MATH2040 Homework 2
Reference Solution

1.5.13. Let V be a vector space over a field of characteristic not equal to two.
(a) Let u and v be distinct vectors in V. Prove that { u,v } is linearly independent if and only if { v + v,u — v } is linearly
independent.
(b) Let u, v, and w be distinct vectors in V. Prove that { u,v,w } is linearly independent if and only if { v + v,u +w,v +w }
is linearly independent.

Idea: To show that a given (finite) set of vectors is linearly independent, one way is to find constrains on the coefficients for
the linear combinations that gives a zero vector, and argue that the coefficients satisfying these constrains must be all zero.

As we are given another set of vectors known to be linearly independent, we can try to relate the linear combinations with
these vectors, and solving the system with their linear independence should give a set of constrains on the coefficients.

Solution: Since the characteristic of the scalar field F is not 2, 2=1+1 # 0 and % exists in F.

(a) e Suppose { u,v } is linearly independent. Then for scalars ¢,d € F such that cu + dv = 0, we must have ¢ = d = 0.
Let a,b € F be such that a(u+v)+b(u—v) = 0. Then (a+b)u+ (a—b)v = 0. Since { u, v } is linearly independent,
we must have a + b = a — b = 0. This implies that a = W =0,b= W =0.

As a,b are arbitrary, { u +v,u — v } is linearly independent.

e Suppose { u+ v,u — v } is linearly independent.

Let a,b € F be such that au+ bv = 0. Then 0 = (%£2 + 252) u—: (b — azby gy = oty 4 v) + %gu —wv). Since
a —b—0,s a a
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As a,b are arbitrary, { u,v } is linearly independent.

So { w,v } is linearly independent if and only if { u + v,u — v } is.

(b) e Suppose { u,v,w } is linearly independent.
Let a, b, ¢ € F be such that a(u+v)+b(u+w)+c(v+w) = 0. Then (a+bd)u+(a+c)v+ (b+c)w = 0. Since { u, v, w }

is linearly independent, we must have a + b = b+ ¢ = a + ¢ = 0. This implies that a = (a+b)+(a;rc)7(b+c) =0,
h— (a—&-b)-‘r(b—gc)—(a—i-c) —0.c= (a+c)+(b-5c)—(a+b) —0.

As a,b,c are arbitrary, { u + v,u + w,v + w } is linearly independent.

e Suppose { v+ v,u + w,v+w } is linearly independent.
Let a,b,c € F be such that au + bv + cw = 0. Then

0— a+b—c+afb+c n a+bfc+fa+b+c n a7b+c+fa+b+c
- 2 2 “ 2 2 v 2 2 v
at+b—c a—b+ec —a+b+c

:T(u+v)+ 5 (u+w) + 5

(v +w)

at+b—c __ a—b+c __ —at+btc __
2 - 2

Since { v + v,u + w,v + w } is linearly independent, we must have
+b— —bte _ _ atb— —atbtc _ _ a—btc | —atbtc _
Crr T =0 b= T =0, e = S 4 = =0

As a, b, ¢ are arbitrary, { u,v,w } is linearly independent.

So { u,v,w } is linearly independent if and only if { v+ v,u + w,v +w } is.

Note

Some may consider in both parts that the first half of the proposition is easier than the second half, as in the second half
the combinations of the coefficients (‘%"b, GT_Z’ and a+g—c’ “_§+C, _“'gb"‘C) appear to be pulled out of thin air. However, these
combinations can be readily obtained from the first half: if ¢ = a + b and d = a — b, then we must have a = # and b = ng

(similar for the second part). In fact, you can show the following statement as an (easy) exercise:




If A € M,«,(F) is invertible, then the set of distinct vectors { v; : ¢ € {1,...,n } } is linearly independent if
and only if { S Ay cie{l,...,n} } is.

It is obvious why we need the characteristic being different from 2.
Some common errors on this problem include (using the first part as example):
e stating { u,v } is linearly independent because au +bv =0ifa=b=0

e showing that (a +b)u+ (a —b)v = 0 implies a = b =0 and so a + b = a — b = 0, and stating that this alone implies the
linear independence of { u,v }

1.5.15. Let S = { uj,ug,...,u, } be a finite set of vectors. Prove that S is linearly dependent if and only if u; = 0 or ug41 €
Span( { ui,ug,...,u; } ) for some k (1 < k < n).

Solution:

e Suppose u; = 0 or up41 € Span( { uy,...,ux } ) forsome ke {1,....,n—1}.

— If u; =0, we have 0 = u; € S, and so S is linearly dependent

— Ifupyr € Span( { u1,...,ur } ) forsomek € {1,...,n—1 }, we have uj4; = Zle a;u; for some scalars aq, ..., ax
and so Zle a;u; — 1 -ugry = 0. Since uq,...,uxr1 € S and the scalars aq, ..., ax, 1 are not all zero, S is linearly
dependent.

Thus, S is linearly dependent.

e Suppose S is linearly dependent. Assume that u; # 0. We will show that uxy; € Span( { uy,...,ux } ) for some
ke{l,...,n—1}.

Since u; # 0, {u1} is linearly independent. Let k < n be the largest integer such that { wi,...,u } is linearly

independent. As {u;} is linearly independent and S = { w1, ..., u, } is linearly dependent, such k exists and 1 < k < n.
By definition, { u1,...,uy } is linearly independent and { ui,...,ug, ugs1 } is linearly dependent. So there exists
scalars aq,...,apy1 not all zero such that Zf:ll a;u; = 0.
Suppose aiy1 = 0. Then we have 0 = Zfill a;u; = Zle a;u; with aq, ..., ax being not all zero. This implies that
{u1,...,ux } is linearly dependent. Contradiction arises. So ag4+1 # 0.
k k .

Hence ug1 = ey Dol Gty =Y fal‘:ilui € Span( { uy,...,ug })-

So S is linearly dependent if and only if u; = 0 or ug41 € Span( { uy,ua,...,uy } ) forsome ke {1,...,n—1}.

Note

In view of Question 1.5.16, this also holds for infinite sets.

1.5.18. Let S be a set of nonzero polynomials in P(F) such that no two have the same degree. Prove that S is linearly independent.

Solution: The proposition is trivial if S is empty. Hence in the following proof we will assume that S # ().

Let n € Z*, p1,...,pn € S be distinct, and ¢1,...,¢, € F be such that > ; ¢;p; = 0. Suppose there are some ¢; # 0. By
removing entries and permuting indices we may assume that ¢; # 0 foralli € {1,...,n } and 0 < degp; < ... < degpn.
As the degrees are all distinct, we must have 0 < degpy < ... < degp,. Then —oco = deg0 = deg > -, ¢;p; = deg(cnpn) =
deg p, > 0. Contradiction arises. Hence all ¢; = 0.

Since n,p1,...,Pn,C1,--.,Cy are arbitrary, S is linearly independent.

Note

In the proof, we adapt the convention that deg0 = —oo but the proof still works if the convention that deg0 = —1 is used
instead.




1.6.12. Let u, v, and w be distinct vectors of a vector space V. Show that if { u,v,w } is a basis for V, then { u + v+ w,v+w,w }
is also a basis for V.

Idea: To show that the given set 3 is a basis of V', we generally need to show

e [ is linearly independent;

e (3 spans the whole space, i.e. Span( 8 )=V

However, since we already have a finite basis o of V, we already know dim V' (which is | @ |). So by the corollary of
Replacement Theorem, as long as | 8 | = | « |, we only need to show only one of these two conditions.

Solution: Since dimV = |{u,v,w}|=3=|{u+v+w, v+ w,w } |, it suffices to show that { v + v +w,v +w,w } is
linearly independent.

