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Materials with a negative and tunable Poisson ratio have great potential applications in fracture resis-
tance and energy absorption. However, one material usually exhibits one specific Poisson ratio and a
systematic tuning is highly desired. In this study, we design disordered networks with a wide tunable
range of the Poisson ratio based on triangular analysis. By distorting the equilateral triangle lattice, the
Poisson ratio can be systematically decreased due to the large area change in highly nonequilateral tri-
angles. Analysis further shows that in a nonequilateral triangle, bonds with different lengths play distinct
roles: the removal of short bonds can decrease the Poisson ratio, while the removal of long bonds does
the opposite. Thus a negative Poisson ratio can be achieved by removing a small amount of short bonds.
Moreover, such networks can serve as unit cells to build larger systems with a similar performance. Such
auxetic networks are further experimentally realized in both spring and three-dimensionally printed sys-
tems, demonstrating the general validity of our analysis and its possible applications in building practical

systems.
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I. INTRODUCTION

Different materials exhibit very different elastic proper-
ties, the bulk modulus (B) and shear modulus (G) of which
may vary over many orders of magnitude [1]. However,
their Poisson ratio, proposed by Poisson [2] and defined as
the ratio between the transverse strain (g,) perpendicular
to and the longitudinal strain (g;) along the loading direc-
tion, v = —¢&,/¢y, differs within a narrow range for isotropic
materials [1,3,4]. For isotropic materials, the Poisson ratio
is determined by the bulk and shear moduli, B and G [5,6]:
Viso = (dB/G — 2)/[d(d — 1)B/G + 2] where d is the sys-
tem dimensionality. Apparently, it has a narrow range of
—1 <v <1/(d - 1),since B and G are generally positive.
There are also a great number of studies on the Poisson
ratio of amorphous or disordered materials [7—10]. Nat-
ural materials typically exhibit a positive Poisson ratio,
while negative Poisson ratios (i.e., auxetic [11] materi-
als) are rare. However, due to the excellent mechanical

properties of auxetic materials in fracture resistance and
energy absorption, it is important to design and realize
such materials.

Dating back to 1987, the first reported auxetic mate-
rial had a reentrant foam structure [12]. Since then, a
variety of artificial auxetic materials have been proposed,
the negative Poisson ratios of which are induced by their
unique structures. They are classified into several cate-
gories according to different mechanisms [3,4]: reentrant
structure [13—15], rotating polygonal structure [16—18],
chiral structure [19—21], crumpled sheets [22—24], and per-
forated sheets [25,26]. At the same time, more and more
natural auxetic materials and structures are also being
reported [27—32]. These artificial and natural auxetic mate-
rials show great potential applications in the field of smart
sensors [33], indentation and fatigue resistance [34], filters
[35], and soft electronics [36].

Most of the artificial auxetic materials belong to cellu-
lar structures. They can be considered as a lattice network
consisting of many nodes connected by bonds. Such a lat-
tice network typically exhibits a specific Poisson ratio.

*Correspondence should be addressed to shenxy@ - ) ; ’ 3
sustech.edu.cn Therefore, if we want to obtain a series of Poisson ratios,
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flexibly according to changes in external conditions and
behave as an intelligent system. However, recent stud-
ies [37—41] show that the Poisson ratio can be system-
atically varied in amorphous networks by removing a
series of bonds. Compared to auxetic materials based
on periodic cellular structures, the amorphous networks
are more powerful in tunability by using one frame-
work structure to achieve a series of auxetic materials
with continuous Poisson ratios. In this study, we illus-
trate a theoretical mechanism of tuning the Poisson ratio
in a simple triangle and design adjustable auxetic mate-
rials with triangles arranged in a disordered manner. Our
system can either decrease or increase the Poisson ratio
continuously by, respectively, removing short and long
bonds in triangles. Such systems are further experimen-
tally realized in both spring and three-dimensionally (3D)
printed networks, demonstrating the general validity of our

analysis, and its possible applications in building practical
systems.

