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Abstract

We survey some recent results concerning the motion of 3D water waves described by the compressible Euler equations
in an unbounded domain with a moving top boundary and a fixed flat bottom. The water waves are influenced by gravity
and surface tension, and the velocity is not assumed to be irrotational. These notes provide an overview of the recent results
concerning compressible water waves. Specifically, we exhibit a newly developed unified approach through which we can prove
the local well-posedness, incompressible limit, and zero surface tension limit in one attempt.
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Introduction

We study the compressible Euler equations describing the motion of a barotropic liquid:

p0; +u-Vu+Vp+pge; =0, in D,
0,0+ V-(pu) =0, in D,
p = p(p), in D,

where D = Uyepo,r{t} X O, with D, to be the moving domain filled with the liquid given by

In the sequel of these notes, we use X, = {x3 = (%, x|, x2)} to denote the moving surface boundary, while X, = {x3 = —

D, = {(x1,x2,x3) €R® 1 =b < x3 < Y(t, x1,x2)}, b > 10.
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(1.1)

} to

denote the fixed flat bottom. Also, we will consider the case when X; N %, = (). This is easy to achieve in a short time interval
by assuming [[/(0, )l .~r2) < 2.
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In (1.1) above, we denote by u, p, p the velocity, density, and pressure, respectively. Meanwhile, the fluid is under influence
of the gravity given by pges, where g > 0 is the gravitational constant and e3 = (0,0, 1)”. The equation of states p = p(p) is
assumed to be a strictly increasing function,

p'(p) >0, whenever p > po,

which is required so that the system of equations (1.1) is closed. Here, py is a positive constant in the case when the fluid is a
liquid, as opposed to a gas where the py = 0. For simplicity, we assume py = 1 in the sequel.

1.1 The initial and boundary conditions
Let D; = 0; + u - V be the material derivative. For the free-boundary problem (1.1) to be solvable, we impose the initial data
Dili=0 = Do,  ul=0 = uo,  Pl=o = Po, (1.2)
as well as the boundary conditions
D/s, € T(X), pls, =0H, andiu’ls, =0. (1.3)

In the first boundary condition, T'(%,) is the tangent bundle of Z,, and D,|s, € T(Z;) is the so-called kinematic boundary
condition, which states that the free interface moves with the normal component of the velocity (See the remark after Notation
3.1). The second boundary condition states that the pressure agrees with the surface tension on the moving boundary, where
o > 0 is the surface tension coefficient, and H is the mean curvature. Finally, the third boundary condition is the standard slip
boundary condition imposed on the fixed flat bottom.

1.2 The equation of states, Mach number, and Rayleigh-Taylor sign condition

One infers from the definition that the equation of states p = p(p) provides a one-to-one correspondence between the pressure
and density of the fluid. Physically, the sound speed of the fluid is given by

cs(p) := \/p’(p).

It is known that “the stiffness” or “the incompressibility” of the fluid is measured by c¢,. Particularly, the fluid becomes
incompressible if ¢y = +oo.

We are interested in the behavior of the water waves as c; tends to +oco. Mathematically, we can simplify this procedure
by viewing the sound speed as a family of parameters. As in [9, 10, 11, 30, 31], we consider a family of pressures {p, (p)}
parametrized by A’ € (0, +o0) satisfying A" := +/p’,(p)lp=1. From now on, we shall refer to the number A’ as the sound speed
after a slight abuse of terminology.

A standard choice of the equation of states would be

1
pa(p) = —(1)*(p” — 1), for some fixed y > 1.
Y
On the other hand, let 7,(p) := log(p(p)) with A = (V)~'. Then
1
log(pa(p)) = = log (y2’p+1).

Since the Mach number = uc;! in physics, and because we expect that our velocity u remains bounded! in the interval of
existence, we shall again slightly abuse the terminology and call A the Mach number.

On the other hand, when the surface tension is absent (i.e., o = 0), the compressible water waves (1.1), (1.2)—(1.3) is known
to be ill-posed [12] unless the Rayleigh-Taylor sign condition

—Vyp=2c>0, N=(=0,—-0w, 1) (1.4)

holds. In other words, the Rayleigh-Taylor sign condition has to be imposed while taking the zero surface tension limit. Since
we are taking the localized initial data (i.e., u decays to 0 as |x| — +o0), the presence of the gravity is essential to ensure
that (1.4) remains valid everywhere on Z,. This can be seen by taking the normal component of the momentum equation
P@; +u-Vyu = —(Vp + pges).

Moreover, we mention here that (1.4) will be modified slightly to fit the energy estimate in Section 4 because the moving
boundary is a graph (see (4.3)).
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1.3 Some existing related results concerning water waves

The study of water waves has blossomed over the past three decades or so. Most of the previous studies focused on the
incompressible and irrotational water waves”, where the incompressible velocity w satisfies V-w = 0 and V x w = 0, and
the density p = 1. The irrotational assumption is a condition that is preserved by evolution by studying its evolution equation
obtained by taking the curl operator to the momentum equation. Also, it is important to mention that the fluid pressure p is no
longer determined by the equation of states but appears as a Lagrangian multiplier enforcing the divergence-free constraint.

The first breakthrough came in Wu [43, 44], where the LWP for both 2D and 3D incompressible water waves is established
assuming V X w = 0. Meanwhile, the incompressible and irrotational water wave problem has attracted great attention for the
long-time existence of small solutions. Previous works mostly focused on the case of an unbounded domain diffeomorphic to
either the lower half-space (i.e., infinite depth) or the strip R~! x (—=b,0) (d = 2,3), and we refer to Wu [45, 46] for the first
breakthrough, and numerous related works [13, 14, 2, 24, 8, 19, 18, 20, 21, 42, 48]. See also [22, 39] for some special cases
when the vorticity is nonzero.

On the other hand, the theory concerns compressible water waves are much less well-developed. Most previous works study
the motion of a compressible liguid with free interface focus on the case of bounded domains. We refer to Lindblad [28, 29]
for the first existence result using the Nash-Moser iteration, and other related works [7, 15] for LWP using the classical energy
method. In the compressible gravity water wave problem without surface tension, Trakhinin [40] was the first to prove the LWP
via the Nash-Moser iteration which leads to a loss of regularity from initial data to solution. In [33], the author and Zhang
proved the LWP for the compressible gravity water waves using the classical energy approach. Very recently, we proved the
LWP for the compressible gravity-capillary water waves in [32].

1.4 Some existing results concerning the incompressible and zero surface tension limits

The incompressible limit for Euler equations has been studied extensively in absence of the moving surface boundary, see, e.g.,
[25, 26, 11, 38, 41, 4, 23, 35, 1, 9]. However, much less is known about the incompressible limit of free-surface inviscid fluids.
The first result was due to the author’s paper with Lindblad [30] for the case of a bounded domain and zero surface tension.
Later, the author extended the result of [30] to study the compressible gravity water waves [31], which appears to be the first
result that concerns the incompressible limit of the gravity water waves. Also, in [10], Disconzi and the author proved the
incompressible limit for the free-boundary Euler equations in a bounded fluid domain with surface tension.

We remark here that although we can obtain a solution for the compressible gravity water waves through the energy proposed
in [33], it is not uniform in the Mach number and thus we cannot derive the incompressible limit while constructing the solution.
Moreover, the energy constructed in [31] is based on the Christodoulou-Lindblad Q-tensor introduced in [6] and it turns out
to be difficult to use this energy to prove the local existence. Recently, Zhang [47] extends the method of [33] to study the
compressible elastodynamics and obtain the local well-posedness and incompressible limit together. However, we find that it
is difficult to adapt the methodology of [47] to the case with surface tension’.

As for the zero surface tension problem, Ambrose and Masmoudi [3] considered the irrotational 2D incompressible water
waves. See also [36] for incompressible water waves in general spatial dimensions. As for the free-boundary compressible
Euler equations, Coutand, Hole, and Shkoller [7] proved the LWP and the zero surface tension limit in a bounded domain.

1.5 Main objectives

We survey the results in recent papers by the author and J. Zhang [32] and [33] but with a focus on the former. Particularly, we
prove:

a. The local well-posedness (LWP) of the motion of compressible gravity-capillary water waves with vorticity. Given
sufficiently smooth initial data, we show that there exists a T > 0, depending on the data, such that (1.1) equipped with
(1.2) and (1.3) admits a unique solution (¥(%), u(z), p(t)), ¥Vt € [0, T].

b. (1), u(r), p(r)) converges to the solution of the incompressible gravity water waves with vorticity when both the Mach
number A and surface tension coefficient o~ tend to 0, provided that the Rayleigh-Taylor sign condition holds.

2When the velocity w is divergence and curl-free, its potential, denoted by &, is a harmonic function. Then this allows one to reduce the incompressible
free-boundary Euler equations to a system of equations on the moving interface. In other words, one can reduce the original system of equations defined on a
strip to a new system defined on Z;, which is close to R? if ¢ is small. However, no parallel formulation of this kind exists when studying compressible water
waves with vorticity.