Let a, b, ¢ be scalars such that a(u+v+w)+b(v+w)+cw = 0. Then au+ (a+b)v+(a+b+c)w =0. As { u,v,w } is a basis
of V, it is linearly independent, and so ¢ = a+b=a+b+c=0. Hencea =0,b = (a+b)—a=0,c= (a+b+c)—(a+b) = 0.

As a,b,c are arbitrary, { « +v + w,v + w,w } is linearly independent. So it is a basis of V.

Note

See also Question 1.5.13.

1.6.15. The set of all n x n matrices having trace equal to zero is a subspace W of M,,«,(F). Find a basis for W. What is the
dimension of W?

Idea: To compute the dimension of a subspace, a simple way is to construct explicitly a basis for this subspace, which may
be found by working on the constrains that define the subspace. The complexity of the proof usually depends on the choice
of the basis.

Solution: We will construct a basis for W. For 4,5 € {1,...,n} let E;; € M,x,(F) denote the n x n matrix that the
1 ifi=kandj=1I

) for k,1 € {1,...,n}. It is easy to see that
0 otherwise

(i,7)-entry is 1 and all other entries are 0, i.e. (Ej)p = {

{Eij:4,5€{1,...,n}}is abasis of M,,x,(F).
Let Ae W C M,xn(F). Then A = Zi,je{l,...,n} A;jE;; with scalars A;; € F. As Ae W, 0 =tr(A) = > | A;; and so
Ay, = — 3" Ay, This implies that

n n—1 n—1 n—1

A= Z AijEi; + Z AiEy = Z AijEi; + Z AiiEy — (Z Am) By, = Z AijEi; + Z Aii(Ei; — Enp) € Span( )
i i=1 i i=1 i=1 i i=1

with f={FE;; : i#j}U{ Eii —Ep, : i€{1,...,n—1}}. As A is arbitrary, W C Span( 3 ). It is also easy to see that

B C W, so Span( 8 ) C W, which implies that 8 spans W.

It then suffices to show that § is linearly independent. Let A;; € F for 4,5 € {1,...,n} with ¢ # j and B; € F for

i€{1,...,n—1} be scalars such that E#j Aj;Ei; + Z?:_ll Bi(Fii — Enpn) = Opxn. Then Z#j AiEi; + Z;:ll B,E;; —

(Z?;ll BZ-) Epn = 0pxn. Since { Ej © 4,5 € {1,...,n} } is a basis of M, x,(F), we have A;; =0 for ¢ # j and B; = 0 for

i€{1,...,n—1} This implies that 8 is linearly independent.

Since J is linearly independent and spans W, 3 is a basis of W, and so dim(W) = | 8 | =n? — 1.

1.6.23. Let vy, va,..., vk, v be vectors in a vector space V', and define Wy = Span( { vy, v, ..., v } ), and W = Span( { v1,vs,..., 05,0 } ).
(a) Find necessary and sufficient conditions on v such that dim(W;) = dim(Ws).

(b) State and prove a relationship involving dim(W;) and dim(W53) in the case that dim(W;) # dim(Ws).



Solution:
(a) The sufficient and necessary condition is that v € Wj.
Since { v1,...,v% } C {v1,...,v,v }, we always have Wy = Span( { v1,ve2,...,vx } ) C Span( { v1,va,..., 05,0 } ) =
Ws.
e Suppose dim(W;) = dim(Ws3). Since W; C Wa, we have W = W, and thus v € Wy = Wj.
e Suppose v € Wi. The { vy,...,vp,v } C Wy, so Wy = Span( { vy, vs,...,05,0 } ) C Wi. So Wy = Wy and thus
Hence dim(W7) = dim(W5) if and only if v € Wj.

(b) If dim(W1) # dim(W3), we have dim(W3) = dim(W7) + 1.

Suppose dim(W7) # dim(Ws). Then by the previous part, v ¢ W;. Let 8 C Wi be a basis of W;. Then S is linearly
independent. As v ¢ Wy = Span( 8 ), SU{v} is also linearly independent. Moreover, Wo = Span( { v1,ve,...,05,v } ) =
Span( { vi,va,...,v0x } )+ Span( {v } ) =W+ Span({ v} )= Span( S )+ Span({ v} )= Span( SU{v} ), so SU{v}
spans Wa. Thus S U {v} is a basis of Wa, and so dim(W2) = | fU{v} |=|F |+ 1=dim(W;) + 1.

Note

Stating only dim(W;) < dim(Ws), dim(W;) < dim(Ws), dim(W;) < k, dim(Ws) < k 4+ 1, or any combination of
dim (W), dim(W5) being an integer will be counted as incorrect answers as these are too trivial.

1.6.26. For a fixed a € R, determine the dimension of the subspace of P, (R) defined by { f € P,(R) : f(a) =0 }.

Solution: Denote the subspace as V.
We first consider what property polynomials in V' has.

Let f € V. Then f(a) = 0, and so by factor theorem / remainder theorem, f(x) = (x —a)g(z) for some polynomial g € P(R).
Since deg f < n, we must have degg < deg f —1<n —1 and so g € P,,_1(R). This implies that g(z) = Z;ZOI c;x’ for some
ClyeeosCp1 € R, and f(z) = (z — a)g(z) = Y1y ci(e — a)z’ € Span( f) with 8 = { (z — a), (z — a)z,...,(z — a)z" ' }
being a set of nonzero polynomials.

Furthermore, for each g € 8 we have g(a) =0, so 8 C V and thus Span( 8 ) C V, which implies that 8 spans V.

It remains to show that § is linearly independent, as this would implies that dim(V) = | 8| = n. However, note that
deg((z —a)z’) =i+1foreachi € {0,...,n—1}, and so no two polynomials in 3 have the same degree. By Question 1.5.18,
B is linearly independent.

Thus dim(V) = n.

Note

Another popular choice for basis of V is { rr—a':ie{1,...,n} }, for which the proof does not require using factor
theorem.

1.6.29. (a) Prove that if W7 and W5 are finite-dimensional subspaces of a vector space V, then the subspace Wy + Wa, is finite-
dimensional, and dim(W; + W3) = dim(W7) + dim(Ws) — dim(Wy N Ws).

(b) Let Wy and W5 be finite-dimensional subspaces of a vector space V, and let V- = W 4+ W5. Deduce that V is the direct sum
of Wy and Wy if and only if dim(V) = dim(W7) + dim(Ws).

Solution:

(a) Since Wy, Wy CV, we have Wi + Wy C V and Wy NWy C V. As V is finite-dimensional, so are Wi + Wy and Wi N Ws.
let v C W1 N W5 be a basis of W7 N W5, By Extension Theorem, we may extend v to a basis 1 = yUay of W7 and a
basis 82 = v U a of Wo with ay C Wy, an € W5 respectively and y Nap =y Nag = 0.

Suppose a1 Nas # (. Then there exists v € a1 Nag € Wy N Wy = Span( v ). This implies that v U {v} is linearly
dependent, and so is 81 = YUy 2 yU{v} (and equivalently 82). Contradiction arises. Hence oy Nvg = ). This implies
that v, a1, as are disjoint.




