MMATS5390: Mathematical Image Processing
Solutions to Chapter 1 Exercises

1. h(z,o,y,B) = H(a+ (B —1)N,z + (y — 1)N).
h(2,3,2,1) = H(3,5) = 0, h(1,2,2,3) = H(8,4) = 0.

2. Note that
h(1,1,1,1) =8, h(2,1,1,1) =12, h(1,1,2,1) = 16, h(2,1,2,1) = 24,
h(1,2,1,1) =16, h(2,2,1,1) =4, h(1,2,2,1) = 32, h(2,2,2,1) = 8,
h(1,1,1,2) =6, h(2,1,1,2) =9, h(1,1,2,2) =4, h(2,1,2,2) =6,
h(1,2,1,2) =12, h(2,2,1,2) = 3, h(1,2,2,2) =8, h(2,2,2,2) = 2.

Define g; : {1,2}2 — R by

91(17 1) = 2a gl<2a 1) = 3) gl(1a2) = 47 91(272) =1

and g3 : {1,2}2 — R by

92(17 1) = 4a 92(2a 1) = 8) 92(172) = 37 92(272) =2

As h(z,a,y,8) = g1(z,a)g2(y, B) for all 1 <z, a,y, 8) < 2, h is separable.
Alternatively, observe that
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16 4 32 8 48\ (23
=16 9o 4 6 _<3 2>®<4 1)'
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Hence h is separable.

3. Suppose there exists g : {—1,0,1}*> — R such that h(z,a,y,8) = g(a — x,8 — y) for all
1<z,a,y,8 < 2.
Then 3 =h(2,1,1,1) = g(—1,0) = h(2,1,2,2) = 1. Contradiction.

Hence h is not shift-invariant.

Alternatively, observe that (? ?) is not Toeplitz; thus h is not shift-invariant.

4. Let h be the shift-invariant PSF of a linear image transformation on M, x,(R), with A,
n-periodic in both arguments such that h(z,«,y,8) = hs(a — 2,8 — y). Let H be the
corresponding transformation matrix.

Let a € Z. Then

Ha+B+a—-1)n,xa+(y+a—1)n)=h(z,0,y+a,8+a)
= hs(a—2,(B+a)— (y+a))
= hs(a—=,8-y)
= h(z, oy, B)
=H(a+(B-1)n,z+ (y—1)n).

Also, by periodicity of hg, for y € NN [1,n — 1],

Ha+n—-1)n,z+ (y — 1)n) = h(z,a,y,n)
=hs(a—xz,n—y)
=hs(a—z,1—(y+1)
=h(z,a,y+1,1)
= H(a,z + yn)



and for S € NN [1,n — 1],

Ha+ (8—1n,z+ (n—1)n) = h(z,a,n,B)
=hs(a—x,8—n)
:hs(a—m,(5+1)—1)
=h(z,a,1,8+1)
= H(a+ fn,x).

Hence H is circulant when viewed as a matrix consisting of blocks of fixed (y, 3)-values.
Combined with the result of Theorem 1.13, we establish that H is block-circulant.

. Let h be the separable PSF of a linear image transformation, with h(x, o, y, 8) = h.(x, @)h.(y, B).
Let H be the corresponding transformation matrix.

Then the y = k, 8 = [-submatrix of H (denoted by Hy;) is given by

T —

Y= k = [H (a + (l - 1)77’?'7; + (k - 1)”)}1§m§n
al B=1 1<a<n
= [h’(‘xa «, kv l)]lgzgn

1<a<n
= [hc(xva)hr(kvl)]lgzgn
1<a<n
= hT(ka l)[hc(xa a)]lgzgn
1<a<n

= h(k,[)hT.

