R (T )@ N (T ) by Question 2.3.16. It turns out that this condition is exactly what
classify such linear maps.

Solution:

(a) Suppose T': V — V is linear such that 72 =7. Then R (72 ) =R(T )and N(T )=N(17?).
Trivially V 2 N(T )+ R(T). Let v € V. Then v = (v — T(v)) + T'(v) with T(v — T(v)) = T(v) — T?(v) = 0. This
implies that v — T'(v) € N(T ) and T(v) € R(T ). Hence v € N(T )+ R(T ). As v is arbitrary, this implies that
V=N(T)+R(T).
Let v € N(T)NR(T). Then there exists w € V such that v = T(w) and T(v) = 0. So v = T(w) = T?(w) =
T(T(v)) =T(0) = 0. As v is arbitrary, this implies that N(7T )N R (T ) = {0}.
Thus V=N(T)®R(T) is a direct sum decomposition of V.

(b) Let Wy, Wy C V be subspaces of V' such that V = W; & Ws. Let (31, B2 be bases of Wy, Wy respectively. By the same
proof of Question 2.1.27(a) in Homework 2, the projection map T : V' — V on W5 along W is well-defined and linear,

and by the result of Question 2.1.26 also in Homework 2, we have R(T ) =Wy ={v €V : T(v) =v }. We now show
that T2 = T.

Letve V. Then T(v) ER(T)={z €V : T(x)=x},s0 T?*(v) = T(T(v)) = T(v). As v is arbitrary, T = T?.

So linear transformations 7' : V' — V such that T = T2 are exactly the projections according to some direct sum decomposition
of V.

Note

In Question 2.3.16, we rely on the dimension theorem, and thus the finite-dimension assumption, to obtain that N( 7T ) =
N ( T2 ) Here we simply have 7' = T2, which is a much stronger assumption and directly gives N(7 ) = N ( T2 )




You can verify that the constructions done here are inverse to each other and give a bijection between such linear maps and
pairs of subspaces as a direct sum decomposition.

It turns out that “every vector space has a basis” and “for every subspace U of a vector space V there exists a subspace
W C V such that V =U & W” are equivalent, see this and this answer on MSE.

2.4.1. Label the following statements as true or false. In each part, V and W are vector spaces with ordered (finite) bases « and £,
respectively, T': V' — W is linear, and A and B are matrices.

(2) (T8~ =172

[e3

)

c) T =La, where A = [T]?

) My 3(F) is isomorphic to F®.

) P, (F) is isomorphic to P,,(F) if and only if n = m.
) AB = I implies that A and B are invertible.
)
)
)

oA

Solution:

) False unless V' =W and a = 3, otherwise it should be ([T]g)_1 =[5

True
False unless V = Fl®l and W = FI#| and «, 8 are the standard bases.
False

True

(f) False. Consider A = (0 1) € Mix2(F), B = ((1)) € Moy (F).
(g) True
(h) True
(i) True

2.4.2. For each of the following linear transformations 7', determine whether T is invertible and justify your answer.
(a) T :R? — R3 defined by T'(a1,az) = (a1 — 2az, as, 3a; + 4az)
(b) T : R? — R3 defined by T'(a1,as) = (3a1 — az, az,4a;)
(c) T : R3 — R? defined by T'(ay, as,a3) = (3a1 — 2a3, az, 3a1 + 4as)
(d) T :P3(R) — P2(R) defined by T'(p) = p’
) T a b

(e Msy2(R) — Po(R) defined by T (c d) =a+2bz + (c+ d)a?

b +b
(f) T : Myyo(R) = Mayo(R) defined by T (Z d) _ (a ) cid)

Solution: For the sake of brevity, we will not give the detail proofs for the reasoning. Readers are encouraged to work out
the details.

(a) T is not invertible as it is a mapping between spaces of different dimensions
(b) T is not invertible as it is a mapping between spaces of different dimensions

¢) T is invertible

)

(c)

(d) T is not invertible as it is a mapping between spaces of different dimensions
)
)

(e) T is not invertible as it is a mapping between spaces of different dimensions
(f

T is invertible



https://math.stackexchange.com/a/1713573
https://math.stackexchange.com/a/490376

Note

Although all non-invertible mappings in this question can be noted by comparing the dimension their domains and codomains,
not every linear map that maps between spaces of the same dimension is invertible. For example, consider the following map

modified from the one in part (f): T : Mayo(R) = Mayx2(R) defined by T (CCL Z) = (CCL . i d)

2.4.22. Let cg,c1,...,cp, be distinct scalars from an infinite field F. Define T : P, (F) — F**! by T(f) = (f(co), f(c1),---, f(cn))-
Prove that T is an isomorphism.