II. TUNING THE POISSON RATIO INSIDE A
TRIANGLE

We first explore the mechanical properties of a regular
lattice of identical triangles with N nodes and Np bonds,
as shown in Fig. 1(a). For simplicity, all the bonds are
to be considered as ideal springs with the spring con-
stants ki, k», and k3. Obviously, this simple network has
a unit triangle ABC, with its interior angles («,f) and
orientation angle (¢) shown in Fig. 1(b) inset. Such a trian-
gular lattice has the coordination number z = 2Nz/N = 6
and exhibits a completely affine mechanical response, i.e.,
under a specific strain imposed on the boundary, all inter-
nal node positions deform linearly with respect to their
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FIG. 1. (a) A regular lattice of triangles with a unit cell ABC. (b) While the inset shows the unit cell ABC of the lattice with interior

angles o and B and orientation angle 6, the main panel shows the mean Poisson ratio of the lattice, averaged over all orientations
0, at different interior angles o and 8. Negative v appears at three corners. Note that very negative values below —1 can be reached
because the regular lattice is anisotropic, while amorphous networks are isotropic, with v limited above —1. (c) The area change from
bond stretching versus the area change from bond relative rotation: stretching dominates near the center of the equilateral region, while
relative rotation dominates near the three corners. (d) Distortion of the equilateral triangle lattice reduces v to negative values (black
symbols). However, reconnecting the network with Delaunay triangulation, which avoids large deviations from an equilateral triangle,
makes v quite stable (red symbols). The order parameter of inversion symmetry Fs (blue symbols) referred to in Ref. [43] shows a
similar trend with the black symbols. (¢) The color map of the mean area change in each triangle, renormalized by its original area.
(f) The color map of the dimensionless circumcircle radius: R = N3/ [4cos(a/2) cos(B/2) cos(y/2)], where a, B, and  are the three
interior angles of the triangle [44]. The two color maps in (e) and (f) are in excellent agreement, indicating a large area change in
highly nonequilateral triangles.
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distance to the boundary. Therefore, when the network is
under external strain €, and &, along the x and y direc-
tions, respectively, we can express its total elastic energy
Eas E=E(a,B,0,8y,6x, 1, ki, ka, k3), where the interior
angles o and B, bond lengths /;, /,, and /3, and orienta-
tion angle 6 are geometric parameters, while &y, k,, and
ks are the spring constants of the bonds. Because the rela-
tionship between two perpendicular strains €, and &, can
be deduced by minimizing £, we can obtain the Poisson
ratio from the definition v = —¢,/¢;. For example, we can
apply a strain g, to the network top and bottom bound-
aries and let the system relax to an equilibrium state under
this strain (i.e., minimizing E); we can then obtain the
transverse strain €, by measuring the new positions of
the left and right boundaries: sstx(sy). Then, the
Poisson ratio can be calculated: vy, = lim,, .0 —&x(g,)/¢y.
The calculated Poisson ratio depends on the triangle
geometry and orientation and the spring constants: v =
v(a, B,0, k1, k, k3). The detailed derivation can be found
in Sec. I of the Supplemental Material [42].

To further simplify this system, we let k; =k, = k3 =
k = 1. In the Supplemental Material [42], we show that the
variation in the spring constant does not affect our general
results. The Poisson ratio can then be analytically derived

_2B+fwﬁy+@wmﬂﬁn}”

as
c =11
B { 1 (@ B) — ga(e. B.6)
Vyy = Vyx(a’ /3’0 +7T/2)9 (1)

in which f («, 8) = cos(2a) + cos(28) + cos[2(x + B)],
gi(a, B,0) = cos[2(B — )] + cos(20) + cos[2(x + 6)],
and g, («, B,60) = cos[2(8 — 26)] + cos[2(« + 20)] + cos
[2(x — B + 26)] (see the Supplemental Material [42]).
Note that this regular network is anisotropic and that the
Poisson ratio depends on the orientation angle 6, except
for one particular case, « = 8 = y = 60°: the Poisson
ratio of such a network is 1/3 and is independent of 6.
Because our goal is to build an isotropic amorphous system
composed of triangles in various orientations, we average
over all possible orientation angles 6 in Eq. (1): v(a, ) =

ffﬁz Vyedf [0 = ffﬁz Vyyd0 /7, which only depends on
interior angles « and . We plot the numerical values
of V(a, B) in Fig. 1(b): an island exists in the contour
map, centered at the special case « = § = y = 60° with
the maximum Poisson ratio of 1/3. More interestingly, the
further the triangle deviates from the equilateral triangle,
the smaller the Poisson ratio will be, and it reaches nega-
tive values at three corners. The three corners correspond
to triangles with a large angle close to 7 (i.e., obtuse
triangles).