Recall that

X X X
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n=| Lo (522) ) e (522) o (523)
T — X xTr —
v (520) ) Lee (520) « (520)
-Z;;rll Iz—’21 -[E[nl hr(l,l)hz hr(Qvl)hZ hr(na 1)hg
H12 H22 Hn2 h?‘(172)h? hr(272)th hT( a2)h’,£
gln ﬁ2n ﬁnn h (1,”)th hT(27n)hZ hT(”’n)hZ
hy (L, D)he  hy (1,2)hg hi (1,n)hl
hi (2, 1)he Rl (2,2)h hi (2,n)hE
= ) ) =hlon!
hi(n, DAY hE(n,2)RE -+ Wl (n,n)h{

6. Assume f and H are periodically extended.

(a) H = f is the 5 x 5 matrix whose entries are given by

2 2

Hx f(a,p) = Z Z H(m,n)f(a —m, 3 —n).

m=—2n=—2



Hx f(a,p) = Z Z H(m,n)f(a —m, B —n)

m=—2n=—2

2 2
= Z Z am+3bn+3f(a—m, B —n)

m=—2n=—2
2

= 3 Y Him 0) a0, m)f (0~ m, 5= )

m=—2n=—2

2 2 2
= Z H2(07n) Z Z Hl(mvnl)f(a_mvﬁ_n_nl)

n=—2 m=—2n'=-2

= > Hy(0.n)H; * f(a, 3 —n)

n=-—2

2 2
Z Z Hy(m!,n)Hy * f(a —m', 3 —n)

m'=—2n=—2
= Hy % (Hy % f)(a, B).
Hence H x f = Hy * (Ha * f).
Assume I, > € T are periodically extended.

The discrete convolution I * I of I; and I is the (2N + 1) x (2N + 1) matrix whose
entries are defined by

I + Ir(« Z thnba—mﬁ—n)
—Nn=—N

Let I 1,1, € 7, and let ¢ € R. Then
O(Il + CIQ) = (Il + CIQ) * H

lz Z (I1 + cls)(m,n)H(a —m, B —n)

m=—Nn=—N —N<a,B<N

lz Z [Ii(m,n)H(a — m, S —n) + cla(m,n)H(a — m, 5 — n)]

Nn=-N —N<a,B<N
=[I * H(a, B) + ¢l % H(aaB)LNga,ﬁgN
=hLxH+cloxH
= O(I1) + cO(I).

Hence O is linear.
For any I € Z, the PSF h of O satisfies

N N
Z Z (x,0,y,0)I(z,y) =« H(a Z ZI H(a—m,p —n),
z=—N y=—N m=—Nn=—N
and thus h(z,a,y,8) = H(a — z, 8 — y).
Hence h is shift-invariant.
Let Hy, Hy € Z. Then
N N
I (Hl*HQ) Z Z ImTLHl*HQ(OZ_ aﬁ_n)
—Nn=—N
N N

=2 > Im

N N
, M) Z Z Hi(m/,n"YHy(ao —m —m', 8 —n—n')



N N N+m N+n

= Z Z I(m,n) Z Z Hi(m" —m,n" —n)Hy(a —m", B —n")

=—Nn=—N m'’'=—N+mn'"=—N+n
N —N-1 N+m N+4n
oD oI XN (D VN ol I »
—Nn=N "="N4m m/'=-N/ n''= N+n
Hi(m"” —m,n" —n)Hy(a—m",8—n")if —N<m<0
N N+m N+n
oD oI XU (D SN ol ) »
—Nn=—N "=—N+4+m m'"=N+1/ n"=—N+n
Hi(m" —m,n" —n)Hy(a—m",—n")if 1 <m <N

N N N N+tn
= Z Z I(m,n) Z Z Hi(m"” —m,n" —n)Hy(a —m", 3 —n")
m=—N n=—N m'’=—Nn""=—N+n
N N N ~N-1 N+n
oS RGOS >IN (D SR ol
—Nn=—N m'’'=—N n"=—N+n n"’"=—N

Do (CROND v (D SIS vl

—Nn= m'’'=—N =—N+n n/’=N+1

N N N N
= Z Z I(m,n) Z Z Hi(m"” —m,n" —n)Hy(a —m”, 3 —n")
—Nn=—N m'’'=—Nn""=—N
N N

_ Z Z I« H1(m”,n”)H2(a i m//76 . n//)

m'’'=—Nn""=—N

= (I « Hy) x Hy(o, B).