3Zhang [47] studied the free-boundary elastodynamics using Lagrangian coordinates. We shall explain in Subsection 2.3 on the difficulties when surface
tension is taken into account.



We achieve these objectives by introducing a carefully designed approximate system of equations that are asymptotically
consistent with the energy estimate. Specifically, we show that this energy estimate is uniform in A, as well as in o with
the Rayleigh-Taylor sign condition. We refer to Theorems 4.2—4.3 for the precise statements related to the aforementioned
objectives. Moreover, it is not hard to see that (b.) implies:

b.1. (The incompressible limit) (¥ (), u(z), p(t)) converges to the solution of the incompressible gravity-capillary water waves
with vorticity when 1 — 0, while keeping o > 0 fixed.

b.2. (The zero surface tension limit) (¥ (¢), u(t), p(¢)) converges to the solution of the compressible gravity water waves with
vorticity when o — 0, while keeping A > 0 fixed, provided that the Rayleigh-Taylor sign condition holds.

Remark. It can be seen from (b.2) that we can obtain the LWP proved in [33] from the LWP for the gravity-capillary water
waves in [32] by taking o — 0. Nevertheless, the approach we have in [33] is different compared to that in [32]. This will be
explained in the upcoming section.
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2 Reformulation in Lagrangian coordinates
We convert the free-boundary compressible Euler equations to a system of equations defined on the fixed domain
Q:={(x1,x2,x3) : =b < x3 <0},

whose boundaries are X := {x3 = 0} and ¥, := {x3 = —b}, respectively.

2.1 The Lagrangian coordinates

A commonly used method here is to employ the Lagrangian coordinates, which are characterized by the flow map of the
velocity. Denoting by 1 : [0, T] X Q — D be the flow map, then 7 satisfies

aﬂ](t, .X) =uo T](t, x)? 77(07 -x) = 1o,

where 19 : Q — Dy is a given diffeomorphism. Let the cofactor matrix be a = (dn)~', specifically with a“* := %, and
ah, = 6,,a" . This is well-defined in the time interval [0, T] when T is sufficiently small. Let f be a smooth function defined in
D. In these new coordinates, it can be seen that

f . 0(fomn)

0
th = at(fo 77)’ Va/f = % = dgy ax
@ H

In other words, although D is reduced to d,, new nonlinearities are introduced through the spatial derivative V.

2.2 Methodology of [33]: A brief review

We proved the LWP for the compressible gravity water waves with infinite depth (i.e., o0 = 0 and b = +o0) in [33] by expressing
(1.1), (1.2) and (1.3) in [0, T] x R3(= {x € R? : x3 < 0}) via the Lagrangian coordinates. By introducing the enthalpy & = h(p)
defined by

P
h(p) = f portdl,
1
the first two equations in (1.1) become

81(” ° n)w + (Vu)a(h © 77) = —&es,

(2.1
(Vo) - (wom) =—0;logp(hon),



where (V,)q := aﬁaxﬂ, with the boundary condition
hon=0, on?X. 2.2)

It is well-known that the a priori energy estimate of (2.1)—(2.2) does not lead to LWP directly, since it cannot be carried over
to study the linearized equations as the structure of original equations is destroyed by linearization on X. To overcome this
difficulty, we need to design a approximate system of equations indexed by « > 0 that is asymptotically consistent with (2.1)—
(2.2), which admits an approximate solution (1, u o1y, hon,) that converges to the solution of (2.1)—(2.2) in H* (for some large
s > 0, say, e.g., s = 4.) as k — +oo. In [33], such approximate equations are constructed via smoothing the nonlinear cofactor
matrices in the tangential direction (i.e., the (x, x;)-direction, see Definition 5.1 for details), and introducing a correction term
¢ on the RHS of the transport equation of i, which then becomes 9,7 = u o i + ¢. This correction term* ¢ is utilized to kill
the top-order boundary terms in the energy estimate generated by the tangential smoothing. We refer to [33, Section 2] for the
detailed construction of ¢.

2.3 Some Major difficulties when studying compressible water waves with surface tension using
Lagrangian coordinates

However, it appears that it is difficult to use the Lagrangian coordinates to prove the LWP for the compressible water waves
when o > 0. Let g;; = 0,17+ 0;n with 1 < i, j < 2 to be the induced metric on X, and A, is the Laplacian associated with g. The
boundary condition p = oH becomes

ponls =—-0Agn-n, (2.3)
aT63

where n = 7% is the Eulerian unit normal of the moving surface boundary expressed in Lagrangian coordinates. Moreover,

let J = det(dn) and A = Ja. Because of A3, = \/IEI where |g| = |detg|, we may re-express (2.3) as

A (pon) = -0 lglAgn - mn”, (2.4)

which is easier to apply in the energy estimate. Now, we need the Hodge-type div-curl estimate (see, e.g., [17, Lemma 2.7],
and the reference therein) to obtain the control of 8f(u on) e H* (Q),k=0,1,2,3,4.

Lemma 2.1. Let X be a (smooth) vector field defined on Q. Denote by d= (0y,, Oy,) the tangential derivative, it holds that
X1y < CUAFllwrs Il ay) (K12 + 1V X1y + 1V X Xlcs g + 10 X112 ) - 2.5)

Let X = d(u o n) and s = 4 — k. Then we infer from (2.5) that the control of [|3(u o 1)||+-q) requires that of [|[3**d¥(u o
M2y Let us consider only the case when k = 4, i.e., full-time derivatives. Taking d* to the momentum equation’

(P omdi(uomny +(Va)o(pon) =—(ponges,

and testing it with 8} (u o 17) in L*(Q), (2.4) yields the appearance of the following boundary integral:

I=0 fﬁf(u o 17)06?( \/IgTIAgn -nn®)dsS.
b3

Invoking the identity B
Agnaf — gljaxl'[)x,n . I’li’la,

we obtain

Ifo fz Viglg' 3t (u 0 m)en®8} (05,05 - n)dS = o fz Viglg 1} o ) - (878,05, (u 0 ) - m)]dS.

4This correction term is not required when the surface tension is present.
5Note that we do not use the enthalpy formulation (2.1) here since it is easier (and more natural) to impose the surface tension on pressure.
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Notation 2.2. Here and throughout, A = B means that A = B modulo some easy-to-control lower-order terms or minor error
terms.

Therefore, after integrating 0,, by patts in the last integral above, we find that / contributes to the energy term

do

y d
) fz Viglg10, 3} (G o 1) - m1L6,, 6] (@ o m) - m1dS ~ == Ziwo ) -l 26)

Nevertheless, there are some major error terms generated while producing (2.6), e.g.,

o fz Viglg[(w o n) - 8} nl[8; By, (u 0 ) - B,,m)] dS. 2.7)

2
H'(2)
on the RHS of (2.6). This is possible in the incompressible case as one can boost the interior regularity of 8*(uon), k = 0,1,2,3
by a half derivatives (see [16, Section 3] for details). However, this no longer holds in the compressible case, and one has to
invoke a dedicated cancellation scheme to achieve control instead. On the other hand, this cancellation scheme is destroyed
when treating the approximate equations, since the Eulerian normal n in (2.4) will be replaced by the tangentially smoothed
version. Fortunately, we find out in [32] that this is no longer an issue by fixing 9; using the coordinates characterized by the
moving boundary as a graph x3 = ¥(t, x1, x). This shall be discussed in the following section®.

Since d}n gives 5(9? (u o 1) at the leading order, this term requires us the control of |37 (u o 1)| which is not the energy term

3 Reformulation in the coordinates characterized by y(z, x;, x;)

Recall that we assume the free interface £, = {x3 = (¥, x1, x»)} does not touch the fixed flat bottom ¥, = {x3 = —b} within
[0,T], we may assume b > 10 and [[ll~r2) < 1 for simplicity. We consider a family of diffeomorphisms @(z,-) : Q — D,
given by

(2, x1, X2, x3) = (8, X1, X2, (2, X1, X2, X3)),

where (2, x1, X2, x3) = x3 + y(x3)y(t, X1, x2). Here, y € C2°(=b, 0] is a smooth cut-off function satisfying

1

MR :1 _6 ’03
Wollmay + 17 X = 1 on 2000l

I llzesp.07 <

for some &y > 0 chosen sufficiently small. Throughout the rest of these notes, we set

X =(x1,x), and x = (x',x3),

0
dj=-—, j=123,
J (?xj J

and define
v(t,x) = uo Ot,x), p(t,x) = pod(t,x), q(t,x) = pod(t,x)

to be the velocity, density, and pressure, respectively, in [0, T] X Q. Also, for any C _function g(t, x), we have
0o ®=0%go®), a=t1,23
with

05 = 05— (Fpp)(D9) 103, B=1,1,2, 5 =(B:9) 05

N (1 0 —@i9)3p) (D
=10 1 —(@2)39)" ||02].
00 (@3¢)7! 93
6 Alternatively, Coutand, Hole, and Shkoller [7] proved the LWP for free-boundary compressible Euler equations with o > 0 in a bounded fluid domain

using parabolic regularization. We however find this method difficult to apply in the case of an unbounded fluid domain, especially when proving the existence
alongside incompressible and zero surface tension limits.

