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Fresnelets: New Multiresolution Wavelet Bases for
Digital Holography
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Abstract—We propose a construction of new wavelet-like bases structed images, precise parameter adjustment and faster, more
that are well suited for the reconstruction and processing of robust algorithms are the essential issues.
optically generated Fresnel holograms recorded on CCD-arrays. Since it is in essence a lensless process, digital holography
The starting point is a wavelet basis ofL, to which we apply a S S
unitary Fresnel transform. The transformed basis functions are t?nqs to spread out sharp details like object edges _Over the en-
shift-invariant on a level-by-level basis but their multiresolution ~tire image plane. Therefore, standard wavelets, which are typ-
properties are governed by the special form that the dilation ically designed to process piecewise smooth signals, will give
operator takes in the Fresnel domain. We derive a Heisenberg-like poor results when app“ed direct'y to the ho|ogram_ We present

uncertainty relation that relates the localization of Fresnelets with - 5 oy family of wavelet bases that is tailor-made for digital
that of their associated wavelet basis. According to this criterion, holography.

the optimal functions for digital hologram processing turn out to
be Gabor functions, bringing together two separate aspects of the ~ While analytical solutions to the diffraction problem can be
holography inventor’'s work. given in terms of Gauss-Hermite functions [6], those do not sat-

We give the explicit expression of orthogonal and semi-orthog- jsfy the completeness requirements of wavelet theory [8] and
onal Fresnelet bases corresponding to polynomial spline wavelets. , .o 1herefore of limited use for digital processing. This moti-
This special choice of Fresnelets is motivated by their near-op- . . . .
timal localization properties and their approximation character- Val€s Us to come up with basis functions that are well-suited for
istics. We then present an efficient multiresolution Fresnel trans- the problem at hand. The approach that we are proposing here is
form algorithm, the Fresnelet transform. This algorithm allows to apply a Fresnel transform to a wavelet basigofo simulate

for the reconstruction (backpropagation) of complex scalar waves the propagation in the hologram formation process and build an
at several user-defined, wavelength-independent resolutions. Fur- adapted wavelet basis.

thermore, when reconstructing numerical holograms, the subband .
decomposition of the Fresnelet transform naturally separates the & have chosen to concentrate on B-spline bases for the fol-

image to reconstruct from the unwanted zero-order and twinimage lowing reasons.

terms. This greatly facilitates their suppression. We show results of « The B-splines have excellent approximation characteris-
experiments carried out on both synthetic (simulated) data sets as tics (in some asymptotic sense, theyatanes better than

well as on digitally acquired holograms. .
Daubechies wavelets [9]).

e The B-splines are the only scaling functions that have
an analytical form in both time and frequency domains;
hence, there is at least some hope that we can derive their

. INTRODUCTION Fresnel transforms and associated wavelets explicitly.

IGITAL holography [1]-[4] is an imaging method in  ° The B-splines are nearly Gaussia_ns and their associated

which a hologram [5] is recorded with a CCD-camera V\{avelets very glose to Gabo.r functions (modulate_d Gaus-
and reconstructed numerically. The hologram results from the ~Sians) [10]. This property will turn out to be crucial be-
interference between the wave reflected or transmitted by the ~Ccause we will show that these functions are well localized
object to be imaged and a reference wave. One arrangement With respect to the holographic process.
that is often used is to record the distribution of intensity in the The paper is organized as follows. In Section II, we define the
hologram plane at the output of a Michelson interferometéfnitary Fresnel transform in one and two dimensions. In Sec-
The digital reconstruction of the complex wave (amplitude arftpn Il we review several of its key properties that are needed
phase) near the object is based on the Fresnel transform imagrder to define the new bases. We also investigate the spa-
approximation of the diffraction integral [6]. tial Io_calization_properties pf the Frgsnel transf(_)rm and derive