To show the proposition, we will show that § =~y U a3 U as is a basis of Wy + Ws.
Since f =yUai Uag = (yUar) U (yUaz) = B1 U Ba, we have Wy + Wa = Span( 81 ) + Span( 2 ) = Span( f1 U B2 ) =
Span( 8 ). So 8 spans Wy + Wa.
Since Wy, Wa, Wi N Wy are all finite-dimensional, we may assume that a; = {wy,...,w, }, aa = {w],...,w), },
v={w1,...,vp } for some n,m,p € N. Let ay,...,an,a},...,a,,,bi,...,b, € F besuch that >\ | a;w; + > v, alw] +
> biv; = 0. Then " aw; + > b bjv; = —> " alw) € Span( B1 ) N Span( s ) C Wy N Wa, so i | ajw; +
b biv; = 3% | ¢u; for some scalars c1,...,c¢p. This implies that > . a;w; + > .7 (b; — ¢;)v; = 0. By the linear
independence of 31, a1 = ... = a, = 0 and so Y .-, ajw; + >.7_ bv; = 0. By the linear independence of s,
ai =...=a), =b; =...=b, =0. This implies that § is linearly independent.
In particular, 8 is a basis of Wy + Wh.
Thus, we have dim(W1 +Wa) = | B8 | = |7 |+] a1 | +| az | = dim(W7 N W3) + (dim(W7) — dim(W; N Ws)) + (dim(Ws) —
(b) Suppose V.= W; @ Ws. Then Wy + Wa =V and Wy N Wy = {0}. So by the previous part, dim(V) = dim(W; + Ws) =
Suppose dim(W7) 4+ dim(Ws3) = dim(V'). Then by the previous part, dim(V') = dim(W; + Ws) = dim(W;) + dim(Ws) —
dim(WyNWs) = dim(V') —dim(W; NW3). This implies that dim(W;NW3) = 0 and so W1NW, = {0}. As W1 +Wy =V,
we have V = W, @ Whs.

Therefore V- = W7 @ Wy if and only if dim(V) = dim(W7) + dim(W5s).

Note

Please send us an email if you find an easy proof on part (a) that does not involve solving for the witnessing linear combination.
Generalizing part (a) to 3 (or more) subspaces is an interesting exercise, and we encourage you to work on it.

The argument for part (a) still works (with appropriate modifications) when V' is not necessarily finite-dimensional, although
you then only have dim(W; + Wa) 4+ dim(W; N W) = dim(W7) + dim(Ws).

1.6.30. Let

a

0 a
WQ{(_a b)EV.CL,bGF}

Prove that W, and W5 are subspaces of V', and find the dimensions of Wy, Wy, Wi + Wy, and Wy N Wh.

V = Mayo(IF), W1={<Z b)EV: a,b,ceF}

and

Solution:

e [t is easy to see that the zero matrix (8 8) is in W7 and in Ws.

— Let A1, A5 € Wy and v € F. Then A; = (a1 bl) ,Ay = <a2 bz) for some ai,as,by,bs,c1,c0 € F. So
Cc1 Qi Coy Q2

_far+az b +b (a1 b . . .
Wi+ W, = <C1 Yoy ar+ a2> € Wi and vA; = <7c1 ~ay € Wi. As Ay, As, v is arbitrary, W7 is a subspace.
— Let Ay, Ay € Wy and v € F. Then A; = < ?1 Zl>,A2: ( (()z 22> for some ay,as,b1,b0 € F. So Wy + Wy =
—a1 b0 —az 02
0 a1 + as 0 Yyay . . .
€ Wy and vA; = € Ws. As Ay, Ay, is arbitrary, W5 is a subspace.
(—((n +az) b+ b2> 2 T (—’yal 7b1> 2 1 42,7 MIME p

e To find the dimensions of the subspaces, we find a basis for each of them.

— Let 51 = { (é (1)> s <8 é) R ((1) 8) } Then 51 C Wq, so Span( 51 ) C Wh.

a b 1 0 0 1 0 0 . .
Let A € Wi7. Then A = <c a) =a- (0 1) +0b- (0 0) +c- (1 0) € Span( 81 ). As A is arbitrary,
Span( 1 ) = Wh.




10 0 1 0 0 0 0 a b 0 0
Leta,b,cGFbesuChthata~(0 1>+b~(0 0>+c~<1 0)(0 O>.Then <c a>(0 0) and so

a = b= c=0. This implies that §; is linearly independent.
Hence 3 is a basis of W7 and so dim(W7) =| 81 | = 3.

— Let By = { (_01 é) ; <8 (1)> } Then By C Wa, so Span( 82 ) C Wa.

b 0 0 1
Leta,belﬁ'besuchthatao<0 1>+b~<0 0)(0 0>.Then(0 a>(0 0) and so a = b = 0. This

Let A € Wy. Then A = <_Oa a> =a- (_01 1) +b- <0 0> € Span( 32 ). As A is arbitrary, Span( 32 ) = Wh.

-1 0 0 1 0 0 —a b 0 0
implies that (s is linearly independent.

Hence (2 is a basis of W, and so dim(Ws) = | 82 | = 2.
— It is easy to see that Wi + W, C V.

a b a 0 0 b . a 0
Let A€ V. ThenA—(C d) for some a,b,c,d € F. ThenA—<C+b a)+<—b d—a) with (c—l—b a)e

-b d—a
dim(W; + Ws) = dim(V) = 4.

Wi, (0 : > € Wi, s0 A € Wy + Wa. As A is arbitrary, V. C Wi + W, Hence V. = Wi + W3 and so

— Let Ae Wiy NW,. Then A = CCL 2 = —Od (ei for some a,b,c,d,e € F. Soa=e=0,b=d, c =—d, hence
0 b 0 1
a= (o) esm({ (5 o)1)

It is easy to see that _01 (1) € Wy and (_0 L € Ws, so Span( { (_0 1) } ) € Wy N Wy, This implies

10 10
0 1
that Span({ <_1 o> })mez.

As (_01 (1)> is not the zero matrix, { <_01 (1)> } is linearly independent and so is a basis of W1 N W5. Thus

dim(Wy N W) =1

2.1.5. Prove that T is a linear transformation, and find bases for both N (7 ) and R( T'). Then compute the nullity and rank of T’
and verify the dimension theorem. Finally, use the appropriate theorems in this section to determine whether T is one-to-one or
onto.

T : Po(R) — P3(R) defined by T'(f(x)) = zf(z) + f'(z)

Solution:
(a) Let f,g € Po(R) and o € R. Then

o T(f+9) = z(f+9)(@)+(f+9) (x) = 2(f(2)+9(2))+ ([ (2)+9 () = («f(2)+["(2))+(xg(x)+g'(x)) = T(f)+T(9)
o T(af) = z(af)(x) + (af) (z) = a(zf(z) + f'(z)) = oT(f)

As f,g,a are arbitrary, T is linear.

(b) Let f € N(T ) C Py(R). Then f = a+ bx + cx? for some a,b,c € Po(R). Since f e N(T),0=T(f) =zf(z)+ f'(z) =
z(a+bx +cx?) + (b+2cx) = b+ (a+2¢)x + br® + ca®, s0b=a+2c=c=0and thusa =b=c =0, f = 0. This
implies that N (7" ) = {0} and a basis for N(T") is (.

Let 8 ={T(1),T(z),T(z?) } = {x,14 22,2z + 2% } C P3(R). Since 8 C R(T ), we have Span( ) C R( T ). Also,
for each f € P3(R), we have f = a + bz + cz? for some a,b,c € R and so T(f) = aT(1) + bT(x) + cT(2%) € Span( 3 ).
As f € P3(R) is arbitrary, R(T') C Span( ). This implies that 8 spans R( T").

Since [ does not contain the zero polynomial and no two polynomials in 8 has the same degree, by the result of Question
1.5.18, f is linearly independent. Hence  is a basis of R( T").

(¢) Since N( T ) = {0}, nullity T = dim(N (7" )) = 0.
Since B is a basis of R(T"), rankT =| 8 | = 3.




(d) By the previous part, nullity 7'+ rank 7' = 0 + 3 = 3 and dim(P2(R)) = 3, so nullity 7'+ rank 7' = dim(P2(R)), which is
consistent with the dimension theorem.

(e) Since N (T )= {0}, T is one-to-one.
Since dim(R( T')) = 3 < 4 = dim(P3(R)), we have R( T") # P3(R) and so T is not onto.

Note

You can also see that T is one-to-one by observing that deg T'(f) = 1 + deg f for nonzero polynomial f.