In other words, we have
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where

A:=[0 1 —(020)(03)7"

0 0 @39)!

10 -@e)@sp)")
3.1

is the cofactor matrix. Thus, we see that, for each fixed ¢ € [0, T'], the change of variables (x’, x3) — (¥, (¢, x")) is well-defined
as long as detA = (03¢)~' > 0, which is indeed the case as d3¢(t, X, x3) = 1 + ¥’ (x3)¥(t, x’) and

, , (2, o m2)
WM = ey + 1

if T is sufficiently small.

Notation 3.1. [Derivatives] We adopt the following notations in the rest of these notes.

i. (Flat space-time derivatives) d;, and 9; = %, j=1,2,3.
J

—

i. (The tangential derivatives) V=0= (01, 02). In particular, dis tangent to both X and .
iii. (Eulerian time derivative) 87 = 8, — (0,)(03¢) ' 93.
iv. (Eulerian spatial derivatives) V¥ = 87 = 9, — (8:¢)(03¢)'93, T = 1,2, and V§ = 85 = (93¢)"'05.

v. (The material derivative) DY = 8 +v-V¥ = 8, +7-9+(33¢) "' (v-N—0,0)d3, where v = (v',12)7, and N = (=8, ¢, dr¢0, 1) .
The second equality follows from the definitions of B‘f and af, j=1,2,3, listed above.

Remark. Note that (v-N — 0,¢)|s = (v- N — 9,¢) = 0 because of the kinematic boundary condition, and so
Dfls = (8, +v-0) e T(D).

Also, since v - e3 = 0 on %, we have (v- N = d,¢)l5, = 0. So
Dfls, = (8, +V-8) € T(Zp).

Since the kinematic condition D5, € T(Z;) is equivalent to dxy = v - N, where N = (=01, =0, DT, and

= = v
N _ 5 Y

VTV =
V1 +VyP

so (1.1), (1.2)—(1.3) is reduced to

pDYv + V¥¢q = —pges, in [0,T] x Q,

Dfp+pV‘p~v=O, in [0,T] X Q,

q=4q), in [0,7]x Q,

oy =v-N, on [0, T] XX, (3.2)
=V |2, 0,T]x X,

Al o S

V=0, on [0,T] x X,

W, v, Pli=o = W0, vo, po)-

Remark. The continuity equation, i.e., the second equation in (3.2) can also be expressed as

Fp+V¥-(pv)=0, in[0,T]xQ. (3.3)

Also, let ¥(q) := logp(g). Since ¢’(p) > 0, one must also have F'(g) > 0. In particular, from the equation of states
qa(p) = %(/l)_z(py — 1), we infer

Fila) = ~log (g + 1).



It can be seen that s

A
= <Fl@=cy

holds for some C > 0, i.e., ] ~ A2. Thanks to this, one may assume that
Filg) = 2, (3.4)
from now on for the sake of simple exposure. In fact, the general case is not hard to treat by imposing the assumption
P @l <C 17 @l < AT @F < CFi(@), 0<k<4,

under which the terms generated by differentiating ¥ (¢g) contribute to only trivial lower-order errors.
The continuity equation Dfp + pV¥ - v = 0 turns into F'(q)D{ g + V¥ - v = 0. Invoking the assumption (3.4), this becomes

BDfg+ V¥ v =0. (3.5)

3.1 Rewriting (3.2) with the modified pressure

Since p > 1 and g > 0, the RHS of the momentum equation pD?v + V¥q = —pge; is not L*(Q)-integrable. To resolve this issue,
we define

q=q+gp
to be the modified pressure, which satisfies V¥g§ = V¥q + ges as V‘f.cp = 63;. Also, (3.3) yields that p — 1 € L*(Q) as long as
po—1e L*(Q). Thus, the momentum equation becomes

pD{v +V¥9G = —(p — 1)ges,
and all of its terms can be estimated in L>(Q). Also, because th,o =m- 5)90 +v-N =13, (3.5) turns further into
DG+ Ve v =g,

Therefore, from now on we shall study the modified compressible Euler equations expressed in y, v, p, g:

oD{v +V¥¢q = —(p — 1)ges, in [0,T] x Q,

BDPG+ Ve v =gah?, in [0,T] x Q,

oy =v-N, on [0, T] XX,

j=-oV- ( \/YW) + gy, on [0,T] x X, (3-6)
v =0, on [0,T] X X,

W, v, Pli=o = o, vo, o).

We can of course obtain the initial data gy from py and ¢, where the latter is determined by .

4 The main results

The rest of these notes is devoted to surveying the main results of [32] and the key ideas with partial details.

Notation 4.1 (Sobolev norms). We adopt the following notations in the sequel.

L (H*(Q)-norm) || - |ls = || - llzs(-
ii. (H*(Z)-norm) | - |s = | - las(x)-
i, (L¥-norms) || lleo = Il - llz=@)s | loo = Il - =)



Theorem 4.2 (Local well-posedness). Let b > 10, and the surface tension coefficient o > 0 be fixed. Let (¥, v, 00 — 1) €
H>(Z) x HY(Q) x H*(Q) be the initial data of (3.6) satisfying certain compatibility conditions, (9l < 1, and v}|s, = 0. Then
there exists 7' > 0, depending only on the initial data, such that (3.6) admits a unique solution (/(¢), v(¢), p(?)) verifying

sup E(t) < C(o™', E(0)),
€10,

where
4 _ 3
E@®) = ) (1801 + oiVaiw®R_) + | 103015 + D 1850l + 2167a015 | 4.1)
k=0 k=1

and sup,¢jo 7 W (0l < 10.
Remark. We require the initial data, expressed in terms of gy, satisfying

(DY =0y = o(Df) Hl0) + 8(D) Y=oy, i=0,1,2,3, on X,
We refer to [32, Section 7 and Appendix B] for the construction of such data.

Remark. Note that /lz-weight is assigned on IIB;‘Q(t)IIg which allows us to show that (4.1) is uniform in A. This weight comes
naturally from the second equation of (3.6) in the energy estimate.

The next theorem shows that we can pass the solution of (3.6) to that of the incompressible Euler equations without surface
tension. Denote by w, p;, the incompressible velocity and pressure, respectively, and x3 = &£(¢, x”) the moving surface boundary,
the incompressible Euler equations read

Dfw+V¥p =0, in [0,T] x Q,

Ve.w =0, in [0,T] x Q,

P = Ppin + 80, in [0,T] X Q,

p=g¢&, in [0,T] x 2, 4.2)
0 =w-N, in [0,T] x 2,

w? =0, in [0, T] X p,

(&, W)li=0 = (0, wo),

where N = (=0:&, —0,€, DT, and we still use ¢ to denote the extension of &, i.e., ¢(t, x) = x3 + x(x3)&(2, x*) by a slight abuse of
notations.

Theorem 4.3 (Incompressible and zero surface tension double limits). Let (wé"’,vg"r, pé"f — 1) be the initial data’ of (3.6)
indexed by 4, o, satisfying the compatibility conditions and

L ol < 1, and (@7, vy, g7 = 1) = (&0, wo, 0) in C3(Z) X CA(Q) x C1(Q) as 4,0 — 0.

2. Both ¢ and g, satisfying the Rayleigh-Taylor sign condition
—03q, —03qin > co>0, onZX. 4.3)

for some ¢y > 0.

Then it holds that
WV M = 1) - (€,w,0), in CU[0,T],C*(Z) x C*(Q) x C'(Q)),

possibly after passing to a subsequence.

7Our initial data is known to be “prepared” as

ve” = wo + O(A%),

for each fixed o In fact, in [32, Appendix B] we construct vé“’ on top of wg. On the other hand, the incompressible limit of free-boundary Euler equations
with the “general” or “ill-prepared” data remains open.



In fact, the Rayleigh-Taylor sign condition (4.3) needs only to be assumed initially, i.e.,
-03q0 =2 ¢ >0, onX.

Then through the energy (4.1), we can propagate this to a later time:
1
—03q > ECO >0, onZ.

Remark. This theorem follows directly from a uniform-in-A, o energy estimate of (3.6) thanks to Ascoli’s theorem. In fact,
the estimate for (4.1) is, apart from uniform-in-4, also uniform-in-o- provided the Rayleigh-Taylor sign condition. We refer to
Section 6 for the details.

4.1 Comparison between the different formulations of surface tension

A key observation in the proof of Theorem 4.2 is the difficulty on the surface tension mentioned in Subsection 2.3 no longer
exists. As it can be seen from (4.1), the energy contributed by the surface tension reads

Vo2, 0<k<4,

compared to?
oo -n2,, 1<m<4.