Digital holography’s applications are numerous. It has beénHeisenberg-like uncertainty relation. In Section IV, we de-

used notably to image biological samples [7]. As the range fipe the Fresnelet bases. We briefly review B-splines and their
applications gets broader, demands toward better image quagﬁ%gsociated wavelet bases and show how to construct the cor-

increases. Suppression of noise, higher resolution of the recE#sPonding Fresnelet bases. We derive an explicit closed-form
expression for orthogonal and semi-orthogonal Fresnelet bases

. . _ corresponding to polynomial spline wavelets. We also discuss
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In the sequel, we use the following definition of the Fouriethe transformed function increases as well. This aspect of the

Transformf(v) of a functionf(z): Fresnel transform is further investigated in Section IlI-E.
f(u) _ /°° F(x)e 2 4 C. Two-Dimensional Fresnel Transform
—o0 We define the unitary two-dimensional (2-D) Fresnel trans-

oo ) % ) 3
() :/ F)e2 e qy. form of parameter € R’ of a functionf € L,(R*) as the 2-D
oo convolution integral

With this definition|| f]| = ||f]|. fr(&) = fr(z,y) = (f = K-)(&)
Il. FRESNEL TRANSFORM where the kernel is
1T o mn yne
A. Definition K (%) = = i (IZl1/7)?

We define the unitary Fresnel transform with parameter

R of afunctionf € Ly(R) as the convolution integral
2 = L in(lal/n? — .

Fow) = (f # o) (o) with e () = L intery ) K. (7) e ke (2) k- (y)-
4 Thus, we will be able to perform most of our mathematical anal-
which is well defined in theL, sense. Our conventionysis in one dimension and simply extend the results to two di-
throughout this paper will be to denote the Fresnel transforififensions by using separable basis functions.

with parametet of a function using the tilde and the associated The two-dimensional unitary Fresnel transform is linked to

A key property is that it is separable

indexT. the diffraction problem in the following manner. Consider a
The frequency response of the Fresnel operator is complex wave traveling in the-direction. Denote by)(z, y)
. . . 2 the complex amplitude of the wave at distance 0 and by, y)
hir(v) = ™/ emin() (2)  the diffracted wave at a distande If the requirements for the

. Fresnel approximation are fulfilled, we have that [6]
with the property thakkT(u) =1,V v € R. As the transform

is unitary, we get a Parseval equality U(z,y) :eikd / 1/,(5_n)e(m)/(u)((g—z)2+<n_y)2)dfdn
’ iAd . ’
Vf-/gELZ(R) <f7.g> :<f7'7§7'> (3) :—ieikdd;m(:v,y)
and for f = g a Plancherel equality where A is the wavelength of the light and = 2x/) its
. . wavenumber. In other words, the amplitudes and phases of the
VfeL(R) |Ifll=I£I (4)  wave at two different depths are related to each other via a 2-D

_ Fresnel transform.
Therefore, we have that € Lo(R).

The inverse transform in the space domain is given by ll. PROPERTIES OF THEERESNEL TRANSFORM

f(z) = (ff « kf_l) () with k_:l(x) = k*(z) = le—m(z/f)z_ anventional wavelet bases are built l_Jsi_ng scaled and dilated

T ®) versions of a suitable template. For building our new wavelet

L . . . . . family, it is thus essential to understand how the Fresnel trans-
It is simply derived by conjugating the operator in the Fouri

Form behaves with respect to the key operations in multires-
olution wavelet theory; i.e., dilation and translation. In Sec-
];7—1(1/) — pmilm/4) yin(rv)® _ ];,:(V). (6) tions IlI-A-D, we re_call properties of the Fresnel tran§f0rm tha_t
are central to our discourse but are also documented in the optics
literature [6, pp. 114-119]. In Section llI-E, we give a new result
B. Example: Gaussian Function which is an uncertainty relation for the Fresnel transform. For
clarity, the results are presented for 1-D functions but, using the
separability property, they can easily be extended to 2-D func-

