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b15 Exl)edul values

Let (_Q.J T, P bea F\*ob. Sl)atﬂ. Recall that @ fardom Uoarabls
X on (0,5, P) 5 0 measumbls ifuud'm‘y\ X: 0> R e

X" € F  for each Borel set AR
Lt EX= fxd P ond we cul it the cxf)ed'a‘rt&n of X.
Notice that EX s wen-de]C’meJ .‘{l

f X'dp <wor gx—d‘)uo/
where  X'= maxfo, X}, X= mexfo, -}

AC(OYAI;\B +o "t}u. I)YOPQVHQS o? lthjYa‘f'LJV\/ we lnaJre

Prop 16.  Let X, Y 20, or 3 E|Y(<°°,‘£L»eh

* E(X+Y) = E(x)t E(Y)
E(axw) = af(X)+b Fr al o, be R,

EX Y f X>Y.



Prep -7 (i) (Tensen Ime(‘uawj) §u‘)Pose P:R>R 13
ConleX. Then
E( P(x)) > @(Ex)
£ el e E(1G0]) <.
(i) Helder me:\wm y
EIXYl s Ixllp 1Y, wlm‘en\L:P,%M
Here 1 Xl :j’ x| dp St =,

(D) (C'f\elo)/Slneu’s mi wlty )
Suppose P+ R~ Ry Then for exch Bacl ACR,
:‘anl Pv: yeA } - P4 XeA}
< J ¢(x) 4p

fxen}
In F“V‘I‘;CMIQP -Fw each Q>0

ofP{ lxlm} < EX*



Prol) I3 (Faj[ou)s ‘eMW\a) I‘F Xh 20, then
hfm"h{-’ EX, > E(,l‘ry?_)t’:p X )

h-> 0o

( Monstone convergen Thm ) IF o< X f X,
then

l'a‘y'_:\NE Xn = EX

( Domfna{eol ConUeV‘%eh(.e T‘m) If») Yh—>\( ae,
lyn( < Y/ EY<°°, then
i EX, = EX.

Thm l"1 (Cl’)ah%_e DY- Vanables P’V‘M‘*lﬁ\A

Le{‘ X be & \rahdom elemen‘(; in (T} Oj_) wth
distnbution ]L[,, that i,

M(A)= PiXeal, AeT
let {3 (T, ) > (R, B(R) be measurable such that
4‘2)0 or E(HB(X)‘) <vo, T‘\eh

E $(x) = E_iﬁe)df«‘(n).



Cone 1. ‘F :“'A, whee A€ OI’
Then E]G(X) = f //—uA(XC“’))dP(W)

= 5 jLX-'(A) E chw)
= P(xX')=P(xeA)

f Aprdple) = KA = P(xeh) -
= E&(X).

Cone 2. ‘F= %af 1y,
B)/ ths l&newh'ifj °f, 'Mﬁjmﬁo}\ ‘
e £(x) = z & E( 1, 0)
= f& \(fﬂf\ Gll" (byCmi)
= f Z o‘ i"-A O‘.H
Cone 3. ]Q 20,
Take @ Seim‘—“ Q.K» hon-nej‘“{"\’e S?ml)le '?um,ﬁfms (‘?“)



S wih that ?h {\ ]Q B/ Tl\m Mono‘{’ov\e COr\Uer\S”euLsx TLUM
E P(X) = Iim ER(X)

o w

= Mn\(f?nd}[ (Io), 0m5e3)A

hW> =

= f?dp\.

Coe g, wite = £'-
T EfQ<n E X<
o BP0 = Ef(w - P
= g 2 du - Yﬁf‘dr«
= r{-‘clv.

As a consequsnw tha above -l:kw‘, we Qah c»m')wfa '.E'le_
ext)ec‘l’ed V) lUUL of ?m to S ’.Kr R,V.)S bj ":akin,g lb\‘l‘e’a_\ro.fu;ns

On ?H\SL r«Q lihe .