In particular, top-order error terms are generated (e.g., (2.7)) while formulating the latter when derivatives land on n, which are
very difficult to treat in the approximate equations. On the other hand, this issue no longer exists when estimating (4.1) simply
because the mean curvature

He V.| W
V1 + Wy

does not yield a “n-type structure”, and so we shall not have error terms parallel to (2.7). Let © = 9, or d. Taking ©* to the
first equation of (3.6) and then testing with D*v, we obtain, after integrating V¥ by parts, that

=~ ﬁﬁ 4 ’
o-fD4V- — (%) Ndx
> V1 + VP

appears on the RHS, which is

= Vi 4 , = 6‘// Sd ,
(rfb“v' —— |(D"0) dx —a-fD Vi |———==| - V)Dydx :=J; + /o,
> 1+ VP > V1 + Yy

up to lower-order terms. Integrating V by parts in J», we have

=
v __
Jzé(rf _ TV | G Hvatpdy
z

V1 + [y

Then, it can be seen that the top order terms are canceled by symmetry after integrating 8-V by parts.
In addition, integrating V- by parts in J;, we get

- SV |- Voo dY

8The energy norm induced by the surface tension ties to the second fundamental form of X,. This corresponds to the normal component of the top order
term of 1 in the Lagrangian coordinates. Nevertheless, in the coordinates induced by y, this is just the top order term of V.

f DY Yy - D4Vy
-0
z
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at the leading order, which contributes to, after moving to the LHS, that

od (| _1DVYP Wy DP | f VU VR | (R
2dt = —\| = —\’ - ——\
ARG (\/1+|vw|2) AR (\/1+|Vw|2) Z(\/HIW’IZ)

where
|D4§l//|2 ’ 1 ’
Zﬁdx 2£|®4ng|2dx.
(\/1+|le2)

In (4.4) above, we applied
laf? Vy-a? laf?

Note that all error terms mentioned above are of lower order and thus we have no problem controlling them.

(4.5)

5 Major ideas of the proof I: The approximate x-equations

Related to the Lagrangian formulation, we require to set up a sequence of approximate equations, indexed by « > 0, which are
asymptotically consistent with (3.6). This is necessary when proving the existence of the free-boundary problem since the a
priori estimate no longer holds for the linearized equations due to loss of symmetry. This can be seen by re-doing (4.4) in the
linearized setting. In particular, the linearized boundary condition of g reads

W
V1 + Vi

where i/ is a given function. Invoking the linearized boundary condition 8,4 = v - N, the LHS of (4.4) becomes

g=-0V- on X,

od (| 1DV Ty DVNEE- D)
2dr — —\
21+ e ( i+ |Vl/°,|2)
and the inequality (4.5) is not applicable here. Also, the second term in the above integral yield a loss of (tangential) derivatives.

To solve this issue, we design approximate equations involving fangentially smoothed nonlinear coefficients, through which
we gain regularity in the tangential direction.

Definition 5.1 (Tangential smoothing). Let £ = £(x') € CZ(R?) be the standard bump function supported in the closed unit
ball. We define £,(x") = %5(%), for each k > 0. Let f : R> —» R. We set

Af(x) = jl;@ G =) f(@)de.

Also, for each g : R? — R, we set

Ag(xX',2) = f G(x =287, x3)d7 .
RZ

Notation 5.1 (Smoothed derivatives). Let i := A2y, @ := x3 + x(x3)¥/(t, x'), and N = (-8,@, —0,@, 1)T. We define:

i. (Smoothed Eulerian time derivative) (9;“7 :=~8, - ~(6,90)(63@‘163. o
ii. (Smoothed Eulerian spatial derivatives) V¢ = 8¢ := 9, — (0:9)(039) 103, T = 1,2, and V;O = 3? = (039) ' 5.

11



iii. (Smoothed material derivative) D? =0, +v-0+ 030) (v - N - 0,p)03.

Then, with N = (—61% —62% )T, we set the approximate x-equations as

pD?y + Ve = —(p — 1)ges, in [0,T]x Q,
2D%g + Z‘” -y =gA%?3, in [0,T] x Q,
oy =v-N, on [0, T] XX,

§=gb-aV- (\/%) + (1 - Ndw,  on[0,T]x X, CRY

V=0, on [0, T] X Zp,
(1/17 v, é)|1=0 = (¢K,09 vK,Os QK,O)'

Remark. Note that there is an artificial viscosity (1 = K)@,w that appears on the boundary condition of §. This is necessary
since mismatched terms involving 9,0*(¢ — ¢) shall appear in the energy estimate of (5.1). In particular, the following estimate
holds:

10:6*@ — Plllo < 10:0* W — Yo < KIV* 3l (5.2)

where the last inequality is deduced from the properties of tangential smoothing. After integrating in time, this can be controlled
directly from the k-weighted energy contributed by x*(1 — A)d.

Remark. Compared to the remark after Theorem 4.2, the compatibility conditions have changed due to the presence of artificial
viscosity. As a consequence, for each fixed « > 0, we have to construct data (¥ o, V0, Gx0) € H’(Z) x HY(Q) x H*(Q) that
converges to (Yo, Vo, §o) as k — 0. The idea of constructing (¥ 0, V«.0, §x.0) is identical to the construction of the prepared data
(Yo, vo, qo) from the incompressible data.

The setup of the approximate system 5.1 is more dedicated compared to the approximate system in Lagrangian coordinates.
This is due that that D, = d, in Lagrangian coordinates and thus the kinematic boundary condition does not show up explicitly.
On the other hand, to set (5.1) up properly, we have to make sure the smoothed kinematic boundary condition is designed so
that: i). The material derivative D{|s € T(X), which is indeed the case since (v - N- 0Q)ls =v- N- 0wy = 0. ii). The following
Raynold-type transport theorem yields no top-order terms on the boundary.

Lemma 5.2. Let f be a smooth function defined on [0, T] X Q. Then
1d
2dt Jo

This is one of the key lemmas for proving the energy estimate of the xk-equations, whose proof can be found in Appendix A
of [32]. Specifically, the term

— = _ 1 _
plfIP0sp dx = f p(DY f)fo3pdx + 3 f plfI70:0,@ — ¢) dx.
Q Q

1 —
3 f plfP(v- N - dy)dx’ (5.3)
)

shows up in the proof, which is 0 because of the kinematic boundary condition. We shall assign f = D* when applying Lemma
5.2, and thus (5.3) would have no control unless 9 = v - N.

6 Major ideas of the proof II: The uniform energy estimate of the approximate
k-equations
In this section, we survey the energy estimate of the approximate x-problem (5.1). In particular, we prove a uniform energy

estimate in k. This then allows us to pass the «-solution to the solution of the original equations (3.6). Meanwhile, we show
that the k-energy estimate is uniform in A, and also uniform in o if the Rayleigh-Taylor sign condition (4.3) is further assumed.

Theorem 6.1. Let

4 3
B0 = ) (10Ol + oV AW 0F,) + (naé(r)n’g‘ + D Ik, + Aznafzm)ué]
k=0 k=1

4 t
+> fo k& ()2, ds.
k=0

6.1)
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Then, for each o > 0 fixed, there exists a 7| > 0, independent of x and A, such that
1
E“(r) < C(;, E“(0)), te][0,T]. (6.2)

Moreover, let

4 3
EX () = ) (10001 + oIV AW D, + 10 A ) + [uaq(r)n% + D ki, + Azua;‘z](oué]
k=0

k=1

P (6.3)
+ Z f KK y(s)2_, ds.
k=0 V0
Assume the Rayleigh-Taylor sign condition (4.3) holds, then there exists a 7, > 0, independent of «, A and o, such that
E*7 (1) < C(E*?(0)), te][0,Ts]. (6.4)

We shall take 7 = min(7, T») in the sequel. Also, we have, in fact, E“(0) is comparable with £ (0) and they both depend
on the data of (5.1). Because of the Gronwall’s theorem, the proof of (6.2) is a direct consequence of

T
EYT) <Py + f P(E“(1)) dt, (6.5)
0

where P(- - ) stands for a generic polynomial in its arguments, and #f := P(E*(0)). Similarly, (6.4) follows from

T
E“"(T) < P&7 + f P(E*" (1)) dt. (6.6)
0

We will sketch the proof of Theorem 6.1 in the remaining of this section by establishing (6.5) and (6.6).

6.1 The Hodge-type div-curl estimate

For j = 1,2,3, since we can still express 0}“.’ = AYQ;, where A is defined in (3.1), we can analogously denote 8? in a similar
fashion. This indicates that (2.5) holds true under the current coordinates system, and becomes

X113y < CCU0Wlwrqys WD) (XN + 1IV7 - XIE, + 1IV7 X XI2_, + 10 X][5) 6.7)
Setting X = dfv and s = 4 — k for k = 0,1,2,3, (6.7) implies that the control of [|8fv|[;_, reduces to that of
IV - a5, IVE X OVIE_, 10 akvE.

