2022 Fall Real Analysis I 1

(1)

Suggested Solution 8

Let f,g € LP(u), 1 < p < co. Show that the function

@(t)Z/X!ertglpdu

is differentiable at ¢t = 0 and
P'(0) = p/XIfI”‘ng dp.

Hint: Use the convexity of t — |f + tg|P to get

|f +tgl? = [fIP < t(|f + 9P = [fI"), t>0

and a similar estimate for ¢ < 0.
Solution. Recall that for any convex function ¢ defined on [0, 1], one has the elementary

inequality

90(751 - g(o) < 90(1; - g(o), vt e (0,1),

which could be deduced from the definition of convexity. For p > 1,z € X, the function
o(t) = |f(x) + tg(z)P is differentiable and convex whenever f(x) and g(z) are finite, which

can be seen from ¢’ (t) > 0. Applying the inequality above to this particular convex function,

We have

1
Al +tgl” = 1fFy < 1f + 9" = [P, Vi€ (0,1).
By replacing ¢t with —t, we obtain a similar inequality

7P ~1f = g < T{IF + 19 ~ |fIP}, Vi € (~1,0).

Now the desired result follows from an application of Lebesgue’s dominated convergence

theorem.

Suppose f is a measurable function on X, u is a positive measure on X, and

o(p) = /X P dp=£I7 (0 <p < oo).

Let £ = {p: p(p) < oo}. Assume | f|,, > 0.
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(a) If r<p<s,re€E, and s € E, prove that p € E.
(b) Prove that log ¢ is convex in the interior of F and that ¢ is continuous on E.

(c) By (a), E is connected. Is E necessarily open? Closed? Can E consist of a single

point? Can E be any connected subset of (0, 00)?

(d) If r <p <s, prove that || f[|, < max([|f||,,[|fll;). Show that this implies the inclusion
L"(p) N L3 () © LP(p).

(e) Assume that ||f||, < oo for some r < oo and prove that

1Fll, = I fllee asp— o0

Solution.

(a) Write p=Ar+ (1 — \)s for 0 < A < 1. By Holder’s inequality,

A 1—X
_ Ar . s r s
/le\pdu—/xlfl 11— Nsdp < (/Xm du) (/er\ du) ,

which shows that ¢ is finite on [r, z]. It follows that E is an interval.

(b) Rewrite the inequality above as
PO+ (1= A)s) < p(r)* - p(s)' ™ (0<A<D).
It is also true for A = 0, 1. Hence for all A € [0, 1],
log o(Ar 4+ (1 = A)s) < Alogp(r) + (1 — ) log p(s).

since log is increasing. Thus log ¢(p) is convex on [r,s]. Hence p(x) is continuous in
the interior of E. It follows form monotonicity applying to x|r~1/ and x|f<1f that

¢(x) is also continuous on OF.

(¢) Let X = (0,00) with the Lebesgue measure. E can be any connected subset of (0, c0).

The basic functions to consider are of the form z* and x*|logz|™ near z = 0 and
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x = 0o. Define

It is easy to see that [ grdz < oo iff K > —1 and [, hpdr < oo iff & < —1. Since
|logz| < Cee @ for 0 <& <1 and all € >0, [y g mda is finite for k£ > —1 and infinite

for £k > —1. For k = —1, direct computations by substituting v = log z yield

1/2 00
/gk,mdac:/ :E_l\logm|mdw:/ u"du,
X 0 log 2

which is finite iff m < —1. Similarly, one can show f < himdx is finite for £ > —1 and
infinite for £ > —1. If £ = —1, the integral is finite if and only if m < —1. Note that
gr = Yok gzym = gpkpm and similarly for h.

Now for f = g_1,—2 +h_1,—2, one has £ = 1. For F = 0, take f = g1+ h_1. To get
E = (0,00), one may take f = eI, For E = [1,p), take f = g—1/p+h-1,—2. Similarly

it is easy to see that E can be any connected subset of (0, 00) for choosing f properly.

(d) From Q2(a), we have

A 1-X
It = foe< (L) (L) =isnee

< (max {|| £, | £lsH)" (max {|| ], | £]1:3)°C
=max {||f|r || flls}*

Obviously, if || f]|, < oo and || f[|; < oo, then [|f||, < oc. Thus L"(u) N L*(p) C LP(p).

(e) Denote E, := {z : a < |f(x)|} for every 0 < a < || f]|,, then 0 < p(E,) < oo.
([[f]l, < oo implies p(Eq,) < oc.) Thus

171, = ( /. \f\pdu> s ( [ du)l/p > a(u(Ea)),

which implies lim ||f||, > a. Since a is arbitrary, we have lim ||f||, > [|fllo
p—00 p—00
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On the other hand, for p > r,

1/p
11, = ([ 15 1slrd) < 1A A1,

which implies p@o [ £ll, < [Ifllo- In conclusion, we have
Tim [l = £l
(3) Assume, in addition to the hypothesis of the last problem, that
u(X) = 1.