Hence I x (Hy x Hy) = (I * Hy) * Ho.
(c)

N N
I« H(a Z Z I(m,n)H(a —m, 3 —n)
m=—N n=—N
a+N B+N

Z Z Ia—m/,8—nYH(m' ,n)

m'=a—Nn'=—-N

N a+N BN
( oo+ X ) S Ila—m/,B—n")H(m/,n') ifl1<a<N
m’'=a—N m'=N+1/ n'=—N

N B+N

Z ZH I(a—m/,p—n')

m/'=—Nn'=—N

N —N-1 B+N
Z Z + Z H(mlvn/)[(afmlaﬂfn/) lfngﬂSO
m/'=—N \n'=p—N n'=—N

> o+ X )H(mﬂn’)[(a—m’,ﬂ—n’) ifl<B<N

m/'=—N \n'=—N n/=N+1

Z Z H(m',n')I(a—m', 3 —n')

m'=—Nn'=—N
= H « I(a, ).

Hence I x H = H x 1.

Hi(m" —m,n" —n)Hy(a—m”,8—n")if —N<n<0

Hiy(m" —m,n" —n)Hy(a—m”,8—n")if 1 <n<N

—1 a+N B+N
( > T X ) > Ila—m/,B—n"YH(m/,n') if —N<a<0
m'=a—N m/'=—N/ n'=p—N



On the other hand,

Hence g = E Z fijti

i=1j=
(b) Suppose f is diagonal. Then

9. Let f,9g € Mnxn(R) and ¢ € R. Then

N
S(f+cg) = Z w(f +cg)Va

N

=> NufVa —I—CZNngV
n=1 n=1
=Sf+cSg.

Hence S is linear.
In addition,

N N N
SONIFVE=>"S" NINWfVaViE
" NN

:ZZ INfEmn

I
HMZS

where E,, ,, is the N x N matrix with all entries zero except E,, ,(m,n) = 1.

luv| if Jul < 2,]v] <3
0 otherwise '

Then h(lL’,O@ZJ,B) = hs(a - zvﬁ - y)
Hence h is shift-invariant.

10. (a) i. Let hs(u,v) =



ii. Let h,(z,a) = oo =] if |a—.x| =2 and h.(y,8) = {W_y' if |ﬁ_y| = 3.
0 otherwise 0 otherwise
Then h(z,a,y, 8) = h.(z,a)h:(y, B).
Hence h is separable.
(b) i Let hs(u,v) = vu*+v3.
Then h(z,a,y,8) = hs(a — 2,8 — y).
Hence h is shift-invariant.
ii. Suppose h is separable, i.e. there exists functions h, and h. such that h(x, o, y, 8) =

he(z, ) he(y, B).
Then h,(0,0)h(0,0) = k(0,0,0,0) = 0, which implies h,.(0,0) = 0 or he(0,0) = 0.

On the other hand, h,.(0,0)h.(1,0) = h(0,0,1,0) = 1 and h,-(1,0)h.(0,0) = h(1,0,0,0) =

1, which imply h,.(0,0) # 0 and h.(0,0) # 0. Contradiction.
Hence h is not separable.

VIT—ud =02 if ju] <2,]v] <3

0 otherwise ’

Then h(z,a,y, ) = hs(a —z, 6 — y).

Hence h is shift-invariant.

(¢) i Let hg(u,v) =

ii. Suppose h is separable, i.e. there exist functions h, and h. such that h(z,a,y, 8) =
hr (2, @) he(y, B).

c
Then h.(0,0)h.(0,0) = h(0,0,0,0) = /17,
hr(1,0)h.(0,0) = h(1,0,0,0) = 4,
By (0,0)he(1,0) = 7(0,0,1,0) = 4 and
hy(1,0)he(1,0) = h(1,0,1,0) = VI15.
But then
16 = [h-(1,0)h(0,0)][h(0,0)h(1,0)]
= [~r(0,0)he(0,0)][hr(1,0)he(1,0)]
= V255.
Contradiction.
Hence h is not separable.
4 5 7 3 . - .
11. (a) Note that 3 4 and 5 ) are Toeplitz, and that H; is circulant (hence Toeplitz)

when viewed as a matrix of 2 x 2 blocks.