EXo-Mfle 3 Le{ >< hO«Ue an Q)& ohentf«Q d&s‘{‘;bu‘l‘;o'h w;tl.\
Faramgfev 1. nwd‘ t‘s} )( has o Jehsﬁj

-

g(x)__. { ex (\? X >0
o :



NO‘HCQ 'Hnaf _
O{i'l(x)= exdx 'Fov X>u/

Where |~l s the distnbwhon of X

Heras kj Thim 19 .
E X{Qt = f ’Xk° -‘Q(x\ dx
- bo x
- ﬁ Xk € dx.
= g&' ‘Pov *—eQ: O/ 1/ 1/“
Vor(X) = EX* - EX)

Examtéle. Let X have o Pou‘swn dbﬁb;ﬂ'u{n W th rmramﬁy
>~>°/ e,
k

P{ X:%} = ﬂ—)\' RT Y=o, 1, -
Let p be the diviubotion 01 X Then
2 oAk
= = g 314}

k!

k=0
% Dirac measurs

at &
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2 (@) et 2k
2, (&) (0!
+ )i)'o Q—)‘- AR
k= QQ_,):
s gh ok
l'{=2. Q’CZ)'
2ok,
E X - (EX)
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- 2 et at
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él‘b ProJch[ meQsures and Fu,b;n.‘ TLM.

clet (XA ) o (Y B ) be duo oLt

meosure S‘)o.ces .

o Consider the F“Wl“d SI"W‘ ( XKY) 7&7"‘9 )
where Axﬁ is the G’-aj%ebra @ehemﬁd by the collechs s,

T = %AxB: AcA, Bef3 JL

Each elelm.ehjc n Uf' ) Cw“ecl a kc{‘ahgle.

o There is a Uv“l\iw?- measuin l"“”‘ (XXY) Axp) sudy Hhat
B(AxB) = W(a) pa(e) P all AcA, e B
The. mearure ti is ogten denoted a4 |~£.>< |J~z,

Thm ( Fubini Thm) Let 19: XxY = R be Axf-measunbl,
Su,rlbosq 1?20/ or \(HQIOHA <o T;\s-h

S]‘{‘(; SF(X/‘” dH(x) d fa(e) = £(x\( 5{! A

- fx ry P A d )



CL“F 2, Low of orge numbers.
§ 2.1 Inde')eholen&.
Let (=, F, P) be a prob: Space.  Any elomsnt Ac T s culled an event
Del.  Two events A, B ore called 'M i
P(A0B) = p( pa).
el Twe vu's X and Y are icapendsat if
Pi Xen, YeB= pixen} p§ Yes} Por any A,B e B(R),
L. {xeA§ and erB} are mcurembwt ﬁv oll A, Be 5302)_

De? Twe o- al%ekras ojt and g, are (ndependent l‘g
-For all Ae":}) de g) the eoenj(g A and B are M&w.rencln»t

Rﬁ"'_“’it ¢ Twe ru's X oxd T are independent
& 5’()() and d(‘() are w\\d_mren&&ntl
Readl #het d’(X) = { X : A€ ﬁ'(m)}‘

Two events A, B are MJ.LFehdﬂ.nt
@ j[/_\ and fU.B are MILQfeutanf‘



De{l. . GJ—o.ltaeLms 0;‘/ - 0)(_“ are lﬁ&feh&ﬂuf iF
P( .(iA“ )= {rri-‘.l P<A5) fov all Ae 0}_}) 12,2, 0,
Yv's X\, ~, X ore Md.:-reniut EF
P( él x:‘(Ai\) = ﬁ P{ X; e Ai} %:r all \A"eﬁ("‘\,

. E\Ieh‘{‘s A‘) o, An ave lP\darehcln.ht LF %y ah\J chfglgll.\./ h}
PC A A) = T p(w)

i€l €T

Eclun‘.u«l-ewﬂy/ Al) “ An OFre l\v\di')ewbut c?

f"-Au i’ jl‘An Sl l\}\clzreni_v,yvt

Net we Give some SuFfiaent conditions ﬁ)\r Ahdel)endn.n(e,
DeF e Colledtions oF se<l~s A“,../ #n c 0}- are li\clﬂ'ﬂ"&ﬂht “F
P( QI A) = ;Q-I P(Ai) 'ﬁ" ) hAie A.‘ axd IC{'/"‘M}‘,
o Assume NL¢ Ai :gf all (sisy\_ T‘uh