The third term contributes to the tangential energy estimate that will be discussed in Subsection 6.3. The first and second terms
are simple to control. We control the second term by studying the evolution equation of V¥ X v (and its time-differentiated
version) by taking V¥X to the momentum equation, i.e., the first equation of (5.1). Moreover, we use the continuity equation
V¢ v = —22DfG + g2 to reduce ||V? - 9v||34 to

12O DF s < 22 (105 Glla—s + 105G - D)ills—r + 105 - N = 3,05 )l1a+ )

Since . _ L _ —
05((v - N = 8,0)3 s = (v - N = 3,9)0705 G131

and v-N— 00 = 0 on X and %;, we may set w = w(x3) to be a smooth function on [-b, 0], satisfying w(—b) = w(0) = 0 and

thus comparable to v - N — d,¢. Then, we may have the expanded tangential derivatives, denoted by 7, consisting of

0;, 0, and w(x3)d3. (6.8)
Thus, it can be seen that, after expanding D‘?, 12||a¢D?51||3_k contributes to terms with k+1 tangential derivatives. This, combined

with the procedure introduced in the next Subsection, allow us to reduce IV®- 8f v||3— to the tangential energy that we are going
to bound in Subsection 6.3.

13



6.2 Reduction of g

The momentum equation yields
8?51 =-p (8,\/3 +Vv- 5\/3 + (- N- 6,90)(9:3;\/3) —glp—1),
which implies

934 = —p(039) (0rv3 + - avs + (v- N = 8,9)35v3) - g(0:9)(p — 1. 6.9)

On the other hand, for 7 = 1, 2, the momentum equation gives

02g=—-—p (6th +7-0v; +(v-N— (9,(;9)6?\},) ,
and thus
0:q = (3T~)BfZ] -p (ﬁ,vT +V-0v +(v-N- é),cp)ﬁfv,)
= —p(3:) (9iv3 + ¥+ 3v3 + (v - N = 0,0)35v3) = p (0yve + 7 - ve + (v - N = 9,0)d%vc ) - g(0:8)(p - 1). (6.10)
Recall the definition of the extended tangential derivative 7~ in (6.8), from (6.9) and (6.10) we can see that d;4 is reduced to

va j consisting of 7v;, for j = 1,2,3, at the top order. This can be generalized to higher-order derivatives of §: Denote by

D = §, or 9, then for k > 1, D*0¢ is reduced to D*D?v, which consists of D*77v at the leading order. In short, by combining the
techniques introduced in Subsections 6.3 and 6.2, we can reduce the full norms ||v||4 and ||§||4 to the tangential energy.

On the other hand, the analysis in Subsections 6.1-6.2 determines the appropriate 12-weight that we need to assign in the
energies EX(¢) and E“?(r) defined respectively as (6.1) and (6.3). Since the reduction scheme is derived from the momentum
equation which has no A?-weight, the L?>-norms of D*§ should not be weighted as long as D* consists of at least one spatial
derivative. Nevertheless, the reduction scheme fails if no spatial derivative is attached to ¢. We therefore must assign 12-weight
to ||a;‘q||3 in both E“(¢) and E*“(2).

6.3 The tangential energy estimate

Let @ = (@, @1, @2, @3) be a multi-index with |a| < 4. We denote by 7 = 77" 7,>7" to be the mixed general tangential
derivatives with order |a|, where
To=0, T1=01, T2=08 T3=w(x3)0s,

and we recall that 773 is constructed in Subsection 6.1 and it is set to be comparable to with (v - N- 0;¢)03. Also, notice that
since 73 vanishes on X, we have 7|y = {d;, }. This applies also to Z,,.

Notation 6.2 (Commutators). Let f, g be smooth functions on [0, T'] X Q.

i. (Standard commutator) [7¢, flg := 7 *(fg) — fT °g.
ii. (Symmetric commutator) [T, f,g] := T°(fg) — (T*f)g — f(T*g).

Theorem 6.3. Let 7 be defined as above with || = 4. For each fixed o > 0, there exists T > 0, independent of « and A, such
that

T T
IT WD + PIT GG + VT * ATl + f KT O (DI} di S PG + f P(EX(1))dr. (6.11)
0 0
Furthermore, if —03q > ¢o > 0 holds on X, we have
_ T T
TG + AZNT GG + AVT A (TS + 1T A (TG + f KT * 0w} di < P57 + f P(E*7(1)dt,  (6.12)
0 0

where T > 0 is also independent of o

Remark. The tangential estimate (6.11) is associated to (6.5) after the div-curl analysis and reduction of ¢, whereas (6.12) is
associated to (6.6) analogously.
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The first step of the proof of Theorem 6.3 is to test the 7 “-differentiated (5.1) with 7*v. However, when commuting 7
through V¥, the commutator B
[T, V¥1p = [T, Aldq

which yields —7" "( "p) 0q = —T;‘?&] when j = 1,2. Note that this requires \/E|€6;(AKW|4_1( to control if |o| = 4,3 = 0, and
thus it cannot be done uniformly in o"! To overcome this issue, we invoke Alinhac’s good unknowns.

Definition 6.1 (Alinhac’s good unknown). Let f be a smooth function on [0, 7] X Q. We define
F:=7°f - fT°. (6.13)
to be the Alinhac’s good unknown (associated with 7%) of f.

A direct computation shows that Alinhac’s good unknown enjoys the following commutator properties:

i. (Commuting with V¥)
T f = 6°F + Ci(f), (6.14)

where Ci(f) = 8207 fT° + C/(f), and

1 1 0ip 0ip
’ [ a/ a—y YA L (3 (1
G [ 0sf] s f [’7 ,0ip, —= 57 + 0190 f [‘T (63@2]T 03¢ _63¢[T ,Os1f + @ _)263]‘[7‘ , 03],
i=1,2,withly| =1, and
1 1
Ci(f) = |T% 7=, 0sf | + 05 | T*7, T703¢ — —=IT",031f + —=50sfT".0
3(H) [ v 3f 3f[ @ ~)2] 3¢~ 390[ s1f @ ~)2 3f1 sl
ii. (Commuting with D) ) )

7D} f = D{F + D(f) + &(f), (6.15)

where D(f) = D{8% fT°¢ + D/ (f), and

D'(f)=[T%7]-0f +|T +|7% v -N- a,¢, 63f+ [T“ v]-Nos f

O3 170 0,15,

—(v- N - 0p)03 f [Ea—y, (95 ")2

1 —
W]W“‘” — (- N=0@IT 051f + (v- N = 8p)
&(f) = 0T@ - ) f.

Remark. Despite being long, it is not hard to see that neither C;(f) nor D(f) have top-order terms in ¢. In other words, using
Alinhac good unknowns allows us to avoid unnecessarily applying the surface tension energy without o In addition, &(f)
records the error term generated by the mismatch, which has been treated in the remark under (5.1).
Denote by V and Q the Alinhac good unknowns of v and ¢, respectively, we then infer from (6.14) and (6.15) that

pD?V; +V°Q=R!, in[0,T]xQ, 6.16)
2DPQ+V?- V=R —C,(), in[0,TIxQ, '

where _
R} = [T, p1Dfv; — p(D(v) + ) — Ci(§),

and
R* = —22(D() + &) + 2T %vs.

Particularly, both R} and R? contribute only to harmless error terms, whose control is straightforward.
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On the other hand, we need to assign boundary conditions to V and Q. Note that 73|z = 0, and thus 7|z = §;°9{' 95 with
ap + a; + ap < 4, and we assume the equality throughout. This indicates that 7|y = D%, where Dy = 9;, D; = 91, D, = 0».
Since d5¢|z = 1, we have

Qls = (DG - GDPs = DU + gb) — (33q + &)V = D*q — 33qD°.
So,

Vy
V1 + Vg

Moreover, the D®-differentiated 9,4 = v - (-9, —62% DT is

Q=-0?V. +K2(1 = AD0 — 83D, on . (6.17)

DY =-G-0)DW+V-N+S;, onZ, (6.18)
where S| = 63\1 : ﬁ@aJ+ ZW1|+V32|=4»V31,2|21 Dy @BZN’ and
V3=0, on3,. (6.19)

Remark. V3 = 0 on the flat bottom is a direct consequence of v* = 0 and 5"& = 0 on X;. Thanks to this condition, the flat
bottom plays no role in the upcoming tangential energy estimate.