Hence H; is block-Toeplitz, and thus represents a shift-invariant linear transformation
on 2 x 2 images.

On the other hand, as (;1 Z) is not circulant, H;y is not block-circulant. Hence hy is

not 2-periodic in some of its arguments.

0 3 2 1 4 5 2 89
(b) Note that {2 0 3], 5 1 4] and |9 2 8] are circulant, and that Hs is cir-
3 2 0 4 5 1 8 9 2

culant when viewed as a matrix of 3 x 3 blocks.
Hence H> is block-circulant, and thus represents a shift-invariant linear transformation
on 3 X 3 images with hs being 3-periodic in both arguments.

12. (a) Note that
1 2 4 3
Hy = <3 4> ® (2 1) .

Hence H; represents a separable linear transformation on 2 X 2 images.

(b) Suppose Hs represents a separable linear transformation on 3 x 3 images. Then there
exists A, B € M35 such that Hy = A® B.

1 2 5 6
Then (3 4> = a11 B whereas (7 8) = aq B.

But then 6 = (anbn)(aglblg) = (anblg)(aglbu) = 10. Contradiction.
Hence Hs does not represent a separable linear transformation on 3 x 3 images.



13. (a) Let 1 <a<mand 1 < <n. Then

=1 j=1

a—1

B—1
= Y 3 fa—i.B—).5)

i=a—mj'=pB—n

0 a—1 0 B—1
:< Z +Z> ( Z +Z) g(ilvj/)f(a_ilvﬁ_j,)

i'=a—m  i'=1 j'=p-—n j'=1

=> Y 9l i"fa—i 8§

ir=1;'=1

=g* f(a, B).

Hence fxg=g=x* f.
(b) For simplicity (and to guide the indexing of f * g), we only consider the cases where f
and ¢ are indexed with the same set of indices.

If f and g are indexed with 1 <i,5 <2, i.e. if

f= ) h<ij<e = (é i) and g = (9(i,j))1<ij<o = ((2) g) ’
then
frg(1,1) = F(1,1)9(2,2) + £(1,2)9(2,1) + £(2,1)9(1,2) + £(2,2)9(1,1)

=1-5+2-2+3-34+4-0=18,

fx9(1,2) = f(1,1)g(2,1) + f(1,2)9(2,2) + f(2,1)g(1, 1) + f(2,2)g(1,2)
=1-242-54+3-0+4-3=24,

fxg(2,1) = f(1,1)g(1,2) + £(1,2)9(1,1) + f(2,1)9(2,2) + f(2,2)g(2,1)
=1-342.0+3-5+4-2=26, and

f*9(2,2) = f(1,1)g(1,1) + f(1,2)9(1,2) + f(2,1)9(2,1) + f(2,2)g(2,2)
=1-04+2-3+3-24+4-5=32,

. . 18 24
Le. frg=(f*g(i,j)h<ij<2= (26 32>~
If f and g are indexed with 0 <4,j <1, i.e. if

f=(f0i,§)o<ijc1 = @ i) and g = (9(7,j))o<ij<1 = (g g)
then

fx9(0,0) = f(0,0)g(0,0) + f(0,1)g(0, 1) + f(1,0)g(1,0) + f(1,1)g(1,1)
=1-0+2-34+3-2+4-5=232,

I 9(07 1) = f(0,0)g(O, 1) + f(oa 1)9(070) + f(l,O)g(l, 1) + f(17 1)9(170)
=1-34+2-0+3-5+4-2=26,

fx9(1,0) = f(0,0)9(1,0) + f(0,1)g(1, 1) + f(1,0)g(0,0) + f(1,1)g(0,1)
=1-242-54+3-04+4-3=24, and

I 9(1’ 1) = f(0,0)g(l, 1) + f(oa 1)9(170) + f(l,O)g(O, 1) + f(lv 1)9(070)
=1-54+2-2+3-34+4-0=18,

ie. frg=(f*g(,7))o<ij<1= (3421 ?g), which is the same as the previous example

upon periodic extension.