Al,“'/ A, are Mc{et)encﬂznf S P( IéA.‘): ﬁ_‘ P(Ai)

%w all A€ Ai S A=,y



De{-’AG)\A collectio n A BF subsets of 0 s said #o be a T- 9)/51Lem
i

A,BeA = AaBed,
® A collection du of subsets of N is sald to be a A~ cysfem i

(h ed ; G I«F A, Bed, AcB then B\f\ ed;
(i) If Aned and AnfA, then Acd.

Thm ( Dynkin's - Thm )
guPPose tht P s o ™ sys’rem and U 135 a -sydem  stch thet
Ped.
Ths  F(P) < &

PE. Let L(P) be tha smabkest A- System that contais .
We will Show thet A(P) 5 a o- ajgeum. This I\v\nrb&j that

(P < A = &
We divide #he ‘)rooF ogx(jl) bel;tg o G—alseLm into severl SLFS'

S’Jterl : A )\‘Sys‘t‘em that 15 clesed under witersection s
QA g- a‘gebm,

chek: © Ac k ek = ASc Q.
@ AnecL) h=t,2, - n
= Ated, ond QIAchL



h oo\ €
Moreover gl An = ( Ql A") €q.

()

h 0 U L
Sina YA F YA D JAed

S{.r 2. 1( P) 15 cloed under ivtercectin
Set (j,\= {B: AnBe(?}. we clatin tlat
* IE A€ (D), then G, s o d-system
To prove this clain, we note that
W negq,
@ If B,ce§, BCC then
(c\gYnA = (cn A)\( BaA)

€ 2(P)
So C\Be SA'

@ If B.eG. B.FB, then

A0B,c 2(p) am AaB, [ AaB
whadh fm\)l&,es ANB ¢ ./Q(?)/f) Re g/"'

To see tht () closed wnder ihtergectin
o W—S)'stem. So

I Aey, the 9,\:9}@ TEB(E)

but %I\ 15 O A= Syd‘am

nohe that ? 05

J



Thus SF AeP ad Be R(p) =  AaB €L(y).
whaidh mpbes  Ael(), Be® S Aobe () .

Hena  Acl(?) = G2 7?

> > 4(»
g, i aA-syffem} 4w 240)

Henas _2(9) is cloyed under tntersection

As an Gﬂ)lﬁ(ﬂ’l&n a{. Dyhkm’s -2 T‘W\/ we have.

Tlmm 1'1_1{3 7%.,“', An are l?\defemieﬂ‘t and each 7&,‘ s a Tr—s'ydém/

then
G’(ﬁu)' -, 0"(%»\) are lv‘\defehdenf,

PF We -?.‘rs‘t show that o’(A.)) 9\;/ ~, A, are Mc{el)eymleht

Let A;¢ 7\" i=2,3 «,n.  Wate F= A0 A
Set
x={A:PAoR)= P pcF }.
T]r\,eh ® d 1vs e A S)/s'l'arn. ("7 def o] ’\";VSJ(QW‘)
@ 4d>4. ( by thoindspendenz of A, - 4,)
Sinta 9& 3 o W-Gyd'eml £0 bj Dynkah's -\ T"”") ) G’(Al),

This im‘)lzes that ‘F” eadh A€ G)UM), ﬁ;e AI\) i=2,n
P(A 0 A-a An) = P@) P, Ai) = PAY: P(A) = P(fa),

Hﬁhu g(f\.)' ﬁl/ -, ‘Ah are ;\y\clel.)ey\&ent‘ Tl\uf 3



Al, As,“‘, An, S(A) ar ndependsnt .

Stha Aa is o T-System the Previeus argumoat

= (M), Ay -, An, (A) an indepordent;

An ferated o.waum‘t shows that SR, -, Q)(#.\) ore A‘V\J&‘)endnnt a