Solution: We first show that T is linear: for p,q € P, (FF) and ¢ € F,

e T(p+q)=((p+q)co), (Pt a)c1),---,(p+a)(cn)) = (p(co)s - -, p(en)) + (a(co), - - -, q(cn)) = T(p) + T(q)
o T(cp) = ((ep)(co),-- - (ep)(cn)) = c(p(co), - -, p(cn)) = ¢T(p)

As p, q,c are arbitrary, T is linear.

Let p e N(T ). Then (p(co),...,p(cn)) = Opnt1 = (0,...,0),s0p(c;) =0foralli € {0,...,n }. Ascy,...,c, are distinct, by
factor theorem p(z) = (z—co) ... (x — ¢, )q(x) for some g € P(F). Since p € P,,(F), degp < n, so degq = degp— (n+1) < —1.
This implies that ¢ = 0 is the zero polynomial, and so p = 0 is the zero polynomial. As p is arbitrary, T' is one-to-one.

By dimension theorem, rank 7' = dim(P,,(F)) = n + 1 = dimF"*!, so T is onto. This implies that 7" is an isomorphism.

Note

The requirement that F is infinite is unnecessary, and the proposition still holds as long as F has at least n + 1 elements (so
that there are distinct co,...,c, € F).

See also Shamir’s secret sharing scheme.

2.4.23. Let V denote the vector space of sequences in F that have only a finite number of nonzero terms, and let W = P(F). Define

T:V-W by T(o)= Za(i)xi
i=0

where n is the largest integer such that o(n) # 0. Prove that T is an isomorphism.

Solution: We first show that 7T is linear.

Let 0,7 € V, ¢ € F. By definition of V, there exist integers n,,n, € N such that o(n) = 0 for n > n, and 7(n) = 0 for
n > n.. In particular, there exists N = max(n,,n,) such that o(n) = 7(n) =0 for n > N, and so (¢ + 7)(n) =0 for n > N.
By definition, T(c0) = 32N, o(i)z* and T(1) = S, 7(i)2’. Also, co(n) = 0 for all n > N. Then

o T(o+7) =Y (o + 7)) =31 = Xy oli)a’ + iy m(D)a’ = T(o) +T(r)
o T(co) =N (co)(i)a' = e N, o(i)a’ = ¢T (o)

As o, 7, c are arbitrary, T is linear.

Let o € V be a nonzero sequence. Then there exists n € N such that o(n) # 0. By definition of V', there are only finitely
many such indices, so we may assume that n is the largest one. Then T'(0) = Y"1, o(i)a" with o(n) # 0. This implies that
T(0) # 0. As o is arbitrary, this implies that T is one-to-one.

Let p € W = P(F). By definition, there exists n € N and ¢y, ...,c, € F such that p(z) = >I_, ¢;z*. Define o : N — F by
U(i): C; leE{O,,’rL}
0 otherwise
is arbitrary, T is onto.

. Since n is finite, it is easy to see that 0 € V, and T'(c) = > o(i)z' = > jciz’ =p. Asp

Hence T is an automorphism.



https://en.wikipedia.org/wiki/Shamir's_secret_sharing

Note

To show that T is an isomorphism, unlike previous questions we have to show both one-to-one and onto as we can show that
the spaces V and W = P(F) are not finite-dimensional. (You should try to prove them yourself if you have not yet)

2.4.24. Let T : V — Z be a linear transformation of a vector space V onto a vector space Z. Define the mapping
T:V/N(T)—Z by Tw+N(T))=T(v)

for any coset v+ N (T ) in V/N(T).

(a) Prove that T is well-defined; that is, prove that if v + N (T ) =o' + N (T ), then T'(v) = T(v')
(b) Prove that T is linear

(c) Prove that T is an isomorphism
)

(d) Prove that the diagram below commutes; that is, prove that 7' = T

Solution:
(a) Let S € V/N(T) and v,v" € V be such that S = v+ N(T) ="+ N(T ). By the result of Question 1.3.31(b) in
Homework 1, v—v" € N(T ), so T(v—v") =0, T(v) = T(v"). As S,v,v is arbitrary, this implies that T is well-defined.