6.3.1 The tangential energy identity
Testing V with (6.16)—(6.19), and using Lemma 5.2, we obtain the energy identity:

pIVPospdx = — f
Q

1d

- 1 _ _
—— V- (V¥Q)dx + - f pIVI?330,(@ — ¢) dx + f V- R'9;¢dx. (6.20)
2dt Jo 2 Jo Q

The final two terms are easy to control. In particular, the control of the second term relies on

1030,@ — Plleo S 10:(& = ¥)leo S VKl Yo 5,

thanks to the tang;ntial smoothing. Here, v/k-weight is inessential here since |56,zp|0,5 is of very lower order.
Integrating V¥ by parts in the first term and using (6.19),

—fV-(VEQ)dxzf(V¢-V)Qa3¢dx—fQ(V-ﬁ)dx'.
Q Q z

Invoking the second equation of (6.16), the first term contributes to the energy term %%/12 fg |QI*05¢ dx, together with

- f QC;()d3¢ dx, 6.21)
Q

and other easy-to-control terms. We recall that the term — [7"’, g 83vi] is part of C;(v'), which yields —477—5"(637"3\/") with

. 039° 03
lyl = 1,|B8] = 3, and so (6.21) contributes to
s [ TRy a 6.22)
Q

Note that this is straightforward to control if 7 consists of at least one spatial derivative because of the reduction scheme on
g. However, when 7¢ = c')j‘, we have

4 f @ DON)D:0) dx. (6.23)
Q
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We can of course control this by 4||6f51||0||6t3v||1||(9,N |l but this is not uniform in 4, as the reduction scheme on ¢ no longer

verifies without spatial derivatives®. It turns out that (6.23) can be canceled by a term (at the top order) generated by the

boundary integral — L Q(V - N)dx’ after employing Gauss’ theorem. This will be discussed in Subsection 6.3.3.
Since p > 1 and 03¢ > ¢o > 0, we have pr|V|263<,“o'dx > C|IV|i2, and AzfQIQIZ(%&’dx > CA%||QIf3, for some universal
positive C. Also, the definition of good unknowns indicates

I7vllo < IVllo + 10597 @, AT llo < A(I1QMlo + 15547 llo) -

and both |I0“’ v ¢llo and /l||6 g7 “¢l|p are of lower orders, which can be controlled by the RHS of (6.5).

6.3.2 Estimate for — fz Q(V- N )dx’ with at least one F]

We devote the remaining of this section to discuss — L Q(V- N )dx’. We will highlight key estimates only in these notes, and

we refer to [32] for the full treatment. Generally speaking, it is much simpler if 7 contains at least one d compared to the case
with time derivatives only. This is simply due to that one can integrate one-half spatial (tangential) derivatives by parts on the
boundary if needed. Also, as mentioned above, (6.22) is straightforward to control.

Since D contains at least one d with & = 4, we shall simply denote the mixed derivatives to be D34. Invoking (6.17) and
(6.18), — fz Q- N ) dx” contributes mainly to

Vi

8Dy dx’, ST, := -« f D301 — A (D3 o) dx’,
1+ [VyP >

STy =0 f DOV -
z
RT = f 03¢ 0y0, D0y dx'.
z

First, since 1 — A= (5)2, where () denotes the Japanese bracket,
T, = kD000

which yields the k-weighted L?-energy norm after integrating in time. Second, similar to the analysis in Subsection 4.1, ST,
has top-order contribution:

- SVU |- VD00 dx'. (6.24)

Noticing that there is a mismatch between 336_V$ and 63356@ results in the k-boundary conditions. Since U= A2y, we treat
this by moving one A, from the former to the latter to create symmetry, which can be done through

Y f DIIVY Vy - DOVy
z

LA, £19glo < KIflwiecs)|0glo- (6.25)

Specifically speaking,

f <D3aVAKw><VD3aa,AKw> (Vg - D}OVAY)(Vy - VD300, A ) o
3
NI ( i+ |W|z)

A2 e
——— |V, D0y | dx’,

(6.24) =

__ 1 _ _ S
- f DIOVAY - || Ay, ———|VO,D%0y | d¥’ + o f DIOVAY - || A,
> 1+ |VyP > J1+ Vg

9See also the last paragraph of Subsection 6.2.
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where terms in the first line are treated similarly to (4.4), while the time integral of terms on the second line requires (6.25) to
- in W', attach the x-weight with [82D33,4]y and then adapt Young’s

. ViyVy
control. Particularly, we put both L__ and —
Vi+wgr V1+[Vy?
inequality to control it by the energy generated by S 7, mentioned above.
Third, it suffices to consider

RT' := f D3qD3ONWO, D3N dx’ (6.26)
z

after moving one A, from ¢ to y, similar as above. It can be seen that the control of RT’ requires
10,2 0A W,
which can be controlled by the tangential energy in Theorem 6.3 but not uniform in o. Nevertheless, RT’ contributes to

-2 fz (=05 ) (DA d¥’ ©627)

provided with the Rayleigh-Taylor sign condition —d3g > ¢y > 0. In conclusion, it holds that:

Despite the control of RT’ failing to be o-uniform, it yields a positive energy term provided the Rayleigh-Taylor sign
condition.

6.3.3 Estimate for — fz Q(V- N ) dx” with time derivatives only

The terms corresponding to S 7 and S 7, above are treated similarly, whereas
RT* = f B3q0* 0y dx’
b
contributes also to an energy term provided the Rayleigh-Taylor sign condition holds after moving one A, from c’)j‘a to &>y via

(6.25). However, in the case without the sign condition, we have no direct control of |37y as the surface tension energy has to
have at least one 0. We need to treat this case alternatively by writing

&y = - -0}y +d}v-N - 16,7, Vyl,
and then transform some terms in RT™ as interior integrals on () by Gauss’ theorem.
On the other hand, as mentioned previously in Subsection 6.3.1, in the case with full-time derivatives, i.e., 7¢ = ﬁf,

dedicated cancellations are required to obtain a uniform-in-A energy estimate. It turns out that this cancellation is crucial to get
rid of some top-order boundary terms when studying this boundary integral. In particular, we study a term generated by

fQSl dx’,
P

where S| comes from (6.18). This yields a top-order term on X:
ST; := —4 fz GOV O,N; dx'. (6.28)
Invoking the Gauss’ theorem, we have
- fz GOV N dx' = - fQ 8381 g0 Vv o.N;) dx.
This holds since 95 is the flat normal derivative (with respect to £ U %) and B,ﬁ = 0,e5 = 0on X;. Now,

STy = —4 f 80,0V Ndx — 4 f 8*0;G0°vVoNdx - 4 f 8*40°v'6,0;N dx.
Q Q Q
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The first term cancels with (6.23), and we treat the second and third terms under the time integral as

T T
f f 810307V o,Ndx = f 3203307v'9,N dx — f f 320340,(07v'0,N) dx,
0 Q Q 0 Q
f f 3'q03v'9,0;N dx = f 3 q0v'9,0;N dx — f f 3 40,(02v'9,0;N) dx dx.
0 Q Q 0 Q
Here, we treat the terms without time integral using Young’s inequality, i.e.,
f D03qoV N dx + f g0 0,0:N dx < €82Gl + C(e HIvIZI0.NI2,
Q Q

and the last term is of lower orders and can be controlled by £ + fOT P(EX(1)) dt.

7 Major ideas of the proof III: Solution of the linearized «-equations

The final step of showing the LWP for (3.6) is to prove that the approximate x-equations (5.1) admits a unique solution for each
fixed k > 0in [0, T,].
7.1 Linearization

We construct the solution of (5.1) by iterating the solutions of the linearized version of these equations. Particularly, let
WOV p):=(0,0,1), andy"" =0
Assume that (y®, v®, p®) is known for all k < n.

Notation 7.1 (Linearized derivatives). We define:

i. (Linearized Eulerian time derivative) 87 := 8, — (3,¢™)(55") "' 9.
ii. (Lincarized Eulerian spatial derivatives) V2" = 6% := 8,—(3:3")(35¢") 05,7 = 1,2,and V¢ = 87" := (95g™)" 3.
iii. (Linearized material derivative) D‘;"W 1= 9, + V" -9+ (339™) 7 (V™ - NO=D — 9,035,

We are going to show the existence ("D, v*D_ p+D) defined to be the solution of the following linear system:

P(”)D“) RGN Ve gD = —(p™ — 1)ges, in [0,T] x Q,

2D 0D 4 Y L) = g 20 in [0,71x Q,

6zlﬁ("+l) = pn+D) N("), on [0, T]XZ,

M _ 7.1)

x(n+l) _ m _ 5V - W + £2(1 = A)dunth on [0, T xX (

4 = gi® ( L) -Bou, [0.7] x5,

v(3n+1) =0, on [0,T] X Zp,

D VD GEDY o = (0, V0, Gx0)s

where Gmh = gDy + gg‘é(”)..For the sake of simplicity, we denote (D, p@+D_ p+D 50Dy — (g v, p, G), (W™, VD, p™M) =
W, 0, p), o™ = @, and Y~V = s, in the rest of this section. Given these,

i. 9f =0, — (04)(5%) D5,
ii. th 6(’0 = 6 —(6,’)(63“) 183,7’ = 1 2 and V‘P (V = (833 '0;
iii. D“’ =8,+v-0+ (63‘) L. N - ﬁtgo)(?g,whereN =(- 61w 621& D).
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Also, system (7.1) becomes

ﬁD?V + V9 = —( - )ges, in[0,T] X Q,
2DFG+ V¥ v = g2, in [0, 7] x Q,
d =v-N, on [0,T] X Z,

5= gl ?( 72 ]+ 21 - MW [0,T]x 72
G=gb -0V |———|+ (0 -Ady,  on 0, ,
V1+VyP

V=0, on [0, T] X Zp,

(l//, v, Z])'I:O = (!I’K,o, Vk,05 ék,o)-

Remark. Note that the linearized material derivative D? is not ¥ + v - V¢! Instead, we linearize D? directly from 9, + v -

o+ (v- N - 6,40)6‘;5 by replacing v - N- Op as v - N - 0,¢, where the latter matches with the former on X in view of the the

linearized kinematic condition. This design is important since the linearized transport theorem would yield top-order boundary
terms otherwise.