domain

The Fresnel transform of the Gaussian function

g(z) = o—(z/0)? tions.
is again a Gaussian, modulated by a chirp function A. Duality
Y . To compute the inverse of the Fresnel transform we can use
Gr(2) = ae= @/ ) gin(x/T) following dual relation:
wherea = ¢!("/4(o/\/o2 +i7?) is the complex ampli- f(z) = ((f'T)*)N (z), f€ La(R). )

tude, 0'? = (0% +71)/0? is the new variance and? =
(o* +7%) /72 is the chirp parameter. As the parameter Computing the inverse Fresnel transform of a function is there-
increases, the variance and therefore the spatial spreadindooé equivalent to taking its complex conjugate, computing the
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Fresnel transform and again taking the complex conjugate. InTheorem 1 (Uncertainty Relation for the Fresnel Trans-

other words, the operatgr— (f,)* is involutive. form): Letg € Lo(R) andg, € L»(R) its Fresnel transform
with parametet-. We have following inequality for the product
B. Translation of their variances:
As the Fresnel transform is a convolution operator, it is obvi- 4
ously shift-invariant o202 > L (11)

9% 9 = 1672°

(f( = w0))- (#) = fr(w = w0), w0 ER. ®)  This inequality is an equality if and only if there exis, wo, b
real and a complex amplitudesuch that
C. Dilation

The Fresnel transform with parameteof the dilated func-
tion f(x/s) is

g(i) — aei“-’OIe*b(m*ro)Qe*“"(x/T)Q‘ (12)

Furthermore, ifj(z) is real valued, the following relation holds:

. ~ ~ T *

(1(5) @=7ips (%), sery @ ’

SO0 5 o202 T + ot
This relation involves a dilation by of the Fresnel transform of R !
f with a rescaled parametef = 7/s. This ratio also appears Th;s inequality is an equality if and only if there exist, a, b
in the definition of the so-calleBresnel numbeNr = (s/7)%, real. such that
wherer? = \d; it is used to characterize the diffraction of light
by a square aperture of halfwidthand at a distanceé [6]. g(z) = qe—bE=w0)* (14)

(13)

D. Link With the Fourier Transform Also, (13) implies a lower bound on the variance égr that is
So far, we have considered the Fresnel transform as a coniviglependent of

lution operator. Interestingly, there is also a direct multiplicative

relation with the Fourier transform [6]. Computing the Fresnel 2 o 7
transformg, of a functiong € L.(R) can be done by com- %9 = op-
puting the Fourier transform of an associated funcifén) =

Tk (x)g(x). The frequency variable is then interpreted as an ap-
propriately scaled space variable

The proof of Theorem 1 is given in Appendix I.
This result implies that narrow functions yield functions with
a large energy support when they are transformed. It suggests
Gr(z) = kr (@) f (%) . (10) that Gaussians and Gabor-like functions, modulated with the
T kernel function as in (12) should be well suited for processing
and reconstructing holograms as they minimize the spatial
E. Localization Issues spreading of the energy. This is especially satisfying because

Our approach for the construction of a Fresnelet basis wijl PiNgs two separate aspects of Gabor's research together:
take a wavelet basis and transform it. This still leaves many pos* is both the mventor Of, holo_graphy [5] and ‘?f the ngor
sibilities to choose the original basis. A suitable basis shoJIr(?nSf,orm, [11], [12], which is a signal representation as a linear
take into account one of the least intuitive aspects of holograpﬁﬁmbmat'on of atpms of the_form (12)'. We are not aware of
namely that the propagation process tends to spread out feat@PNe having pointed out this connection before.

that are initially well localized in the object domain. Getting a Ve Will base our Fresnelets construction on wavelet bases

better understanding of the notion of resolution in holograpﬁ at are.close to these optimal functions. Practically, in the case
and setting up a criterion that will guide us in the choice of af & digital hologram measurement where a transformed func-

optimal wavelet is what we are after in this section. tion is available over a finite support and with a given sampling