2.1.14. Let V and W be vector spaces and T : V — W be linear.
(a) Prove that T is one-to-one if and only if T carries linearly independent subsets of V onto linearly independent subsets of W.
(b) Suppose that T is one-to-one and that S is a subset of V. Prove that S is linearly independent if and only if T'(S) is linearly
independent.
(¢) Suppose 8 ={ v1,vs,...,0, } is a basis for V and T is one-to-one and onto. Prove that T(8) = { T(v1), T (v2),...,T(v,) }
is a basis for W.

Solution:

(a) Suppose T is one-to-one. Let S C V be a linearly independent set. We want to show that T'(S) is also linearly
independent.

If T(S) = 0, the proposition is trivial, so we may assume that T'(S) # 0. Let n € ZT, w1, ..., w, € T(S) be distinct, and
¢1,...,¢y € F be such that Y " | ¢;w; = 0. Since w; € T(S) for all 7, there exists vq,...,v, € S such that w; = T'(v;)
for all i. So 0 =", cw; = > i, ¢;T(v;) =T (Y i, ¢;v;). Since T is one-to-one, > -, ¢;v; = 0. Since S is linearly
independent, ¢; = ... = ¢, = 0. This implies that T'(S) is linearly independent.

Suppose T maps linearly independent subsets of V' to linearly independent subsets of W. Let v € N(T"). If v # 0, we
must have that {v} is a linearly independent subset of V', and so T{v} = {T(v)} = {0} is also linearly independent,
which is a contradiction. So v = 0. This implies that N (T ) = {0} and so T is one-to-one.

(b) Suppose S is linearly independent. By the previous part, T'(S) is linearly independent.

Suppose T'(S) is linearly independent. The proposition is again trivial if S = ). So we may assume that S # (. As T(.S)
is linearly independent, we must have 0 ¢ T'(.5).

Let n € ZT, vy,...,v, be district, cq,...,c, be scalars such that Z,?:l ¢iv; = 0. Then 0 = T(0) = T(Z?zl civ;) =
S eT(v;). As vy,..., v, are distinct and T is one-to-one, T'(vy),...,T(v,) € T(S) are also nonzero distinct. Since
T(S) is linearly independent, this implies that ¢; = ... =¢, = 0. As n,v1,...,0n,¢1,...,C, are arbitrary, this implies
that S is linearly independent.

Therefore, S is linearly independent if and only if T'(S) is

(c) Since 3 is a basis of V| it is linearly independent. By the previous part, T'(8) is also linearly independent. To show that
T(pB) is a basis of W, it then suffices to show that T'(3) spans W. Since f C V, we trivially have T(8) C T(V) C W
and so Span( T'(8) ) C W.

Let w € W. As T is onto, there exists v € V such that w = T'(v). As (3 is a basis of V, there exists scalars ¢y, . . ., ¢, such
that v =31 ¢iv;. Sow =T(v) =T (X1, civi) = Y iy ;T (v;) € Span( T(B) ). As w is arbitrary, W C Span( T'(8) ).
So T'(8) spans W.

Therefore T'(3) is a basis of W.

2.1.18. Give an example of a linear transformation T : R? — R? such that N( 7 ) =R (T ).

Solution: Let A = (1) € Msy2(R) and define T : R? — R? by T'(x) = Az for x € R2. It is easy to see that T is linear,

w1 { ()} -acr.

Note

R(T)=N(T) implies that 7% = 0. Note that T # 0.




2.1.21. Let V be the vector space of sequences. Define the functions T,U : V — V by
T(a1,as,...) = (az,as,...) and U(ay,as,...) = (0,a1,as,...)

(a) Prove that T and U are linear.
(b) Prove that T is onto, but not one-to-one.

(¢) Prove that U is one-to-one, but not onto.

Solution:

(a) Let a = (a1, a2,...),b=(b1,ba,...) € V and v € F be a scalar. Then

(a+b)=T(a; +by1,a2 +ba,...) = (ag + ba,a3 + bs,...) = (ag,as,...) + (ba,b3,...) = T(a) + T(b)

e U(a+b)=Ul(ay +b1,a2 + ba,...) = (0,a1 + b1,a2 + ba,...) = (0,a1,a2,...) + (0,b1,ba,...) =U(a) + U()
o T(va) =T(va1,vaz,...) = (yas,vas,...) = vy(az,as,...) =T (a)

e U(va) = U(va1,vaz;...) = (0,va1,7vaz,...) =v(0,a1,az2,...) =yU(a)

As a, b,y are arbitrary, T, U are linear

(b) Let a = (a1,a2,...) € V. Then a = (a1,as,...) = T(0,a1,a9,...) € R(T ). As a is arbitrary, this implies that T is
onto.

Since T7(0,0,0,...) =(0,0,...) = T7(1,0,0,...) and (0,0,0,...) # (1,0,0,...), T is not one-to-one.

(c¢) Let a = (a1,a2,...) € N(U ). Then (0,0,0,...) =0=U(a1,as,...) = (0,a1,az,...). This implies that a; = 0 for all 1.
As a is arbitrary and that U is linear, this implies that U is one-to-one.

Since U(a1,ag,...) = (0,a1,az2,...) # (1,0,0,...) for all (a1,as2,...) €V, (1,0,0,...) ¢ R(U ) and so U is not onto.

Note

TU = Idy is the identity map on V but UT # Idy .

2.1.22. Let T : R — R be linear. Show that there exist scalars a, b, and ¢ such that T'(z,y, z) = ax + by + cz for all (x,y,2) € R3.
Can you generalize this result for T : F* — F? State and prove an analogous result for 7' : F"* — F™.

Solution:

(a) Let a =T(1,0,0),b=T(0,1,0),c = T(0,0,1) € R. Then for all (z,y, 2) € R3, we have (z,y, z) = 2(1,0,0) + y(0,1,0) +
2(0,0,1) and so T(x,y, z) = T(x(1,0,0) + y(0,1,0) + 2(0,0,1)) = 27(1,0,0) + yT(0,1,0) + 27(0,0,1) = ax + by + c=.

(b) For linear T': F™ — F, there exists a1,...,a, € F such that T'(z1,...,2,) = > i, a;x; for all (x1,...,z,) € F".
(c) For linear T : F™ — F™, there exists a;; € F for i € {1,...,n}, j € {1,...,m} such that T(z1,...,2,) =
( Z?:l A1iTiy .- ., Z?:l AmiT; ) for all (1‘1, ey ZEn) e ™.
For each ¢ € {1,...,n } let e; € F" be the vector where the ith entry is 1 and all other entries are 0, i.e. (e;); =
0 otherwise
let a;1,...,a;m € F be such that T(e;) = (ai1,...,aim). Then for all (z1,...,z,) € F* we have T(z1,...,2,) =
Ty miei) = Yoy wiT(ei) = Y0y i@, -+, Gim) = (Do) Q1iTiy -+ -5 Djey Amili )

1 i
{ BYET O for all i € {1,...,n}. It is easy to see that { e1,...,e, } is a basis of F”. For each i € {1,...,n}

Note

Part (c) is an easy generalization of part (b) if you have shown the following lemma: if U, V, W are vector spaces over the
same scalar field, 7y : UXW — U, myw : U X W — W are the projections to the first component and to the second component
respectively, then T : V' — U x W is linear if and only if both nyT, 7y T are.

2.1.37. Prove that if V and W are vector spaces over the field of rational numbers, then any additive function from V into W is a
linear transformation.




Solution: Let 7' : V — W be an additive function. By definition, to show that 7T is linear, it suffices to show that T is
homogeneous, that is, T'(qv) = ¢T'(v) for all ¢ € Q.

We first consider what property an additive map has. Fix v € V.

Trivially, T(1-v) = T'(v) = 1-T(v). Suppose we have T'(k-v) = k-T(v) for some k € Z*. Then T((k+1)-v) = T(k-v+1-v) =
Tk-v)+T1-v)=k-T(w)+1-T(v)=(k+1)-T(v). So by induction, T'(n-v) =n-T(v) for all n € Z*.