Next, we illustrate why a negative v appears in those
obtuse triangles. In general, the Poisson ratio correlates to

the area change of the system under an external stretch-
ing strain €: v =1— AS/(eS), where § is the original
area and AS is the area change under stretching. Appar-
ently, when the system area increases sufficiently under
fixed stretching, the perpendicular direction has to expand
and thus the Poisson ratio is negative. For a regular lat-
tice of triangles, the total area change is the sum of the
area change in each triangle, AS = ) . AS;. For an indi-
vidual triangle ABC, its area is S = (1/2)ab sin C and the
area change is AS; = (1/2)Aabsin C + (1/2)aAbsin C +
(1/2)abcos CAC. The first two terms are caused by the
bond-length change (stretching or compression), while
the third term is caused by the angle change or relative
rotation between the bonds. Thus AS; = AS; + AS,, i.e.,
from stretching and rotation, respectively (for a detailed
calculation, see the Supplemental Material [42]).

Note that rotation is a key factor in previous aux-
etic materials, especially in the reentrant [13—15], rotating
polygonal [16—-18], and chiral models [19-21]. Thus we
calculate the relative importance of area change caused by
stretching versus rotation, as shown in Fig. 1(c): clearly,
as the triangle deviates from the equilateral triangle at
the center, the area change caused by rotation increases
rapidly. When Fig. 1(b) is compared with Fig. 1(c), their
similar patterns demonstrate that the negative Poisson ratio
at three corners [Fig. 1(b)] corresponds nicely to the dom-
inant area change caused by relative rotation of the bonds
[Fig. 1(c)]. Thus, in a triangle lattice, the underlying mech-
anism of the negative Poisson ratio is due to the large area
change from relative rotation of the bonds.

The above analysis comes from a regular lattice that is
anisotropic, i.e., the Poisson ratio will change as the strain
changes its direction (e.g., as it changes from x stretching
to y stretching). However, in practice, an isotropic auxetic
material that is independent of the strain direction is more
preferable. Thus we design an isotropic amorphous sys-
tem by distorting the lattice of equilateral triangles with a
displacement 177; = (17 cos ¢;, n sin ;) at each node, where
n is the distortion magnitude and ¢; is a random distortion
angle at site 7 [40]. At the same time, the free length of each
bond changes accordingly to ensure that there is no stress
in each bond. As 7 increases, the system becomes more and
more amorphous, as shown in the Fig. 1(d) networks, and
the Poisson ratio v decreases correspondingly, as shown
by the black symbols. At the same time, the local inver-
sion symmetry also shows a similar decrease, as shown by
the blue symbols [10,43,45]. Note that as we disturb the
node positions, the bonds in between remain connected and
the individual triangles deviate more and more from equi-
lateral triangles, which is the main reason for a reducing
v. However, if we disconnect all the bonds and reconnect
the nodes using the Delaunay triangulation protocol [46],
which prevents large deviations from equilateral triangles,
the Poisson ratio becomes quite stable, as shown by the red
symbols. The same behavior also appears when the spring
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constant is varied—e.g., inversely proportional to the bond
length like a normal spring (see the Supplemental Material
[42])—indicating that the geometry and the connection are
more important in determining v than the spring constant .

To further verify our area-change mechanism, we apply
a stretching strain to a specific amorphous network of
triangles at n = 0.325 and the area change renormal-
ized by the original area in each triangle is represented
by the different colors in Fig. 1(e): apparently, the area
change varies a lot in different triangles and we expect
a large area increase to occur in triangles far from the
equilateral triangle, which reduces the Poisson ratio. To
check this, we calculate a geometric parameter that mea-
sures how much a triangle deviates from an equilat-
eral triangle, the dimensionless circumcircle radius: R =
V3/[4cos(a/2) cos(B/2) cos(y /2)], where «, B, and y
are the three interior angles of the triangle [44]. The R
value of each triangle is again represented by different col-
ors in Fig. 1(f) and the values are in excellent agreement
with Fig. 1(e). Therefore, a large area increase does occur
in triangles far away from the equilateral triangle, which
causes the decrease in the Poisson ratio and confirms our
model prediction.

