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33.1 Weak convergence.

& LetMn, MEProbIRC. We say that Mn-M if

Shdln->Shdy for all he CSRI.
M

(the collectionofbold its
functions on 11

· Equivalently,
Mi if Mn)0,x1 =M(0,x7for

any non-atom ofM.

·
The def of weak convergence ofmeasures passes to that of distributionfunctions
and ers in natural ways.

· (Helly - Braythm) Let (Fr) be a sequence of DFs on R. Then Ia

subsequence (top) and a right its function Fon such that

0.Fs1 and

Is Fim(x) =F(xs

for everypoint as of cityofF.

Remark:The above I may not be a DE, since it mayhappen that

Ext or InF(x)* 1.



Pf. Let IR =[-0,01. Then ProbSR) is compact endowedwith the
weak topology.
Notice that Prob(R) can be viewed as a subspace of Prob (RI. So

for any (Mn)= Prob(R), Ifa subsequence (Mup) and

M -> Prob (R) such that

Hmm M.

Bet F(z)=M([ro, z 1) for EER. Then

Enp(z) -> F(z) at the pt-Z of Cty of E,
where Firm is the DF correspondingto Mum. This proves Helly- Bray's
Thmn.

Q:When is the function F in Helly - Bray's ihm a DK?

Accordingto the above proof, I is a DF => M -Prob (1)
=>p[+0, -0) =0.

Def) Tightness) A
sequence (MaD**ProbSI)

is said to be

right if for each sco, there exists ICO such that

Mn5-F, KET =D-5 for all noIT.



Similarly, a sequence (Fn) ofDFs on IR is said to be

tight if for every330, there exists (so such that

En(K) - FnfKr) < 1 - 5 for all me N.

-m3.6. Let (Fn) be a sequence ofDFs
on R.

(1) If FrF for some DFF, then (Fn) is tight.
(2) If (Fn) is tight, then I a subsequence (Fur) and a DFF

such that

Eup F.

Pf. Here we onlyprove (), andleave the proof of1) as an exercise.

Let men, M be the probe measures on IR corresponding to in and F.

Let s20. Then I REN such that

Fi)[m, k1) < 1 - 3.

Take hE Cb(IR) such that

h(x) = I "
if /x = R

if k
=(X(<k+

if IX1> kH1.

ih



Then Mr([-K-1, k+11) I JhdMn -> SndFi =MSER,R1) a

It follow that IN such that

Mn([-R-1, k+11) =M(ER,R1) >B-9 (1)

for all m =NT.

Now pick K> kts such that

Mn)-K, K1)>1-5 for 2=1, . . ., NT.

By (1) this implies thatMn(E-K, KI) 21-a for all neat.



33.2 Characteristic functions (CF).

Def. Let X be a ver. The characteristic functionof X is a map

9: R+K
defined by

9(0) = E)e4oX)
-SfiOdM(x) 34is the law of X).

IR
-

= SiRcos(Ox)dMcx1 +:/inSinox) dMW).
Remark: Weoftenwritelettertransform of M..

or the Fourier - stieltjes transform of F.

dem 3.7. Let G= Gx be the CF ofa nr. X. Then

①G(0) = 1.
&19(0)1<1 for all O.
③ I is unif.cts on R.

④ 9.x (0) =10).
⑤ Sax+b(0) = eib0.GxlaO).

⑯ If E)IX)<ro, then G is noth differentiable on IR
and

g(r =E) (x)".exoX)= SR (ix)" eioxdpcx.



Pf. We onlyprove 8 in the case when mil. First note that

leib-gial? b-a for all a, bERR, acb. (3)

To see it, we have

leib.eia)= (*Seide
> Sa dx =b-a.

Now for

$s)-9(0) -(-e*** C
By,lossa
Since ((x)d4(x) =E)1X1) <0, bythe DCT,

im -9(0)-(Mex-eios df(x)

-S(dim c-cio de
=S ic eiOxdM(X)



Below we list 3 keyresults aboutCFs.

(i) If X and Iare independent, then

Sx+Y =9x:4y.