(b) Let S,8" € V/N(T ) and ¢ € F. By definition, there exist v,v’ € V such that S =v+N(T ) and S’ =v" +N(T).
Then

o T(S+8) = T((w+N(T )+ +N(T)) = T((0+) +N(T)) = T(v+v') = T(w) + (') = Fw+N(T )+
T +N(T))=T(S)+1T(5")
e T(cS)=T(c(v+N(T))=T((cv) +N(T)) =T(cv) =cT(v) =cT(v+N(T))=cT(S)
As S, S, c are arbitrary, T is linear.
(c) Let S € N (T ). Then there exists v € V such that S = v+ N (T ). Hence 0 = T(S) = T(v+N(T)) = T(v) and so
v €N (T ). This implies that S =v+N (7T )=N(T )= 0y/n(r). As S is arbitrary, this implies that 7" is one-to-one.

Let z € Z. Since T is onto, there exists v € V such that T(v) = z. Then v+N(T) € V/N(T )and T(v+N(T)) =
T(v) = z. As z is arbitrary, T is onto.

Hence T is an automorphism.

(d) Recall that n: V — V/N (T ) is the linear transformation defined by n(v) = v+ N (T ), as shown in Question 2.1.40 in
Homework 2.

Let v € V. Then Tn(v) = T(n(v)) =T(v+N(T )) = T(v). As v is arbitrary, Tn = T.

Note

We can have the same result by replacing Z with R( 7" ) in case T is not onto.

2.4.25. Let V be a nonzero vector space over a field F, and suppose that S is a basis for V. Let C(S,F) denote the vector space of all
function f € F(S,F) such that f(s) =0 for all but a finite number of vectors in S. Let ¥ : C(S,F) — V be defined by ¥(f) =0
if f is the zero function, and

U(f)= D f(s)s

s€S, f(s)#£0

otherwise. Prove that ¥ is an isomorphism. Thus every nonzero vector space can be viewed as a space of functions.



Solution: We first show that ¥ is linear.

Let f,g € C(S,F), ¢c € F. Then there exist finite (possibly empty) subsets Sy, Sy C S such that f(s) # 0 for s € Sy and

g(s) # 0 for s € S;. By definition, ¥(f) = Zsesf f(s)s and ¥(g) = Zsesq g(s)s, with empty set denoting an empty sum
and thus the zero vector. ‘

o Let Sppg={seS: (f+g)s) = ( )+ g(s) # 0}. By assumption, Sy4y C Sy U S, where Sy U S, is a finite
set, with (f + g)(s) = 0 for s € (Sy US,)\ Syrg. S0 W(f +0) = Yyee. ( +9)()s = Tucs,os, (F(5) + 9())s =
Zsesfusg f(s )3+Esesfus g(s)s = Zsesf f(s )5+Zsesg g(s)s =V (f) + ¥(g)

o Let Sep ={se€S: (cf)(s) =cf(s) #0}. If ¢ =0, we have S;y =0 C Sy. If ¢ # 0, we have Scy = {s € S :

cf(s) #0} ={s e S: f(s) #0} = S;. Thus Sey C Sy, and (cf)(s) = 0 for s € Sy \ Scy. Then U(cf) =
Yees.; (€F)(8)s = Les, cf(s)s = ¢ Xyes, f(s)s = c¥(f)

As f, g, c are arbitrary, ¥ is linear.

Let f € C(S,F) be a nonzero function. Then there exists s € S such f(s) #0. So Sy ={se€ S : f(s) # 0} is not empty.
By assumption, Sy is a finite set, so we may assume that Sy = { s1,...,s, } for some n € Z*. Then ¥(f) = Zsesf fls)s =
i, f(si)s; with all f(s1),..., f(s,) being nonzero. Since S is a basis of V, S is linearly independent, and so is Sy C S.
This implies that ¥(f) # 0. As f is arbitrary, ¥ is one-to-one.

Let v € V. Since S is a basis of V, there exist n € N, s1,...,s, € S be distinct, and ¢y, ..., s, € F such that v = Z?:l CiSi.