As T(v) = T(v+0y) = T(v) + T(0v), we have T'(0y) = Oy = 0-T(v). Also, for all n € Z*, O =T(0y) =T ((n-v) +
((—n)-v))=Tm-v)+T(—n)-v)=n-T)+T((—n) - v), we have T((—n) -v) = —(n-T(v)) = (—n) - T(v).

Thus, T'(n-v) = n-T(v) for all n € Z. As v is arbitrary, this holds for all v € V. Thus for all n € ZT and all v € V,
Tw)=T(n-(£-v))=n-T(: v)andso T(: v) =1 T(v).

Let ¢ € Q. Then there exists n € Z, m € Z* such that ¢ = 2. Then forall v € V, T(q-v) =T(Z -v) =T (n- (& -v) ) =
n-T(g )= 3) T)=q T(v).

m

As ¢ is arbitrary, T' is homogeneous and so is linear.

Note

This proposition holds as Q is the field of fraction of N, and additivity implies the homogeneity on N. See also the next
question (Question 2.1.38).

2.1.38

. Let T': C — C be the function defined by T'(z) = Z. Prove that T is additive but not linear.

Solution: Let z,y € C. Then T(x+y)=ac+y=T+75=T(x) +T(y). As x,y are arbitrary, T is additive.
AsT(1)=1=1and T(i)=i=—i,we have T(:-1) =T(i) = —i # i =i - T(1). So T is not linear.

Note

Note that T is R-linear but not C-linear, whereas C is (usually) equipped with C-scalars. If C is equipped with R-scalars
(that is, as a real vector space instead of a complex vector space, see Question 1.6.28), T would be linear.

Practice Problems

1.5.1.

Label the following statements as true or false.

(a) If S is a linearly dependent set, then each vector in S is a linear combination of other vectors in S.

(b) Any set containing the zero vector is linearly dependent.

(¢) The empty set is linearly dependent.

(
(

)
)
(d) Subsets of linearly dependent sets are linearly dependent.
)
)

e) Subsets of linearly independent sets are linearly independent.
f) If ayzy + asxs + ...+ apxy, =0 and 1,9, . .., T, are linearly independent, then all the scalars a; are zero.
Solution:

(a) False

(b) True

(c) False. You can verify that there is no nontrivial linear relation between elements of the empty set (as there is no element
in the empty set and so no such linear relation exists).

(d) False

True

—
@
~

(f) True

1.5.2.

Determine whether the following sets are linearly dependent. or linearly independent.




(2 (2 ) bimmam
(4 23 L) st

(c) { 2% —=2,20%4+4,-22% 4+ 32> + 204+ 6 } in P3(R)

(d) {(1,-1,2),(1,-2,1),(1,1,4) } in R?

(e) {(1,-1,2),(2,0,1),(~1,2,~-1) } in R?

O3 D0 ) G0 G d) e

1 -1 -1 2 2 1 .
(5 1) G (06 5) e
a* — a3 + 522 —8x +6,—x* + 2% —bar? +5r — 3,2 + 327 — 3w+ 5,20 + 328 + 42 —x + 1,2% — 2+ 2 } in Py(R)

(i) {z* — 2% + 522 — 8z + 6, —2* + 23 — 52? + 5z — 3, 2% + 322 — 3z + 5,22* + 23 +4x2+8x}1nP4 (R)

g
S
i
o
o1

Solution: For the sake of brevity, we will not give the detail proofs for the reasoning. Readers are encouraged to work out
the details.

, _ 1 -3 -2 6 _
(a) Linearly dependent: 2 - <_2 4 > +1- < 4 —8) =0

(b) Linearly independent

(c) Linearly dependent: 4 - (23 — ) —3- (222 +4) + 2 (=223 + 322 + 22 +6) =0
(d) Linearly dependent: 3-(1,-1,2) —2-(1,-2,1) —=1-(1,1,4) =0
)

(e) Linearly independent

. . 10 0 -1 -1 2 2 1\
(f) Lmearlydependen‘c.3~<_2 1>+1~<1 1>+1'(1 0)1'(_4 4)0

(g) Linearly independent

(h) Linearly independent

(i) Linearly dependent: 4-(z*—2%+52%—87r+6)+3-(—2*+2® - 522 +52—3) -3 (2* +32% —32+5)+1- (22* +2° +42% +82) = 0

1.5.8. Let S =1{(1,1,0),(1,0,1),(0,1,1) } be a subset of the vector space F>.
(a) Prove that if F = R, then S is linearly independent.
(b) Prove that if F has characteristic 2, then S is linearly dependent.

Solution:

(a) Let a,b,c € R such that a-(1,1,0) +b-(1,0,1) +¢-(0,1,1) = Ogs = (0,0,0). Then (0,0,0) = (a + b,a+ ¢,b+ ¢) and
soat+tb=a+c=b+c=0. Thus2-(a+b+c)=0andsoa+b+c=0. Hencea =(a+b+¢)—(a+b) =0
b=(a+b+c)—(a+¢c)=0,c=(a+b+c)— (a+b) =0. This implies that S is R-linearly independent.

(b) Since F has characteristic 2, 1+1 = 0. As1 # 0and 1-(1,1,0)4+1-(1,0,1)+1-(0,1,1) = (141,1+1,1+41) = (0,0,0) = Ops,
S is linearly dependent.

1.5.9. Let u and v be distinct vectors in a vector space V. Show that { w,v } is linearly dependent if and only if u or v is a multiple
of the other.

Solution:

(a) Suppose { u,v } is linearly dependent. Then there exists scalars a, b not all zero such that au 4+ bv = 0. As a,b are not

all zero, at least one of them is nonzero. Without loss of generality we may assume that a # 0. Then u + % -v =0 and

SO u = —g - v is a scalar multiple of v.




(b) Suppose u or v is a multiple of the other. Without loss of generality we may assume that « is a multiple of v. Then
u = Av for some scalar A\, and so 1-u— A-v = 0. As 1 # 0, the scalars are not all zero, and so { u,v } is linearly
dependent.

Therefore, { u,v } is linearly dependent if and only if u or v is a scalar multiple of the other.

1.5.16. Prove that a set S of vectors is linearly independent if and only if each finite subset of S is linearly independent.

Solution: Instead of the original proposition, we will prove the following logically equivalent statement:
A set S is linearly dependent if and only if some finite subset of S is

Suppose S is linearly dependent. Then there exists n € N*, vy,...,v, € S distinct, and scalars ci,...,c, € F not all zero
such that Y | ¢;u; = 0. This implies that the finite subset { v1,...,v, } C S is linearly dependent.

Suppose S has a finite linearly dependent subset S’. Trivially, S’ # (. We may then assume that S’ = { vq,...,v, } with
v1,..., 0y distinct. Then Y"1, ¢;v; = 0 for some scalars c1,...,¢, not all zero. Asv; € S’ C Sforallie {1,...,n}, this
implies that S is also linearly dependent.

Hence, S is linearly dependent if and only if some finite subset of S is. Equivalently, S is linearly independent if and only if
every finite subset of S is.

Note

If S itself is a finite set, this proposition does not give us anything new.

1.5.17. Let M be a square upper triangular matrix with nonzero diagonal entries. Prove that the columns of M are linearly

independent.
Solution: Let the column vectors be v1,...,v, € F" such that M = [vl vn}. By assumption, M;; = (v;); # 0 and
Mj;=(v;);=0forie{l,....n},je{i+1,...,n}
Let ¢q,...,¢, € F such that Z?Zl civ; = 0. Then Mc = 0 with ¢ = (cl cn)T € F™. Since M is upper triangular,
det M = [[;—, M;; = [[;—,(v;); # 0. This implies that M is invertible, and so ¢ = 0. Hence ¢; = ... = ¢, = 0. This implies
that vy, ..., v, are linearly independent.