(a) Prove that ||f||, <[ fll,f0<r <s < oo.
(b) Under what conditions does it happen that 0 <7 < s < oo and || f||, = || f|l; < o0?

(c) Prove that L"(n) D L*(p) if 0 < r < s. Under what conditions do these two spaces

contain the same functions?

(d) Assume that ||f||, < oo for some r > 0, and prove that

lim ||, = exp { / loglf!du}
p—0 X

if exp{—oo} is defined to be 0.
Solution.

(a) If s < 0o, the conclusion from from Hélder’s inequality,

JALRTE </}(|f|sdu>T/s (/deu>”/8=||f|r£'

If s = o0, the desired result follows from

1/r
Wl < 1l (/Xl du) 1l

(b) From the equality sign characterization in the Holder inequality it is easy to see that

1£1l, = Iflls < oo if and only if [f] = [[f]loc < oo a.e..

(c) We claim that under the condition u(X) < oo, L"(u) = L*(p) for 0 < r < s < oo if

and only if the following property (call it L) holds:
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There exists 9 > 0 such that for any measurable set £ C X with u(E) > 0 we have
w(E) > ep.

In fact, if Property L holds, let f € L"(u) and denote E,, := {z : |f| > n}. Then
there exists ng € N such that u(E,,) = 0 and thus f € L*°(u). Otherwise for all n,
w(Ey) > 0. Thus p({z : |f(z)| = oo}) > nl;n;ou(En) > ¢o and then [|f||, = oo, a
contradiction.

Conversely, suppose there is a sequence of measurable sets { £, } with 0 < p(E,) < 37™.

Without loss of generality, E,, are mutually disjoint. Denote a,, := p(E,) and define

o0
Za;l/SXEn, if s < o0,
f: no:ol )
ZQ;EXEM if s = o0.
n=1

Then f € L™ but f ¢ L*. The proof is completed.

(d) Note x —1 —logz > 0 on [0,00) implies that

/ log | f|du < oo.
{If1>1}

If p({|f] = 0}) > 0, it suffices to proves the equality by showing lim, ¢ || f]|, = 0.

There is a small s > 1, with s’ be its conjugate s.t.

1
1flly = {/X |FIPx =0y dp}?
o
< (u{|f] > 0})*||f||sp by Holder inequality

({1 f] > 0T | fll, — 0 as p— 0

IN

We may suppose co > |f| > 0 a.e. By Jensen’s inequality, we have

1 1
log 1, = > log /X frau /X log | fIP dy = /X log || dy.

A1 =1

On the other hand, z — 1 —logz > 0 on [0, co0) implies > log || f||,- Thus

fP=1
log | f|dp < log || f][, < dp
X x P

1P =1
p

is

since u(X) = 1. Note that by convexity of the map p — |f|P we have
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(4)

(6)

P_1
=1 o,
p

By Lebesgue’s dominated convergence theorem for |f| > 1 and monotone convergence

€ LY(p) and lim

p—0

P—1 -1
increasing in p, which implies /] < f]
r

theorem for |f| < 1, we have

P_1 P_1 P_1
lim/Udu:hm/ mdu—i—lim/ mduz/logmdu.
p=0)x P =0 Jyjfz1y P PO f1<1y P X
Thus by sandwich rule

i 1, = o { [ 1og]1du
p—0 X

For some measures, the relation r < s implies L"(u) C L*(u); for others, the inclusion is
reversed; and there are some for which L"(x) does not contain L*(p) is r # s. Give examples
of these situations, and find conditions on p under which these situations will occur.

Solution.

First, we give examples of these situations:

(a) For X = [0, 1] with usual Lebesgue measure, we have L" () D L*(p) if r < s.
(b) For X = N with counting measure, we have L"(u) C L*(u) if r < s.

(¢) For X =R with usual Lebesgue measure, we have L"(u) # L*(u) if r # s.
Second, we give simple conditions on p under which these situations occur correspondingly:

(a) u(X) < oo.
(b) Property L in 6(c) holds.

(¢) u(X) = oo and Property L in 6(c) fails to hold.

Suppose p(£2) = 1, and suppose f and g are positive measurable functions on € such that

[t [gdu=1.
Q Q

Solution. Since fg > 1, we have y/fg > 1 and so by Holder’s inequality,

1§/Q\/?\/§du§ (/Qfdu>1/2 (/diu>1/2= </Qfdu~/ggdu>l/2-

Suppose ©(2) =1 and h : Q — [0, 00] is measurable. If

A:/hdu,
Q

fg > 1. Prove that
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prove that

\/1+A2§/\/1+h2du§1+A.
Q

If 11 is Lebesgue measure on [0, 1] and if & is continuous, h = f’; the above inequalities have a
simple geometric interpretation. From this, conjecture (for general 2) under what conditions

on h equality can hold in either of the above inequalities, and prove your conjecture.