(ii) I can be reconstructedfrom $.

(iii) Weak convergence of DEs corresponds exactlyto
convergence ofthe correspondingCFs.

The proof of (i) is straight forward.
The proof of(ii) is based on the following.

The 3.8 (Levy's inversion formulal.
Let 9 be the CE ofa r.U. Xwith law p. Then for ask,

him Seeliob, gold a
=(49a) +M(a,b) +4[b].



Cor3.9. Let M, yeProbSR). Suppose that 9u= By.
Then M=y.

Pf. Byihm 3.8, for all a sb,

=ki[a] + 4(a,b) +4[by == y(a) +y(a,b) +yEbb.

Set
A = =( A=$(R):M(A) =y(A))

and

I =

=5 (9,51: pSay =Mdb3 =y[ab =y5b3,
M(a,b1 =y(a,b)).

It isreadilychecked that A isa X-system, and 5is a

it-system and o(9)= B(R).

By Dynkin's i.x thm, AsW(3)=B(R). Hence M=y.

#

Nextwe turn to the proof of
the 3.8.



Pf ofihm 3.8:

Let as and T20.

Seantablo. (ie"o" dueone
by Ebini Sin Sealagiocyb do dril

I sinceIeo(x-bl) boa,
and Sir S_* dodycx 0)

Notice that

toy do-Isincoys do

I SY siny) do
=>cosgny). (131.* di

=> z.5gn(3). S)41y1),



where sqnzs=Io
and

S(z) = S*dx
Notice that

/mScz) =I dx =(*).

Henc

(l-fioxe
= I (sign(x-a).S(5(x-al) =sqn(x-b) S(T1x-b1))
·=AST,x).

as it i

-> I
# if as Xcb

O if Xsa or X36

- if x =a or x= b

Notice that for any fixed asb, (ACT,c)) is uniformly
Add in T and



Bythe DCT,

him inIIregal do

-Im SR AST,xdp(X)

**SR"say +ca, b)+A,by dRX)

=> M(a,b) +I49a) +45bb.
#

Next we prove (iii), i.e., Weak convergence of DFs

correspond to the convergence ofthe correspondingCFs.
j

-3.10 ( Levy's convergence Thm).

Let (En) be a sequence ofDFs, andlet In be the CF of En.

Suppose that

109n(0) =g(0) for all OERR,

and that I is its at 0.



Then G= 9F for some DF F on R and

FrF.

pf. We firstassume that(Fu) is tight.

ByHelly - Bray's Thm, I a subsequence (Frm) and a DF F
such that

Fr , E.
It follows that

InplO) -> GICO) U BER,

which implies that G = 9F.

Next we prove that Fr*F. Suppose this is not true.

Then I aptx of continuity ofF, 820 and a subsequence
CAR) such that (np(x) = F(x))> S for all k.

Since (E) is tight, choosinga subsequence of (Emp) if necessary,
we mayassume that

Fr*, I
for some IFF on R. Then



9rp(O) -> 9F(0), F OER,
which implies

IF =9 =9F.

By Cor3.9, F
=F. Hence FraF. But

This contradicts the factthatI Eup(x) = Fxc/> 8 for all R.

In whatfollows we prove that (Fn) is tight. Notice that

In (0) +4nfo) is real, so g(01+970) is also real.

Let 230. Since I is its at and 99s=1, I 80 such

that

1S 3 = g(0) - g)=0) dO <E.

Bythe DCT, I MENsuch that

5) 2-Galo-4nfal dosa for all miN.

That is,

i) S2-eiox_giOx dNNdO 9.
By Fubini,

Si s) 2-fin e-iodadMa 9.



Notice thatis (82-elox-eiox dO

=i),(2 = 200s0x) dO

=

2 =5.OD
=>2)1 - -

- provided that 18xK2.

Hence

j
Ex:anz dEn= Si )

z-eioseioxdadnCX
SE

i.e. MnGx:par] - S for mIN.

Equivalently,
Mn)[ - 5,51)?1 - 5 for allazN.

This proves the tightness of (Mn).