) if PRI )
Define f 1 § — F by f(s) = {& E8€{sn o)
0 otherwise
" f(s)s =S ¢;s; =v. As v is arbitrary, U is onto.
szl f( ) 2271 y)

Therefore ¥ is an isomorphism.

Then by assumption f € C(S,F), and ¥(f) = > g Fls)£0 =

Note

We are always summing over a finite set.

2.5.1. Label the following statements as true or false.

(a) Suppose that 8 = { x1,29,...,2, } and ' = { &), 2%,..., 2] } are ordered bases for a vector space and @ is the change of
coordinate matrix that changes 3’-coordinates into S-coordinates. Then the jth column of @ is [z;]s .

(b) Every change of coordinate matrix is invertible.

(¢) Let T be a linear operator on a finite-dimensional vector space V, let § and ' be ordered bases for V, and let @ be the
change of coordinate matrix that changes 3’-coordinates into 3-coordinates. Then [Tz = Q[T]3Q~!.

(d) The matrices A, B € M,,x,,(F) are called similar if B = QT AQ for some Q € M, «,(F).

(e) Let T be a linear operator on a finite-dimensional vector space V. Then for any ordered bases § and  for V, [Tz is similar
to [T],.

Solution:
(a) False. It should be [2]5

(b) True
(
(d

)

¢) True
) False. The definition is B = Q=1 AQ for some invertible Q
)

(e) True

2.5.9. Prove that “is similar to” is an equivalence relation on M,y (IF).

Solution: Denote the similar relation by ~. Let A, B,C € M,,x,(F).

e Since A = (I,) "AIL,, we have A ~ A




e Suppose A ~ B. Then there exists invertible @ € M, x,(F) such that B = Q71AQ. So A = Q(Q'AQ)Q™ ! =
(Q’l)leQ*I with Q! being invertible. Hence B ~ A

e Suppose A ~ B and B ~ C. Then there exist invertible Q, R € M,,x,(F) such that B = Q~1AQ and C = R™'BR. So
C=R'BR=R'Q 'AQR = (QR) ' A(QR) with QR being invertible. So A ~ C

So ~ is reflexive, symmetric and transitive, and hence it is an equivalence relation.

2.5.11. Let V be a finite-dimensional vector space with ordered bases «, 8, and 7.

(a) Prove that if @ and R are the change of coordinate matrices that change a-coordinates into S-coordinates and -coordinates
into ~y-coordinates, respectively, then RQ is the change of coordinate matrix that changes a-coordinates into y-coordinates.

(b) Prove that if Q changes a-coordinates into 3-coordinates, then @~ changes B-coordinates into a-coordinates.

Solution:

a y assumption, () = v|h an = (Idy|}. en = v vie = v oldy|) = |Idy |5, which is the change o
B i Q = [Idy]? and R = [Id 73 Then RQ = [Id g Idy]2 = [Idy o Idy]2 = [Idy]?, which is the ch f
coordinate matrix from a-coordinates into y-coordinates.

(b) By assumption, Q = [Idy]?, so Q! = ([Idv]g)fl = [(Idv)fl]g = [Idv]§, which is the change of coordinate matrix from
[B-coordinates to a-coordinates.

2.5.13. Let V be a finite-dimensional vector space over a field F, and let 8 = { x1, 22, ...,z } be an ordered basis for V. Let @ be
an n X n invertible matrix with entries from F. Define

n
/ .
:cj:E Qijx; for 1<j<n
i=1

and set 8" = { z),zh, ...,z }. Prove that ' is a basis for V' and hence that @ is the change of coordinate matrix changing
B’-coordinates into 3-coordinates.

Solution: Let c1,...,c, € F be such that 377, cja; = 0. Then 0 = 377, 370 ¢;Qijzs = Y-, (Qc)iw; where ¢ =

(1 e ... cn)T € F". Since (8 is a basis, it is linearly independent, and so (Qc); = ... = (Qc¢), = 0, which implies that
Qc = Opn. As @Q is invertible, this implies that ¢ = Op~, and thus ¢; = ... =¢, =0. As cy,...,c, are arbitrary, 3’ is linearly
independent. In particular 2, ..., 2/, are all distinct, and | 8’ | =| 5 |.

Since V is finite-dimensional with dimV =| 5| =] 8’ | and /' is linearly independent, 5’ is a basis of V.

Since o = Y71 Qij;, by definition we have [Idv]g/ = @ is the change of coordinate matrix.