1.5.19. Prove that if { Ay, As,..., A } is a linearly independent subset of M, «,(F), then { AT AL, . AL } is also linearly inde-
pendent.

-
Solution: Let c¢1,...,c; € F be such that Zle c;Al = 0pxn. Then Opxpn = 0], = (Zle C¢A1T> = Zle ci(ADT =

Zle ciA;. Since { Ay, Ag, ..., Ay } is linearly independent, ¢; = ... = ¢ = 0. This implies that { AT AL, AL } is also
linearly independent.

1.5.20. Let f,g € F(R,R) be the functions defined by f(t) = €™ and g(t) = e*t, where r # s. Prove that f and g are linearly
independent in F(R,R).

Solution: Let a,b € R be such that af + bg = 0. Then for all t € R, 0 = af(t) + bg(t) = ae" + be". In particular,

O=a-+b witht=0
0=ae" +be® witht=1

Since r # s, e" # e°. Thus solving the linear system we obtain a = b = 0. This implies that f, g are linearly independent.

Note

ert est

f g
f/ g/

The proposition can also be shown by noting that the Wronskian W (f,g) =

identically zero.




1.6.1. Label the following statements as true or false.

—
&
N

The zero vector space has no basis.

—
o
~

Every vector space that is generated by a finite set has a basis.

Every vector space has a finite basis.

,.\
o Ao
PN NI N NN

A vector space cannot have more than one basis.

If a vector space has a finite basis, then the number of vectors in every basis is the same.
The dimension of P, (F) is n.

The dimension of M, x,(F) is m + n.

Suppose that V is a finite-dimensional vector space, that S; is a linearly independent subset of V', and that Sy is a subset
of V that generates V. Then S; cannot contain more vectors than Ss.

—

—~ o~
=PE)

(i) If S generates the vector space V, then every vector in V' can be written as a linear combination of vectors in S in only one
way.

(j) Every subspace of a finite-dimensional space is finite-dimensional.

(k) If V is a vector space having dimension n, then V' has exactly one subspace with dimension 0 and exactly one subspace with
dimension n.

(1) If V is a vector space having dimension n, and if S is a subset of V' with n vectors, then S is linearly independent if and
only if S spans V.

Solution:
(a) False

True
False
False
True

False. It isn +1

)

)

)

)

)

g) False. Itism-n

) True

) False. This only holds if S is linearly independent

) True

) True
)

True

1.6.3. Determine which of the following sets are bases for P3(R).
(a) { —1—2+22%,2+2—22%1 -2z +42? }
() {14+2z+2%3+2% 0422}
(¢) {1-22—222,—2+3z—2%1—2+62%}
(d) { =1+ 2z +422,3 — 4z — 102%, -2 — 5z — 622 }
(e) {142z —2%4—-2x+2% —1+18z— 922 }

Solution: For the sake of brevity, we will not give the detail proofs for the reasoning. Readers are encouraged to work out
the details.

(a) The set does not form a basis as it is linearly dependent: 5- (=1 — 2 +22%)+3 - (2+2 —22%) —1- (1 — 2z +42%) =0
(b) The set forms a basis
c) The set forms a basis

)

(c)

(d) The set forms a basis
)

(e) The set does not form a basis as it is linearly dependent: 7- (1 + 2z —2?) —2- (4 -2z +22?) —1- (=1 + 182 —92%) =0




1.6.22. Let W7 and W5 be subspaces of a finite-dimensional vector space V. Determine necessary and sufficient conditions on W1
and W so that dim(W; N Ws) = dim(Wh).

Solution: The sufficient and necessary condition is that W; C Ws.
Suppose W1 € Wy, Then W1 N Wy = Wy and so dim(W; N Wa) = dim(Wh).

Suppose dim(W; N W) = dim(W7). Since Wi N Wy C W1 and that Wi is finite-dimensional, Wi N Wy = W;. By set theory,
this implies that W7 C W.

Thus dim(W; N Ws) = dim(Wh) if and only if W; C W

Note

This does not hold if V' is not finite-dimensional.

1.6.28. Let V be a finite-dimensional vector space over C with dimension n. Prove that if V' is now regarded as a vector space over
R, then dim V' = 2n.

Solution: Denote the corresponding real vector space as Vg. Note that V' and Vg share the same underlying set, which we
denote as S.

Let 8 C S be a C-basis of V. By assumption, we may assume that 8 = { v1,...,v, }.

Since 8 is a C-basis of V', v1,...,0n,% - v1,...,i - v, are distinct. Let v = {v1,..., 05,4 v1,...,i v, } C 5. It suffices to
show that « is a basis of Vg as | v | = 2n.

Let v € S. Since § is a C-basis of V, there exists ci1,...,¢, € C such that v = ZZ=1 CLUE = ZZ=1(ak + ibg)vg =
S or_q arvi + Y op_q bi(i - v) € Spang(y) where ai = Rey, by = S¢i, € R are the real part and the imaginary part of ¢y
respectively. As v C S, this implies that v R-spans V.

Let ar,...,an,b1,...,by, € Rsuch that 0= > arvr+ > p_obr(i-vg). Then 0= >"7_ (ar + iby)vy where ay +iby € C for
all k. As 5 is a C-basis of V, ay, 4+ ib; = 0 for all k, thus ax = b, = 0 for all k. This implies that v is R-linearly independent.

Therefore « is a R-basis of Vi, and so dimg(Vz) = 2n.

1.6.31. Let W7 and W5 be subspaces of a vector space V having dimensions m and n, respectively, where m > n.
(a) Prove that dim(W; N Wa) < n.
(b) Prove that dim(W; + W5) < m +n.

Solution:
(a) As Wi NWy C Wa, dim(W1 N Wg) < dlm(Wg) =n

(b) By Question 1.6.29(a), dim(W; + W3) = dim(W7) + dim(Ws) — dim(W; N Wa) < dim(W7) + dim(Ws) = m+n

1.6.32. (a) Find an example of subspaces Wy and W3 of R? with dimensions m and n, where m > n > 0, such that dim(W;NWs) = n.
(b) Find an example of subspaces W; and W5 of R? with dimensions m and n, where m > n > 0, such that dim(W;+W5) = m+n.

Solution:
(a) Let Wy = { (z,4,0) : z,y € R}, Wo ={ (2,0,0) : = € R }. It is easy to see that Wy, Wy are subspaces of R®, W; D Wy,
dlm(Wl) = 2, dlm(Wg) =1= d1m(W1 N Wg)

(b) Let Wy = { (2,94,0) : z,y € R}, Wy = {(0,0,2) : 2z € R}. It is easy to see that Wy, Wy are subspaces of R?,

1.6.33. (a) Let Wy and W5 be subspaces of a vector space V such that V = Wy @ Wy. If 8; and [y are bases for Wi and Wa,
respectively, show that 81 N By = 0 and B, U B2 is a basis for V.

(b) Conversely, let 8; and 3 be disjoint bases for subspaces W; and Wy, respectively, of a vector space V. Prove that if 5, U fq
is a basis for V, then V = W, ® Wh.




Solution:

(a) Suppose 81 N By # (0. Then there exists v € B1 N Ba C W1 N Wy = {0}. Then 0 € 51 N B2. As By and S5 are basis, they
are linearly independent. Contradiction arises. Hence 81 N B2 = (.

Trivially, Span( 81 U 82 ) = Span( 81 ) + Span( 8y ) = W1 + Wy = V. It then remains to show that 81 U s is linearly

independent.

Let n,m € N, ¢1,...,¢4,d1,...,dp, € F, and vy,...,0, € b1, wi,...,w, € B2 be distinct such that Y . c;v; +
S diw; = 0. Then Y i cv; = —> i dyw; € Span( 31 ) N Span( B2 ) = Wy N Wy = {0}. This implies that
e = Yot diw; = 0. As 1, > are linearly independent, ¢; = ... = ¢, = di = ... = dy, = 0. As
N, M, V1, ..., 0, W1,..., W, are arbitrary, this implies that 8; N By is linearly independent.