Solution.  The function ¢(z) = V1 + 22 is convex since its second derivative is always

positive. Hence the first inequality follows from Jensen’s inequality. The second equality

follows from |Q] =1 and V14 22 <1+ z for all z > 0.

In the case that Q = [0,1] with x the Lebesgue measure and h = f’ is continuous, then

fol V14 (f)2dz is the arc length of the graph of f. Then A = f(1) — f(0). The first
inequality means that the straight line is the shortest path while the second inequality

means the longest path is the segment from (0, f(0)) to (1, f(0)) and then going up until
(1, £(1)).

The intuition from this suggests that the second inequality is equality if and only if h =
0, a.e., and the first inequality is equality if and only if A = A, a.e. The first claim is clear since
V1422 =14ziff x = 0If h = A, a.e, then trivially the first inequality holds. Conversely if
the first inequality holds, it follows from an examination of the proof of Jensen’s inequality

that ¢p(A) = ¢(h(z)),a.e., so h = A, a.e. since ¢ is injective on [0, 00).

(7) Optional. Suppose 1 < p < oo, f € LP = LP((0,00)), relative to Lebesgue measure, and

F(m):i/oxf(t)dt (0 <z < o).

(a) Prove Hardy’s inequality
I1El, < 2 151,
which shows that the mapping f — F' carries LP into LP.
(b) Prove that equality holds only if f =0 a.e.

(c) Prove that the constant

1 cannot be replaced by a smaller one.
p—

(d) If f >0and f € L', prove that F ¢ L.

Suggestions: (a) Assume first that f > 0 and f € C.((0,00)). Integration by parts gives

/0 T PP(a) do = —p / T (e F (2) da.

0



2022 Fall Real Analysis 1 8

Note that zF’ = f — F, and apply Holder’s inequality to /Fp_lf. Then derive the general

case.

(¢) Take f(z) = 2~ YP on [1, A], f(x) = 0 elsewhere, for large A. See also Exercise 14, Chap.
8 in [R].

Solution. In fact we can show the inequality

/ FPde < 2 / FIFP de.
0 p—1Jy

p
(a) F[1F[p < E”pr’f € L7(0,00),p € (1,00)
Let f € C.(0,00), f >0, first
/ FP(z)dz = :z;Fp(x)lgo —p/ FP F ady
0 0
= 0—19/ FP=H(f = F)dz,
0

SO
oo p (o.)
/ FP(z)dz = / FP1fdg. (1)
0 p—1Jo
By Holder’s inequality,

Oopxx L Oopx x%
| s < g [T Praanying,

and (a) holds.
Now, for f € C.(0,00), use

1 T
\Frg/ /)
z Jo

Finally, for f € LP(0,00), let f, € C.(0,00), fn — fin LP. Use an approximation

to get the same inequality.

argument to show {F,} is Cauchy and tends to F' in £P norm.
(b) F” =" hold iff f =0 a.e.
Let f satisfy

p
HFHp=ﬁHpr-
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If f changes sign,

)= /0 fldt

= p
1Fllp > 1 Fllp = P Al

Impossible. Therefore f > 0 say. By an approximation argument one can show that (1)

holds for f > 0, f € LP. Following the proof in (a) one see by the equality condition in

Holder’s inequality that fP = const (FP~1)4, which implies there exists some positive

constant ¢ such that F(x) = cf(x) a.e. Express this as an ODE for F' and and solve
it to get f =0 if f € LP(0,00).

(c¢) Define

Then || f]|, = (log A)Y/P and

Suppose on the contrary that the constant

e P if x e [1, Al
flz) =
0, otherwise.
0, if z € (0,1),

b 7 can be replaced by 7p1 for some

v € (0,1). Then there exists § € (7y,1). Note that there exists Ag > 1 such that for
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1 1
x> Ag, 2 » —x~! > 6z ». Then for sufficiently large A > Ay,

A
I >7p r ldx
p—1J4,

J

= _pl(logA —log Ay)
p

p—1

> log A

__p p
=22

This implies || F||, > % [pll if A is sufficiently large. Contradiction arises.
p—

o
(d) Since f > 0 on (0,00), there exists zg > 0 such that ¢y := / f(t)dt. Then
0

%) o0 | T o0 | o %) co
F(x)dx = — | f(t)dtdz > - fdtdx > — dz = o0,
xo x0 z Jo xo z Jo xo x

showing that F ¢ L.