(a)

One may verify that the result is the same when the indexing is
0<i<land1<j<2

or
1<i<2and0<j<1

and confirm that f * g takes the same values regardless of indexing, since all other index
sets are periodic shifts from the above four.

Remark. In this example, since f,g € Msyo, f * g does not depend on the indexing of
f and g. In general, however, when f and g are indexed with different sets of indices,
results may differ in the sense that they are not the same even with periodic extension.

100 100
A simple exampleis f =g= |0 0 0], which gives fxg= [0 0 0 | when indexed
0 00 0 00
0 00
with 0 <7, <2and fxg= [0 1 0| when indexed with 1 < 4,5 < 3. Even after
0 00

periodic extension, these results differ by a shift.

14. |- |lp : R™ = R is defined by

1
n P
lvll, = (Z vm’) for any 7= (vi, -+ ,v,)" € R™.
=1

For any ¥ = (v1,- -+ ,v,)T € R,

1
nm{zw)m
=1

Since 0 = 0,---,0)7T,
——

n zZeros l
n P
nm{zﬂza
=1

On the other hand, for any ¥ = (v1,--- ,v,) € R™ such that ||v|, =0,

1
)
=1

D ful” =0,
i=1
|v;|P =0 foreachi=1,--- ,n
and thus 7 = 0.
Hence |[v]|, = 0 if and only if 7 = 0.

This triangle inequality of p-norms is precisely Minkowski’s inequality. For self-containment,
we will establish it from scratch.

Let 7= (v, ,v,)T € R" and @ = (wy, -+ ,w,)T € R™, and let 1 <i < n.
For p =1,

N N

N
|17+ @l =Y [vi + wi| < Z\vzlﬂwz =3 Juil + Y fwil = |81 + ||

i=1 i=1 i=1 i=1

2

For p > 1, we will require Holder’s inequality, which is in turn derived from Young’s
inequality.



Young’s inequality
Let a,b > 0, and let p,q > 0 such that % + % = 1. Then

a? bl
ab < — + —.
p q

Proof
WLOG assume ¢ > 0 and b > 0.
Notice that f(¢) = In(¢) is concave on the positive real axis:

1
1) = 5 < 0 for any ¢ € (0, +00).

Then for any ¢ € [0, 1],
tin(a?) 4+ (1 — t) In(b?) < In(ta®? + (1 — t)b7). (1)
The constraint % + % = 1 restricts p,q > 1.

Hence by substituting ¢ = % into (1),

In(a) + In(b) < In(Z + %)
n(a)+1In(d) <ln +—),
p q

and the result follows from exponentiating both sides.

Holder’s inequality

Let 7 = (v1,- -+ ,v,)T, % = (w1, ,w,)T € R", and let p,q > 0 such that % —l—% =1.
Then
1 1
n n P n q
> viwi < (Z |> (Z |wi|‘J> = 1@,
i=1 i=1 i=1
Proof
By (a), if ||9]|, = 0, then ¥ = 0 and Zvlwl—o
=1
WLOG assume ||9/]|, # 0 and |||, # 0.
Then || ||1,Hp lp = ||ﬁ”q =1
Then by Young’s inequality,
v w vil wi] _ Jwil? | Jwi]?
191lp 1wllq ~ 19lp ldillg — TR qllwillg’

and thus

n

. v w4
Zvlwxuvnuwn Z( i ':'q)

plals  qllwlg

1 < -
= [|9]] p ||| 5 |vil? + —— |w; |
wlalle | oz 20"+ e 2
1
P

1 T
+ =) = 17llpllwllq-

= (|51 15| (
b q

Minkowski’s inequality
Let 7 = (Ulv"' 7Uﬂ)Tau_j: (wla"' 7wn)T € Rna and let p= 1.
Then

[0+ @il < [|5]]p + [[]],-

Proof
As we have covered p = 1, suppose p > 1.