Hence 1 U B5 is a basis of V.

(b) As 51 U By is a basis of V, V = Span( 8; U 82 ) = Span( 1 ) + Span( 82 ) = Wy + Wh.

Trivially, Wi N Wy 2 {0}. Let v € Wy N W,. Then v € W; = Span( 81 ) and v € Wy = Span( 32 ). Let n,m € N,
V1y...,0p € B1, W1,..., Wy € B2 be distinct such that v = >0 | cv; = Y v diw; and s0 Yoy ¢v; — > iv ) dyw; = 0.
As B1 N B =0 and B1 U B is linearly independent, ¢; = ... =c¢, =d; = ... =d,, =0, and so v = E?:l cv; =0. As v
is arbitrary, Wi, N W, = {0}.

This implies that V = Wy & Ws.

Note

See also Question 1.4.15 in the previous homework.

1.6.34. (a) Prove that if W; is any subspace of a finite-dimensional vector space V', then there exists a subspace Wy of V' such that

V=W oW,.

(b) Let V =R? and W; = { (a1,0) : a3 € R }. Give examples of two different subspaces W and W such that V = W; & Ws
and V =W, @ Wj.

Solution:

(a) Since V is finite-dimensional, so is Wj. Let 8 be a basis of W;. By Extension Theorem, we may extend 3 to a basis
y=BUaof V witha CV and SNa=1(0. As v is a basis, « is linearly independent. Let W5 = Span( ). Then « is a
basis of W5. By Question 1.6.33(a), V = Wy @ Wa.

b) Let Wo = {(z,z) : x € R} and W) = { (z,—2) : z € R}. It is easy to see that W5, W} are distinct subspaces of
2 2
V:R2, WlﬂWngVlﬂWz’:{O}, and W1+W2:W1+W2/:V, soV =W &Wy=W; EBWQ/

2.1.1. Label the following statements as true or false. In each part, V and W are finite-dimensional vector spaces (over F), and T is

a function from V to W.
(a) If T is linear, then T preserves sums and scalar products.
(b) U T(xz+y) =T(x)+ T(y), then T is linear.
(¢) T is one-to-one if and only if the only vector x such that T'(x) =01is z = 0.
(d) If T is linear, then T'(0y) = Ow.
(e) If T is linear, then nullity(T") + rank(T") = dim(W).
(f) If T is linear, then T carries linearly independent subsets of V' onto linearly independent subsets of W.
g) U T,U :V — W are both linear and agree on a basis for V, then T =U.
)

(
(h) Given z1,22 € V and y1,y2 € W, there exists a linear transformation T': V' — W such that T'(z1) = y1 and T'(z2) = ys.

Solution:
(a) True

(b) False. See Question 2.1.38.
(c) False. This only holds if T is linear.
(d) True




(e) False. This only holds if dim(V) = dim(W).

(f) True. See Question 2.1.14.

(g) True

(h) False. Consider the case where 1 = z9 and y; # ya.

2.1.9. In this exercise, T : R? — R? is a function. For each of the following parts, state why 7" is not linear.

(a) T(a1,a2) = (1,a2)

(b) T(a1,a2) = (a1,a3)

(¢) T(a1,as) = (sinay,0)
(d) T(a1,a2) = (las], a2)
(e) T(a1,a2) = (a1 + 1,a2)

Solution: For the sake of brevity, we will only give brief explanations on why the mappings are not linear rather than
complete proofs.

(a) 7(0,0) = (1,0) # (0,0)

(b) 2-T(1,0) = (2,2) # (2,4) = T(2- (1, 1))
(¢) 2-T(7/2,0) = (2,0) # (=1,0) = T(2- (7/2,0))
(d) —1-7(1,0) = (=1,0) # (1,0) = T(~1-(1,0))
(e) T(0,0) = (1,0) # (0,0)
2.1.15. Define .
T:P(R)—=P[R) by T(f)= ; ft)yde

Prove that T linear and one-to-one, but not onto.

Solution: Let f,g € P(R), ¢c € R. Then
e T(f+g) = fo fo dtJrfO dt =T(f)+T(g)
o T(cf) = [ycf(t dt—cfo t)dt = cT'(f)

Thus T is linear.

Let fEN(T). WLOG we may assume that f(z) =Y ;_, c;z’ for somen € N, ¢g,...,¢, € R. Then 0 = fo (t)dt =
oo Jocittdt = Y00 <zt By comparing coefficients, ;55 = 0 for all i € {0,...,n }, thus g = ... = 0, f =0.

This implies that T is one-to-one.
Suppose there exists f € P(R ) Such that T(f) =1 € P(R) is the constant 1 polynomial. Then for all a € R, 1 =T(f)(a) =

Jo f(t)dt. In particular, 1 = fo t)dt = 0. Contradiction arises. Hence 1 ¢ R( T ). This implies that T is not
onto.

Note

You can also show the last part by comparing the coefficients of T'(f) with 1.

2.1.19. Give an example of distinct linear transformations 7" and U such that N(7 ) =N (U )and R(T )=R(U ).

Solution: Consider V' = R being the (usual) real numbers, T,U : V' — V be defined by T'(z) = z and U(z) = —=z for all
x € V =R. Then it is easy to see that T, U are distinct, linear, and N(7 )={0} =N(U ),R(T )=V =R(U).




2.1.26. Let V be a vector space and W7 and W5 be subspaces of V' such that V = W; & W5. Assume that T': V — V is the projection
on Wy along Ws.

(a) Prove that T is linear and Wy ={z €V : T(z) =z }.
(b) Prove that Wy =R (T ) and Wo =N (T).

(c) Describe T if Wy =V.

(d) Describe T if W7 is the zero subspace.

Solution:
(a) We first show that T is linear.
Let v,0" € V and ¢ € F. As V = W; & Wa, there exists wi,w] € Wi and wy,w) € Wa such that v = wy + ws,
v = w] + w). By definition, T'(v) = wy and T'(v') = w}. Then
o T(v+v)=T(w +w) +wy+wh) =wy +wi =T(v)+T®) as w; + wj € Wi and wy + wh € Wa.
o T'(cv) =T (cwy + cw)) = cwy = cT'(v)) as cwy € Wy.

Since v,v’, ¢ are arbitrary, T" must be linear.
Let S={zecV:T(x)==z}.

Let w € Wiy. Then w = wy + 0 with wy; € Wy and 0 € Ws. As T is a projection, we must have T'(w) = w. As w is
arbitrary, W7 C S.

Let t € SCV. Then T(z) = z. Asz € V = W; @ Wa, there exists w; € W1, wy € Wy such that z = wy + we. As T is
a projection, ¢ = T'(z) = wy; € W7. As z is arbitrary, S C Wj.

Therefore, W1 ={z €V : T(z) ==z }.

(b) By the previous part, Wy ={z eV : T(x)=z }={T(x) eV :zeV,T(x) =2 } CR(T).

Let v € R( T ). Then there exists € V such that v = T(z). As ¢ € V = W; @ Wa, there exists wy € Wy, wy € Wa
such that * = wy + wo. As T is a projection, v = T'(z) = wy; € Wi. As v is arbitrary, R( T ) C W;.

Hence Wy =R(T).

Let w € Wo. Then w = 04w with 0 € W; and w € Ws. As T is a projection, T'(w) = 0,s0 w € N(T ). As w is
arbitrary, Wo C N (T).

Let z € N(T ). Then T(x) = 0. Since x € V. there exists w; € Wy, wy € Wy such that © = w; + we. As T is a
projection, 0 = T'(x) = w; and so x = we € Wy. As x is arbitrary, N (T ) C Ws.

Hence Wy =N (T).

