MMATS5390: Mathematical Image Processing

1. (a)

Assignment 2 Solutions

{011,099, ...,0xK} are the square roots of the eigenvalues of AT A or AAT whichever
is smaller. As the entries of the K-tuple are listed in descending order, the K-tuple is
uniquely determined.

More detailed version:

Recall that an SVD of A € My« n(R) involves a triple (U, X, V) € O(M) x M« n(R) x
O(N) such that A = UXVT, and ¥ is a diagonal matrix (in the sense that o;; = 0
whenever i # j) with all entries nonnegative.

Let A € My«n(R), and let (U, X1, V1) and (U, Xa, Va) represent two SVDs of A, i.e.
A=US V' = U5,V
which satisfy
Erk > Cdhirhsr, i=1,2, k=1,2,--- K —1.

Then

U 21Ul = VIvsTul = AAT = U, S, VI VYR Ud = Uy 5,3t uf
and

VSIS Vi = isTUl U5, Vi = ATA = VX2 UL U0V = VaXi s,V

The multiset of eigenvalues of a square matrix is uniquely determined by the character-
istic polynomial of the matrix, which in turn only depends on the matrix.

Since both 212? and 2223 are diagonal matrices similar to AAT | the multiset of
diagonal entries of either of the matrices is the multiset of eigenvalues of AA”, which
implies ;%7 = ¥,37 due to their ordering. Similarly, ¥¥'%; = %I%,. The result
Wyt fM <N

follows from considering the square roots of the diagonal entries of ¢ _. ) .
1% fM>N

Suppose {o;; :i =1,2,--- , K} are distinct and nonzero. Then each eigenspace of AT A
and AAT corresponding to eigenvalue o2 has dimension 1, which means that there are
exactly two unit eigenvectors to be chosen from each eigenspace, each being the negative
of the other. Such eigenvectors are precisely the first K columns of U and V. Combined
with the fact that o;; are in descending order, the first K columns of U and V are
uniquely determined up to a change of sign.

(Apologies, the claim would be incorrect without the assumption that ok x is nonzero.
When A is not a square matrix, the eigenspace of AT A or AA”, whichever has more
rows and columns, that correspond to the eigenvalue 0 would have dimension greater
than 1. Hence there would be more than two choices of unit eigenvectors from this
eigenspace. One example would be

0o =moo (5 V)=moeo(] )

A simple counterexample is given by:

I, = ((1) (1)) = LI, =ULUT,

1 /1 1 .
where Is and U = \ﬁ <1 _1> are unitary.



2. (a) Ho(t) = 1j0,1), and for any p € N\ {0} and n € ZN[0,27 — 1],

ng_;,_n(t) = 2% (1[2%7n+0 5) — l[ngg,s,%)> .
1 1 1 1
11 1 -1 -1
D H=51v2 vz 0 o0
0 0 V2 —V2
(c)
Aptoar = HAHT
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T4 (V2 —vV2 0 0 2 3 3 4|1 -1 0o V2
0 0 V2 —V2 45561_10_ﬁ
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Then th dified Haar transform A/ -4 0 0 0 d thus:
en the modified Haar transform Ap, i 93 0 0 0 | us:
—2v/2 0 0 0
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3. (a) The 2D discrete Fourier transform (DFT) of an M x N image g = (g(k,[))x,1, where
k=0,1,--- , M —1andl=0,1,--- ,N — 1, is defined as:

1 M-1N-1
~ 7271"(]””4»@)
) = 11 3 gtk e
k=0 [=0
1 1 1 1

11 -5 -1

The Fourier transform matrix U = i R



Cppr = UCU
0 1 2 3\/1 1 1 1
11 - -1 4 5 6 7|1 -5 -1
8 9 10 11)f1 -1 1 =1

1 5 -1 —j)\12 13 14 15/ \1 j -1 —j
5 il - ok
—242j 0 0 0
o -2 0 0 0
29 0 0 0
(¢) The modified Fourier coefficient matrix
75 5435 0 —5—3]
o |2+ 0 0 o0
PRTT L -2 0 0 0
—2—-12j 0 0 0
Thus,
C = (4U*)Cprr(4U*)

1 1 1 1 75 —1+4j 0 —i-35\ /1 1 1 1
o -1 = [ —2+2 0 0 0 1 5 -1 —j
Tl -1 1 -1 -2 0 0 0 1 -1 1 -1

1 —j -1 j /) \—2-2§ 0 0 0 1 —j -1 j

05 05 25 25
|45 45 65 65
| 85 85 105 105

12.5 12.5 14.5 14.5

4. (a) So the DFT transformed g is
8 5-3j 2 5+3j
- 18 5-3j 2 5+3j
9=UU=1618 5-3j 2 5+3
8 5-3j 2 5435

(b) Note that m = 16f ® §, where ® denotes entrywise matrix multiplication. Thus, it
is obvious that

f=

o O OO
OO OO
S oo
o O O O

Then, we have

~

f=4U7)f4aur)

1 -1 1 -1
I S R
11 -1 1 -1
1 -1 1 -1
5. Coding Assignment:
MATLAB:
‘ 1 recon = (h x U") % freg » (h « U');
Python:
1 recon = (h * U.T.conjugate()) @ freqg @ (h % U.T.conjugate())