Remark. The surface tension oH (6@, 6@) =—oV- ( \/l] is replaced by a given function in (7.2). However, since « is
1+[Vy P2

fixed, we can still control ¥ from the artificial viscosity.

7.2  Solution of the linearized equations in L2

Next, we show the linearized equations (7.2) admits a solution. We could achieve this by employing Galerkin’s method if Q
was bounded. Also, Galerkin’s method may also be adapted while Q is unbounded by approximating Q by Q, := QN B(0, r) as
r — co. Here, however, we consider (7.2) as a symmetric hyperbolic system with characteristic boundary conditions'?, which
then allows us to adapt the result of Lax and Phillips [27] to prove the existence.

However, we have to rewrite (7.2) with homogeneous boundary conditions before adapting [27]’s arguments. Our strategy

to achieve this is by first setting b to be the harmonic extension of g@ -oV- \/L), i.e., setting
14V
—AQ) = 0’ in Q,
f)=g$—0'€-( WD] on X,
L+Vyp?
83 =0, on %,

and g := g — . Then replacing 0,y by v - N in the linearized artificial viscosity. Thus,

g=(1-2)v-N), on L

Re-expressing (7.2) in terms of g, we have

ﬁD?v + Vég = -Vh—(p—l)ges, in[0,T]xQ,

2Dfq+ V% v = (g - DY), in [0, 7] x Q,

q=q(p)+ 8% - h;' in [0, T]xQ, (7.3)
c_]=K2(l —A)(v-N), on [0,T] XX,

vy =0, on [0, T] X X,

v, Pli=0 = (V05 Px,0)-

Let

U = (g,v1,v2,v3)".

10Since p = 0 on the free surface boundary, the compressible Euler equations modeling a gas are not hyperbolic on the moving surface boundary.
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Then (7.3) turns into

3
Ao, U + ZA,-C’),-U = f, (7.4)
i=1
where
T

f = (e - Dfb), =075, -5, ~0%h — ¢G5 = 1) . Ao = Ao(D) = diag(%, .. ),

. o T
o 29, T R 200 N _ 4.2 =
Aj=A;U) = (A A ) j=12 and As=Ay0) = |V N-09 N
o pun N PN = 0@)ls.
Now, the result of [27] indicates that (7.4) admits a solution in some functional space X if one can:
I. Prove a priori energy estimate of (7.4) in X.
II. Prove a priori energy estimate of the dual system of (7.4) in X*.
Writing (7.4) as LU = A¥*9,U = f.0 < p < 3, then its dual system is given by
L'U* = 8,(A"U") = f*, U :=(g",v},v5, v (7.5)

We shall choose X = L2([0, T] x Q) since L*([0, T] x Q)* = L3([0, T] X Q).
Testing the dual system (7.5) with U*, it is straightforward to control all the interior integrals. However, there is an issue

with the boundary integral. Note that from q= K(1=A)v- N ) we derive g* = K2A -1 N ), and thus the boundary integral

- f (UHTAU dx’ = =2 f g - N)ydy'
b -
=22 f v - N) ((1 —- AN -N)) dy’ = 23" - NP2
T
does not contribute to a positive term on the LHS. To resolve this issue, we introduce an extra u-viscosity to g on X, so that
qls = (1= D) - N) +u(1 = M)d,(v - N), (7.6)
and so
g'ls = A= DO - N) + p(1 = A)d,(v* - N). (7.7)
In light of (7.6), we have
- f UTAsUdx = -2 f(v -N)gdx' = -2« f(v “N)(1 =A)(v-N)dx' —2u f(v - N)d, ((1 SNCE N)) dx’
b3 z - b b
2 e d s
=—2«°lv- NJ|; —,ualv - N|i.

The terms on the second line are all of the correct sign and give the control of |v - N I% after moving to the LHS and then
integrating in time. In addition, by the virtue of (7.7), we have

- f (U AsU* dx = -2 f O Nyg* dy’ =262 f O - NY(1 = D)0 - Ny dx' = 2u f " - N)d, ((1 N ﬁ)) dy’
P P - P )
21 % LZ d * 'L2
=2«°[v" - NI _“Eh} - N|7.

Similar to above, —p%lv* N I% contributes to u[v* - N I% after moving to the LHS and then integrating in time, and this gives the

control of 2«2|v* - NI up to a constant depends on ™.
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In conclusion, we can close the L?(Q) energy estimate for both (7.4) and its dual system for each fixed u > 0. Thus,
from [27] we deduce that (7.4) admits a weak solution in L?>(Q) equipped with the boundary condition (7.6). Also, since the
L?-energy estimate of (7.4) is uniform in u, we can pass 4 — 0 and then obtain a weak solution of (7.3). This weak solution is
in fact a strong solution thanks to the arguments in [34, Section 2.2.3] and [37, Theorem 4&8]. Lastly, we recover ¢ by defining
it through

6,zﬁ=v-ﬁ, on X,

to obtain a solution of (7.2).

7.3 A sketch of the Picard iteration scheme

With the L?-solution (i, v, ) of (7.2) constructed above, we can show that (, v, J) € H>(Z) X H*(Q) x H*(Q) via the energy
estimate. This is conducted similarly to the energy estimate of the nonlinear k-equations in Section 6. We use the following
Hodge-type div-curl estimate in [5]:

X150y < COOE, ) (IXIZ + V9 X2, + IV X XIE, + X N, + X et )) : (78)
b

Note that ||$||S+% Syt ||IZ||S, which can be used here as k > 0 is fixed. Let X = 6fv and s =4 -k, k =0,1,2,3, and the last

term of (7.82 is 0. Since Iﬁfv . ﬁ|3,5_k < C~'|6’f(v . ]V)|3,5_k, where 5depends on zﬁ (which is given), we control Iéf(v . ﬁ)lg,s_k <

|<5>‘18’;(v - Nlaei by applying the elliptic estimate to

Vi
N

which is derived from the boundary condition of (7.2). On the other hand, by applying the arguments in Subsection 6.2, we can

A=D)v-N)= - g+ 0V -

reduce the spatial derivatives of § to tangential derivatives of v, and together with V¥ - v = A2D? G + gA%, we can eventually
reduce the control of [|0*vll4_x and |0*Glls_s, k = 0,1,2,3, to A/|8*gllo and [|7*v|lo (apart from the curl part that we have no
problem to control), which can be estimated similar to Subsection 6.3.

We next iterate the linearized solution to achieve a solution of the nonlinear k-system (5.1). This is done via studying the
difference between linearized equations of ("D, v*D_ p0+Dy and (™, v, p™). We omit the details. We however point out
that we can study the difference between two systems in a lower-order Sobolev space, say VD — @ p0+D) _ )0 ¢ F3(Q)),
and YD —y™ e g4(D).

Thanks to uniform-in-« Theorem 6.1, we can pass the sequence of k-solutions to the limit (possibly after passing to a
subsequence) that solves (3.6) in [0, 7']. In addition, the uniqueness of this solution follows from the energy estimate of the
difference between two successive systems of (3.6) with O initial data.

8 Remarks on the incompressible and zero surface tension limits with weaker
initial data

Recall that in Subsection 6.2 we discussed the A-weight distribution on the energies in Theorem 6.1. In fact, we can still prove
the incompressible and zero surface tension double limits with a weaker energy functional. Particularly, since the energy norms
generated by the continuity equation carry A-weight, we do not require [|67*‘Goll3_,, 0 < ¢ < 2 to be uniformly bounded;
instead, we require merely the boundedness of

A5G0l 0<s<2.

Moreover, by the arguments in Subsection 6.2, for 1 < £ < 2 the H*{(Q)-norm of Blz”)v must also be /lf-weighted. Howeyver,
we do require ||0,g(0)||3 to be bounded as we need ||0,gll3 < ||0,4ll3 + ||g0;¢ll5 to propagate the Rayleigh-Taylor sign condition.
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Under these criteria, we can determine the A-weight on each term of the new energy by

107 1, 63|, 1287
reduV \Lenerl@gW \Lenel}eg%’lV \Lenergy (8 1)
16,1l 1207412 123741 13844 o

In consequence, weaker energy is given by

1 1
E*k) = Y 100G + 1070 G0I5 + Y INeVIwOI + 10fw 0l
k=0 k=0
. . (8.2)
+ Z ||/ls612+sv/l,0'(t)”§7s + ”/lﬁ—]at2+sé/l’o-(t)”§,s + Z | \/5/1.8'6612+.§'¢/1,0(t)|§73 + |}.S(9,2+S!,l//l’(r([)|§7s.
s=0

s=0

References

[1] T. Alazard. Incompressible limit of the nonisentropic Euler equations with the solid wall boundary conditions. Adv. Differ.
Equ., 10(1):19-44, 2005.