Let ¢ > 0 such that %Jr%:l.
Note that

v + wil? = [v; + wi v +wi|P~!

< il Jog + wiP71 + Jwil Jvs 4+ wi P

and thus by Holder’s inequality,

n
15+ @5 = o +wil”

=1
n n
<Y vl fos +wil P+ fw s+ w7
i=1 i=1
1 i
n q n q
< 7llp (Z |vi +wz‘|pq_q> + [l (Z |vs +wipq_q>
=1 =1

n

g .
= (I8l + Idllp) { D loi +wil” | = (18], + 1,15 + @l

i=1
and thus -1
o o=y - -
7+l " < V], + [[0]lp,
which is the desired result since p(1 — %) =p- % =1.

(c) Let = (v1,-,v,)T € R™ and let ¢ € R. Then

W\
el = (pr)

i=1

n :
- (cvzw)
1=1

= [ell|9lp-
Hence || - ||, is a vector norm.

15. As the vector p-norms are vector norms, the fact that entrywise norms are matrix norms
directly follows from the linearity of the stacking operator:

(a) Let A € Mp,xn(R). Then
[Allp.e = [ISA[lp = 0.

0 0 0
00 - 0
LetO=]|. . .| € Myuxn(R). Then
0 0 0
10]lp.e = IS0l = [10]],, = 0,
where 0 = (0,---,0)” and || - ||, is the vector p-norm on R™".
———
mn zeros

For any A € M,,x»(R) such that ||Al|,. =0,

|SAl, = 0 and thus SA = 0,

which implies A = 0.

10



(b) For any A, B € Mp,xn(R),

|A+ Bllp.c = [|S(A+ B)llp
=|SA+SB|,
< |ISAll, + IS Bl
= [|4llp.e + 1 Bllp.e-

(c) For any A € My, xn(R) and ¢ € R,

leAllp.e = 1S(cA)ll

= [[cSAllp
= le[ISAlp
= lc| [|Allp.e-
On the other hand, we go to first principles for the induced norms.
Let || -] : R® = R and || - ||” : R™ — R be vector norms.
Define || - || : Myxn(R) = R by
Af 1"
= sup LATE,
gernzzy 17l

where 0/ = (0,---,0)7.
N——
(a) Let A € My,xn(R). Since || - || and || - || are vector norms, for any & € R™ \ {0},
|Z]" >0, |[AZ]"” > 0 and thus
|AZ|"
12"~

Taking supremum over all such Z, ||A] > 0.

00 --- 0
00 - 0
LetO=]. . | € My n(R).
00 --- 0
Then 0% = (0 for any & € R”, where 0" = (0,---,0)7, and thus
Cros
ozl (‘)'// "
o= sp AT gy W,
e I 1| sy |

For any A € M, xn(R) such that ||A|| =0, sup ”ﬁg“,” =0, ie.
FER",TA0"

for any & € R\ {0'}, ||AZ||"” < 0||Z]" = 0.

Combined with the fact that || - || is a vector norm, ||AZ||” = 0 for any & € R™, which
implies A = 0.

(b) For any A, B € M, xn(R),

A+ B)z||”
AsBl= p 1A+B)
TeR?, 740" 12|
A—* " B—' "
< wp AT 1B7
FERn F#0/ 1]
Aif 1 B—' 1
S Az, 1231
TeR™,$£0" Izl FER™ G40 Iyl
= Al + 1Bl

11



(¢) For any A € My, xn(R) and ¢ € R,
[leAZ]|”

zern g2 1T
e LAz
pry p I
ZERM, ZAD/ 1]

| AZ]"
FER",TA0 ||f||/
= |c[||All-

leAll =

= |e|

8—a 9—a 2—-a«
16. (a) A—aB=|9—a 6—a 5—«
l-aa —a 9—-a
i. As||A—aB|r > 0for any o € R, minimizing ||A—aB||F is equivalent to minimizing
|A—aB|%.

l[A—aB|i=a*+(1-a) +2-a)?+(B-a) ) +(6—-a)*+(8—a)* +3(9—a)?