Clearly, triangles far away from the equilateral triangle
are essential for reducing the Poisson ratio v. Such tri-
angles always contain either long or short bonds or both
types of bonds. Therefore, at the basic single-bond level,
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long or short bonds should play a crucial role in tun-
ing v. To understand their respective roles, we apply x
stretching to the distorted network at n = 0.325 (see the
y-stretching result in the Supplemental Material [42]) and
obtain the forces in each bond, as plotted in Fig. 2(a).
Clearly, there is a negative correlation between the ten-
sion force and the bond length, indicating that shorter
bonds experience stronger stretching. We further derive the
analytical expression by considering the nonaffine effects
(see the Supplemental Material [42]), which are plotted as
solid lines that agree well with the simulation. Because
a shorter bond holds a stronger stretching force, once we
remove such a bond the system area will expand, which
effectively decreases the Poisson ratio (v = 1 — AS/(€S)).
Correspondingly, if a long bond is cut, the opposite effect
occurs and v increases. The simulation results in Fig. 2(b)
prove this tuning effect, which is similar to the previous
simulation in a jamming system [40], unambiguously.

The bond-cutting method is more practical than the
triangle-distortion method in Fig. 1, because it can tune v
in both increasing and decreasing directions. Moreover, it
works within one single network by connecting or discon-
necting certain bonds, which is much simpler and practical
than distorting the entire network. On the basis of this
mechanism, therefore, we design and realize experimental
systems. Unlike previous numerical systems that contain
thousands of bonds and nodes, we design a much simpler

O RPN IR B U () PP
NANZATS A% NN Ay
AR S e 0S) iy 2 B e ol
\\__ PO aw e\ % § ‘_// .; 0.24 i{"’”‘" ”Re‘movelon&bonds‘m
: _______ ‘_ ', [ _l_ é Remove short bonds
N\ \ / /L g oo 1
ANV ANV Y
’7/ /Jl ﬂ/l/ll J ili\\\ B\ \§\ [ I
PP RSN NN
O iy @
PATIA D BTN
f/’/ //: s }, /:\ \q A :\\‘&\:‘\‘: 0.4
j:/:‘_ /_‘j/ - ' - ‘_\\:._ :\: é > h Remove short bonds
kol NSK 4 2 AR\ £ O.UH—FIumlccl
e \\;/ T e i _02 T S Hh
SN 77 DD. “eT1—+—<o— 1 x 4 unit cells
\?\@g A ’/ﬁ 2 e
SRR & L 7 A A

Step

(a) The tension for each bond in the distorted network shows a negative correlation with its length. Ty is the tension in

each bond under a y stretching. (b) The removal of short bonds decreases v, while the removal of long bonds increases v. (c) A small
network consisting of 56 nodes and 139 bonds distorted from an equilateral-triangular network with n = 0.325. (d) A 4 x 4 network
constructed by mirror reflecting (a) in both the x and y directions. The blue arrows represent the displacements of each node when a
stretching strain with magnitude 0.001 is imposed on the system along the y direction. The displacements are multiplied by a factor
of 200 to make them visible to the eye. (e) After some short bonds are removed from the network in (b), it shows auxetic behavior.
(f) After some long bonds are removed, the network shrinks more than the original structure horizontally under the external strain. (g)
The removal of short or long bonds will decrease or increase v in both the x and y directions. (h) Various large systems built from the
same unit cell in (c) show the same Poisson-ratio tunability as bonds are removed.
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and practical system with only 56 nodes (N = 56) and  isotropic, we mirror reflect this unit cell in the x and y
139 bonds (N = 139) by distorting a regular lattice with ~ directions to form a larger 2 x 2 system in Fig. 2(d), which
n = 0.325, as shown in Fig. 2(c). To make the system more ~ has a positive v around 0.25. We then gradually cut the
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FIG. 3. (a) The top panel shows the comparison between the Poisson ratio ¢, of the system under strain &, = 0.001 (black lines)
and strain &, = 0.05 (red lines) during bond removal. The bottom panel shows the comparison between the Poisson ratio &, of the
system under different boundary conditions during bond removal. The red curves show that nodes of the top and bottom boundaries
can move freely along the x direction. The blue curves show that the top and bottom boundary nodes are fixed along the x direction. (b)
The comparison between simulation (blue lines) and experiment (green lines) under a strain of 0.05 along both the y (top panel) and
the x (bottom panel) directions. (c)—(h) A comparison of the networks after bond removal. In the left column [(c),(f)], short bonds are
removed. The middle column [(d),(g)] shows the original network. In the right column [(e),(h)], long bonds are removed. The green
circles are the original positions of the nodes at the boundary and the green arrows indicate their displacements when the systems are

stretched.
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shortest 27 bonds in each unit cell to decrease v to a neg-  Figs. 3(c)}-3(h), all bonds are identical springs constrained
ative value, as shown in Fig. 2(e). By contrast, when the by acrylic tubes; each node is a smooth steel rod with
longest 27 bonds are removed, v becomes much more pos-  multiple bonds attached to it. All bonds can rotate freely