(c) Suppose Wy = V. Then by part (a), V={2ze€V : T(z) =z }, so T(z) = z for all x € V. This implies that T is the
identity map on V.

(d) Suppose Wy = {0}. Then Wy = Wy + {0} = Wy + Wy = V. So by part (b), V = Wy =N (T ). This implies that T is

the zero map.

Note

In this question, we do not need to verify that T is well-defined (unlike the next question, Question 2.1.27). This is because
we are already given a mapping 7' and assume that it has a certain property (being a projection).

2.1.27. Suppose that W is a subspace of a finite-dimensional vector space V.
(a) Prove that there exists a subspace W’ and a function T : V' — V such that T is a projection on W along W".

(b) Give an example of a subspace W of a vector space V such that there are two projections on W along two (distinct)
subspaces.

Solution:

(a) Since V is finite-dimensional, W is also finite-dimensional. Let 5 C W be a basis of W. By Extension Theorem, 5 can
be extended to a basis a = S U~ of V where y CV and yN B = 0.
Let W’ = Span( v ) C V. Then W’ is a subspace of V. Also, V = Span( « ) = Span( fU~ ) = Span( 8 ) + Span( vy ) =
W1 + Ws. Furthermore, dim(Wh) + dim(Ws) = | 8|+ | v | =| B | = dim(V), so by Question 1.6.29, V = W; & Wa.




By Question 1.3.30 (in the previous homework), for each € V there exist unique wy; € Wi and wy € W> such that
x = wy +ws. Define T : V — V by T(x) = wy for each x € V where w; is from the decomposition. Then T is
well-defined from the existence and uniqueness of such decomposition.

It remains to show that T is a projection on W along W’. Let x € V be such that x = w; + ws for some w; € Wy,
wg € Wa. Since V. = Wy @ Wy, such decomposition is unique. So by the definition of 7" we have T'(xz) = w;. As z is
arbitrary, T is a projection on Wy along Ws.

Hence there exists a subspace W’ and a function T : V' — V such that T is a projection on W along W'.
(b) Let V = R? be the (usual) real plane, W; = { (z,0) €V : e R}, Wa={(z,2) eV : 2 eR}, Wi ={(z,—2) €V :

x € R }. Tt is easy to see that Wy, Wy, W are subspaces of V., Wy #£ W4, and V = W @ Wo = Wy @ W). Define T, T’
to be the projection on W; along Ws and the projection on W; along W3 respectively as in the last part.

By Question 2.1.26 part (b), we have N(T ) =Wy # W, =N(T"),s0o T #T".

2.1.28. Assume that 7 : V — V is linear. Prove that {0}, V,R( T ),N (T ) are all T-invariant.

Solution:

e For each v € R(

o T{0} = {T(0)} =
e By definition, for each v € V, T(v) € V, thus T(V) CV

e Foreachv e N(T

Therefore, {0}, V,R(T

{0}

T ) we have by definition of range that T'(v) € R( T

T)

) we have T(v) =0 N(T ),so T(N(T)) CN(

),N (T ) are all T-invariant.

), s0 T(R(T)) SR(T)

2.1.31. Assume that W is a subspace of a vector space V and that T': V — V is linear. Suppose that V' = R(
T-invariant.

(a) Prove that W C N(T).
(b) Show that if V' is finite-dimensional, then W =N (T ).

(¢) Show by example that the conclusion of (b) is not necessarily true if V' is not finite-dimensional.

T)® W and W is

Solution:

(a) Let w € W. Since W is T-invariant, T(w) C W. By definition, T(w) € R(T ), so T(w) € WNR(T). AsV =
R(T)®sW,R(T)NW ={0}. Hence T(w) =0, w € N(T ). As w is arbitrary, W C N (T").

(b) By dimension theorem and the result of Question 1.6.29(b), dim(V) = dim(R( 7)) + dim(N(T")) > dim(R(T)) +
dim(W) = dim(V). Hence dim(R( 7T )) + dim(N (7)) = dim(R( T )) 4+ dim(W) and so dim(N (7)) = dim(W). As
WCN(T),W=N(T).

(c) Let V be the (real) vector space of real sequences. Let T : V' — V be the left shift operator from Question 2.1.28. Then
T is linear, and R(T ) =V. Let W = {0} C V. Then W is T-invariant, and V =V @ {0} = R( T ) ® W. However,
N(T)=1{(0,a2,a3,...) €V : eER}A{0} =W

az,as, ...

2.1.32. Assume that W is a subspace of a vector space V and that T': V' — V is linear. Suppose that W is T-invariant. Prove that
N(Tw )=N(T)NnW.

Solution:

(a) Let w € N( Tw ). By definition, w € W. Also, T'(w) =
Aswlsarbltrary,N(TW)QWON(T).

Tw(w) =0, s0w € N(T). This implies that w e WNN (T ).

(b) Let we WNN(
Therefore N ( Tw ) =

T). Then T(w) =0. As w € W, Ty (w) is well-defined and Ty (w)
WAN(T).

=T(w)=0,s0weN(Ty).




2.1.39. Prove that there is an additive function T : R — R that is not linear.

Solution: Let 8 be a Q-basis of R. By cardinality argument, 3 is infinite, and so has at least two distinct elements. Let
x,y € B be distinct. Define T: R — R by

y ifv==x
Tw)=<z ifv=y
v ifvé¢{zy}

for v € B and extend Q-linearly. As [ is a Q-basis, T is a well-defined Q-linear map. In particular, T is additive.

We now show that 7' is not R-linear. As z,y € f3, neither of them is 0. Let ¢ = y/xz € R. Then T(cz) = T(y) = =z, and
cl(z) = cy = y?/x.

If T is R-linear, we would have x = T'(cx) = ¢T'(x) = y?/x. This would imply that y = x or y = —2z and so 3 D {z,y} is not
Q-linearly independent, which is a contradiction to the assumption that 8 is a Q-basis. Hence T is not R-linear.

In particular, there exists an additive function from R to R that is not linear.

Note

Compare this with Question 2.1.37 and 2.1.38.
The explicit construction of S turns out to be a complicated matter. See this (and other relevant) answer on MO.

With 8 we can show a few more “surprising” results, including: for every positive integer n > 2, there exists n periodic
functions fi,..., fn : R = R such that x = f1(z) + ... + fn(z) for all z € R.

2.1.40. Let V be a vector space and W be a subspace of V. Define the mapping n: V — V/W by n(v) =v+ W forv € V.
(a) Prove that 7 is a linear transformation from V onto V/W and that N(n ) =W.

(b) Suppose that V is finite-dimensional. Use (a) and the dimension theorem to derive a formula relating dim(V), dim(W), and
dim(V/W).

(¢) Compare the method of solving (b) with the method of deriving the same result as outlined in Exercise 35 of Section 1.6.

Solution:

(a) We first show that 7 is linear. Let z,y € V, ¢ € F. Then

ety =(x+y)+W=(x+W)+y+W)=n(x)+ny)
o n(cx) = (cx) + W =c(x + W) = en(z)
As z,y, ¢ are arbitrary, n is linear.
For each S € V/W, we have by definition of V/W that S = v+ W = n(v) for some v € V. Thus 7 is onto.
By the result of Question 1.3.21 (from the previous homework), for each v € V, n(v) = v +W = W = Oy, if and only
if v € W. This implies that N(#n ) = W.
(b) By dimension theorem, dim (V') = nullity(n) + rank(n) = dim(N ( n )) + dim(R( 7)) = dim(W) + dim(V/W).

(¢) Exercise 3.5 of Section 1.6 is done by constructing a basis for V/W directly from extending a basis of W to a basis
of V. In view of the dimension theorem employed here, the proofs are similar: dimension theorem is also shown by
extending a basis of the null space and arguing that the extended part corresponds to the range; in Exercise 3.5, the
basis constructed is exactly the extended part.



https://mathoverflow.net/a/46065