=9a” — 98a + 373 = 9(a — 5)2+ =

which is minimized at o = 42,

9
ii. Let
fla) =A=aBl.
=lal+1—a|+2—a|+]5—a|+ |6 —a]+|8—a|+3]|9—qal
Since | - | is continuous on R and differentiable on R\ {0}, f is continuous on R and

differentiable on R\ {0,1,2,5,6,8,9}.
By first derivative test,

! (—00,0) | (0,1) | (1,2) | (2,5) | (5,6) | (6,8) | (8,9) | (9,00)

Fla)| -9 7| 5 | =3 | -1 | 1 3 9
f(a) =||A — aB||1, attains its minimum at o = 6.
T—a T—a —a 99—«
(b)c_aD_<3—o¢ —a 8—a —oz)'
i. As||C—aD|r > 0for any o € R, minimizing ||C'—aD|| p is equivalent to minimizing
IC = aD||%.
|C—aD|% =304+ B-a)’+2(7T—a)®*+(8—a)®+(9—a)?
17 195
=8a% — 68a + 242 = 8(a — Z)2+ R

which is minimized at a = %7.
ii. Let
9() = [[C — aD|1e
=3la|+[3—a|+2|T—a|+[8—al+ |9 —ql.
Since | - | is continuous on R and differentiable on R\ {0}, ¢ is continuous on R and

differentiable on R\ {0, 3,7,8,9}.
By first derivative test,

a (*O0,0) (073) (377) (7a8) (839) (9700)
g'(a) | -8 -2 [ 0 4 6 8

g() is minimized when « € [3,7].
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17. As || - || > 0 for any o € R, minimizing | - || is equivalent to minimizing || - ||%

(a) Note that A; = A+ « <1 1) for some «a € R, and thus

11
 p2 11 a+d a—-1
oo ) -of -|(522 220

= 4a? —8a+60—4(a—1 + 56.

F

Hence ||A; — B||p is minimized by A; = A+ (1 1) = (8 4), and its minimum value

1 1 2 6
is 2V/7.
(b) Note that the mean pixel value of A is

Hence As = (4 4) + B <7 B 4 3= 4> for some 8 € R, and thus

T+3+145
LS — 4,

4 4 45—
36+2 - \|
4= 5= | (%5572 570

2., 104

= 208% + 168 + 24 = 20(3 + ) + =
4 4 3 -1 u 2

Hence||A2—B||FisminimizedbyA2=(4 4>—§<_3 1)2(5’6 158>,andits

5 5

2130

minimum value is =

4 4 1 1 3 -1
(¢) Note that Az = (4 4> + <1 1) + (_3 1 ) for some «, 8 € R, and thus

2

e [ R O R G A Rt
I/ 2+a+383 a—g \|I°

T \-24a-38 —4+a+p

=(a+38+2°+(a—B)*+(a—36-2)*+ (a+ 5 —4)°
=40’ +208% — 8a — 8B + 24 =: f(o, B).

If f is minimum at («g, Bo), %(ao,ﬂo) = %(ao,ﬁo) =0.

9 =8a-8=0
Hence by setting { 485 g_g e get (a0, B0) = (1,1).

One can check that Hess(f) = (S 400> is positive definite, and thus f attains minimum

at (1, 3).
e o (A+143-%2 4a+1-1\ 22
Hence||A3—B|Flsm1n1mlzedbyA3_(44_1_3'2 4+1+z>_(22 3 ), and

5 5

F(1, 1) = 240,

its minimum value is
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