[2] T. Alazard and J.-M. Delort. Global solutions and asymptotic behavior for two dimensional gravity water waves. Ann.
Sci. Ec. Norm. Supér.(4), 48(5):1149-1238, 2015.

[3] D. Ambrose and N. Masmoudi. The zero surface tension limit two-dimensional water waves. Commun. Pure Appl. Math.,
58(10):1287-1315, 2005.

[4] K. Asano. On the incompressible limit of the compressible Euler equation. Japan J. Appl. Math., 4(3):455-488, 1987.

[5] C.H. Cheng and S. Shkoller. Solvability and regularity for an elliptic system prescribing the curl, divergence, and partial
trace of a vector field on sobolev-class domains. Journal of Mathematical Fluid Mechanics, 19(3):375-422, 2017.

[6] D. Christodoulou and H. Lindblad. On the motion of the free surface of a liquid. Commun. Pure. Appl. Math.,
53(12):1536-1602, 2000.

[7]1 D. Coutand, J. Hole, and S. Shkoller. Well-posedness of the free-boundary compressible 3—d Euler equations with surface
tension and the zero surface tension limit. STAM J. Math. Anal., 45(6):3690-3767, 2013.

[8] Y. Deng, A.D. Ionescu, B. Pausader, and F. Pusateri. Global solutions of the gravity-capillary water-wave system in three
dimensions. Acta Math., 219(2):213-402, 2017.

[91 M. M. Disconzi and D. G. Ebin. Motion of slightly compressible fluids in a bounded domain. ii. Commun. Contemp.
Math., 19(04):1650054, 2017.

[10] M. M Disconzi and C. Luo. On the incompressible limit for the compressible free-boundary Euler equations with surface
tension in the case of a liquid. Arch. Rational Mech. Anal., pages 1-69, 2020.

[11] D. G. Ebin. Motion of slightly compressible fluids in a bounded domain. i. Commun. Pure. Appl. Math., 35(4):451-485,
1982.

[12] D. G. Ebin. The equations of motion of a perfect fluid with free boundary are not well posed. Communications in Partial
Differential Equations, 12(10):1175-1201, 1987.

[13] P. Germain, N. Masmoudi, and J. Shatah. Global solutions for the gravity water waves equation in dimension 3. Ann.
Math., pages 691-754, 2012.

[14] P. Germain, N. Masmoudi, and J. Shatah. Global existence for capillary water waves. Commun. Pure. Appl. Math.,
68(4):625-687, 2015.

23



[15] D. Ginsberg, H. Lindblad, and C. Luo. Local well-posedness for the motion of a compressible, self-gravitating liquid with
free surface boundary. Arch. Rational Mech. Anal., 236(2):603-733, 2020.

[16] X. Gu, C. Luo, and J. Zhang. Local well-posedness of the free-boundary incompressible magnetohydrodynamics with
surface tension. arXiv:2105.00596, 2021.

[17] X. Gu, C. Luo, and J. Zhang. Zero surface tension limit of the free-boundary problem in incompressible magnetohydro-
dynamics. Nonlinearity, 35(12):6349, 2022.

[18] B. Harrop-Griffiths, M. Ifrim, and D. Tataru. Finite depth gravity water waves in holomorphic coordinates. Ann. PDE,
3(1):4, 2017.

[19] J.K. Hunter, M. Ifrim, and D. Tataru. Two dimensional water waves in holomorphic coordinates. Commun. Math. Phys.,
346(2):483-552, 2016.

[20] M. Ifrim and D. Tataru. Two dimensional water waves in holomorphic coordinates ii: global solutions. Bulletin de la
Société mathématique de France, 144(2):366-394, 2016.

[21] M. Ifrim and D. Tataru. The lifespan of small data solutions in two dimensional capillary water waves. Arch. Rational
Mech. Anal., 225(3):1279-1346, 2017.

[22] M. Ifrim and D. Tataru. Two dimensional gravity water waves with constant vorticity: 1. cubic lifespan. Analysis & PDE,
12(4):903-967, 2018.

[23] T. Iguchi. The incompressible limit and the initial layer of the compressible Euler equation in R’;. Math. Methods Appl.
Sci., 20(11):945-958, 1997.

[24] A. Ionescu and F. Pusateri. Global solutions for the gravity water waves system in 2d. Invent. Math., 199(3):653-804,
2015.

[25] S. Klainerman and A. Majda. Singular limits of quasilinear hyperbolic systems with large parameters and the incompress-
ible limit of compressible fluids. Commun. Pure. Appl. Math., 34(4):481-524, 1981.

[26] S. Klainerman and A. Majda. Compressible and incompressible fluids. Commun. Pure. Appl. Math., 35(5):629-651,
1982.

[27] P.D. Lax and R.S. Phillips. Local boundary conditions for dissipative symmetric linear differential operators. Commun.
Pure. Appl. Math., 13(3):427-455, 1960.

[28] H. Lindblad. Well-posedness for the linearized motion of a compressible liquid with free surface boundary. Commun.
Math. Phys., 236(2):281-310, 2003.

[29] H. Lindblad. Well posedness for the motion of a compressible liquid with free surface boundary. Commun. Math. Phys.,
260(2):319-392, 2005.

[30] H. Lindblad and C. Luo. A priori estimates for the compressible Euler equations for a liquid with free surface boundary
and the incompressible limit. Commun. Pure. Appl. Math., 2018.

[31] C. Luo. On the motion of a compressible gravity water wave with vorticity. Ann. PDE, 4(2):1-71, 2018.

[32] C. Luo and J. Zhang. Compressible gravity-capillary water waves with vorticity: Local well-posedness, incompressible
and zero-surface-tension limits. arXiv:2211.03600, 2022.

[33] C. Luo and J. Zhang. Local well-posedness for the motion of a compressible gravity water wave with vorticity. J. Differ.
Equ., 332:333-403, 2022.

[34] G. Métivier. Small viscosity and boundary layer methods: theory, stability analysis, and applications. Springer Science
& Business Media, 2004.

[35] G. Métivier and S. Schochet. The incompressible limit of the non-isentropic Euler equations. Arch. Rational Mech. Anal.,
158(1):61-90, 2001.

24



(36]

(37]

(38]

[39]
[40]

[41]

[42]

[43]
(44]

[45]
[40]
[47]

(48]

M. Ming and Z. Zhang. Well-posedness of the water-wave problem with surface tension. Journal de mathématiques pures
et appliquées, 92(5):429-455, 2009.

J. Rauch. Symmetric positive systems with boundary characteristic of constant multiplicity. Transactions of the American
Mathematical Society, 291(1):167-187, 1985.

S. Schochet. The compressible Euler equations in a bounded domain: Existence of solutions and the incompressible limit.
Commun. Math. Phys., 104(1):49-75, 1986.

Q. Su. Long time behavior of 2d water waves with point vortices. Commun. Math. Phys., 380(3):1173-1266, 2020.

Y. Trakhinin. Local existence for the free boundary problem for nonrelativistic and relativistic compressible Euler equa-
tions with a vacuum boundary condition. Commun. Pure. Appl. Math., 62(11):1551-1594, 20009.

S. Ukai. The incompressible limit and the initial layer of the compressible Euler equation. J. Math. Kyoto Univ.,
26(2):323-331, 1986.

X. Wang. Global infinite energy solutions for the 2d gravity water waves system. Commun. Pure. Appl. Math., 71(1):90—
162, 2018.

S. Wu. Well-posedness in Sobolev spaces of the full water wave problem in 2-D. Invent. Math., 130(1):39-72, 1997.

S. Wu. Well-posedness in Sobolev spaces of the full water wave problem in 3-D. J. Amer. Math. Soc., 12(2):445-495,
1999.

S. Wu. Almost global wellposedness of the 2-d full water wave problem. Invent. Math., 177(1):45, 2009.
S. Wu. Global wellposedness of the 3-d full water wave problem. Invent. Math., 184(1):125-220, 2011.

J. Zhang. Local well-posedness and incompressible limit of the free-boundary problem in compressible elastodynamics.
Arch. Rational Mech. Anal., 244(3):599-697, 2022.

F. Zheng. Long-term regularity of 3d gravity water waves. Commun. Pure Appl. Math., 75(5):1074—1180, 2022.

25



	Introduction
	Reformulation in Lagrangian coordinates
	Reformulation in the coordinates characterized by (t, x1, x2)
	The main results
	Major ideas of the proof I: The approximate -equations
	Major ideas of the proof II: The uniform energy estimate of the approximate -equations
	Major ideas of the proof III: Solution of the linearized -equations
	Remarks on the incompressible and zero surface tension limits with weaker initial data