itive than in the original system, as shown by Fig. 2(f)  around each node with negligible friction; hence all of the
versus Fig. 2(d). The exact data are shown in Fig. 2(g):  bonds prefer to rotate rather than bend, so that the bending
note that such tuning occurs for both x stretching and y  force is negligible and each bond exhibits a pure spring
stretching, proving that the isotropic nature of our systemis  force. We can increase or decrease v by cutting long or
independent of the strain direction. Besides the 2 x 2 sys-  short bonds, as shown in Fig. 3(a). Note that similar behav-
tem in Fig. 2(d), we further construct systems of various  ior appears under different experimental conditions such as
sizes, such as 1 x 4,2 x 4, and 4 x 4, and they all exhibit  the strain magnitude (upper panel) and the boundary con-
excellent tuning behavior, as shown in Fig. 2(h). Thus we  ditions (lower panel), demonstrating the robustness of our
can construct experimental systems using this design. system. The experimental results agree well with simula-
tions under both x stretching and y stretching, as shown in

Fig. 3(b).
III. EXPERIMENTAL REALIZATION The actual system responses are shown in Figs. 3(c)—
On the basis of the design in Fig. 2(d), we realize  3(h): the left, middle, and right columns respond to short-
this mechanical metamaterial experimentally. As shown in ~ bond removal, the original system, and long-bond removal,
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FIG. 4. The 3D printing systems with a tunable Poisson ratio. The colorful rows are the simulation results and the images below
are the corresponding experiments. (a),(d),(g),(j) The removal of short bonds causes a negative v. (b),(e),(h),(k) The original structure.
(©),(9),(1),(1) The removal of long bonds increases v. The top two rows and the bottom two rows are rotated by 90° for both x com-
pression and y compression. (m),(n) The deformations of a large system built from the unit cell. The red lines around the experimental
systems indicate the position of the boundary before the compressing pressure is applied.
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respectively. The green circles are the original boundary
node positions and the arrows show their displacements
under vertical stretching. We rotate the system by 90° in
the top and bottom panels to apply y and x stretching,
respectively. Compared with the original positive-v system
in the middle, the system in the left column expands hori-
zontally, which indicates a negative v; while the system on
the right shrinks more than the middle, which confirms a
more positive v. The forms of behavior after the removal
of short and long bonds are more clearly shown in Videos
1 and 2 of the Supplemental Material [42]; and the effect
of each bond removal is demonstrated in Videos 3 and 4 of
the Supplemental Material [42].

Even beyond the spring network, we further construct
more general elastic networks with 3D printing, the bonds
in which exhibit bending and twisting under strain, which
is beyond the present model. Nevertheless, the simulations
and experiments shown in Figs. 4(a)-4(l) demonstrate a
similar tunability in v by cutting short and long bonds,
despite the disturbances from bending and twisting (see
the experiment under x compression and y compression in
Videos 5 and 6 of the Supplemental Material [42].). This
indicates the robustness of our approach. However, we also
point out that the bending and twisting reduces the tunabil-
ity range, which can be studied in the future. Moreover,
we use Fig. 4(a) as the unit cell to form a much larger sys-
tem with a negative v, the deformations of which under x
compression and y compression are shown in Figs. 4(m)
and 4(n) (see Videos 7 and 8 in the Supplemental Material
[42].). Similarly, this large system is auxetic for both direc-
tions, demonstrating the potential of our design to achieve
large isotropic systems.

IV. CONCLUSIONS

To conclude, starting from the regular triangular lattice,
we find that v has a close relationship with the geometry
of the individual triangle, i.e., triangles deviating far away
from the equilateral triangle will have a large area change
under strain, thus resulting in a decreasing or even nega-
tive Poisson ratio. In addition, we prove that the nonaffinity
of the network leads to a negative correlation between the
bond length and their tension and thus the removal of short
or long bonds can decrease or increase v, respectively. All
such tunability can be experimentally realized in both the
spring network and the 3D-printed elastic network. Tri-
angles far away from an equilateral triangle may contain
very long bonds, which violates the normal situation in
which significant interactions usually occur among nearby
nodes or particles. The removal of short bonds further mag-
nifies this anomaly. We suspect that a negative Poisson
ratio or auxetic behavior originates from this anomaly. To
summarize, with triangular analysis, our study provides
a practical design principle for mechanical metamaterials
with a tunable Poisson ratio.
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