The tight link between the Fresnel and the Fourier transfor?ﬁepr’] we may ulse thel above uncertamt);]relatmn togeta bom;]nd
(10) suggests that they should both have similar (de)localizatiBh elr?axwpa resolution to expect when reconstructing the
properties. Here we derive an uncertainty relation for the Fres@&ginal function.

transform that is the analog of the Heisenberg inequality for the diréctillustration of the second part of this Theorem can be
Fourier transform. found in the example of Section II-B; indeed, it can be verified

In the sequel, we denote the averageof the squared mod- that the product of the variance of the Gaussian and that of its
ulus of a functi(;nf € Ly(R) by Fresnel transform achieves the lower bound in (13).

1 oo
h = T / ol f ()2 IV. FRESNELETBASES |
- To construct our new Fresnelet bases, we will apply a Fresnel
and its Variance—]?c around this average by transform to a wavelet basis. Here, we will explain what happens
when we apply the transform to a general Riesz basis (),

1 /'°° where the dimension of the domdihis arbitrary e.g.02 = R

02 = x — pg)?|f(z))?dz.
f ||f||2 700( f) |( )| OrR2.
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A. Fresnel Transform of a Riesz Basis

Let {u; };cz be a Riesz basis df,(£2) and{v; };cz its dual.
Then,V f € Ly (), we can write following expansion:

f= Xz: (fyor) w = Z<f-/ ug)vy. (15)

0.8 p-

a

Leta;,; = Uwu; whereU is a unitary operator (e.g., the Fresnel 04 }-
transform). First, it is easy to see thdtmaps the biorthog-

onal setS = {u;,v;}1ez into another biorthogonal s&t = 02 b
{d1, 01 }iez
) <, : R :
O 0 alanl H s P - T
(01, ) =(Uvr, Ut 0 05 1 15 2 25 3 35 4

:<[][]Jr vl,um) = 6l,m~
1

Fig. 1. B-splines of degree = 0,1, 2, 3.

HereUT denotes the adjoint df’. Let us now show tha$ is  (15) directly by computing the series of inner produgfsi).
also complete. For the s8t we define the sequence This is one of the key ideas for our construction.

N B. B-Splines
fx =Y _(f,v)u, Vf€LyQ)

— The uncertainty relation for the Fresnel transform suggests

the use of Gabor-like functions. Unfortunately, these functions

and have the completeness equation cannot yield a multiresolution basis 6f(R). They do not sat-
isfy the partition of unity condition, implying that a representa-
th Ilf — fxlI* = 0. (16) tion of a function in term of shifted Gaussians will not converge

to the function as the sampling step goes to zero [13]. Further-
Note that the Riesz basis hypothesis ensuresfihat L,(Q2). more, they do not satisfy a two-scale relation which is required

Becausd/ is unitary, we have for building wavelets and brings many advantages regarding im-
plementation issues.
(f,n) =(Uf,Uuv) We will therefore base our construction on B-splines which
=(f, %) (17) are Gaussian-like functions that do yield wavelet bases; they are
also well localized in the sense of the uncertainty principle for
and therefore the Fresnel transform (13).

B-splines [14] are defined in the Fourier domain by

1f = 0P = I = fwli?

which proves that the transformed séis complete as well.
Similarly, the Parseval relation (17) can also be used to prove _ _
thatS andS have the same Riesz bounds. The Riesz bounds #f@eresinc(z) = sin(rz)/(rz) andn € N.

the tightest constantd > 0 andB < oo that satisfy the Riesz  The corresponding expression for the B-spline of degrize
inequality the time domain (see Fig. 1) is

. 1— e—?iﬂ‘l/ n+1 L ) X
B (v) = <—2i7r1/ ) = sinc" 1 (p)e ™ (nHD)

Alltor DIZ, < 1A, < Bllww, I, () = At D

n.

They are the same for the transformed set where(z)". = max(0,z)" (one-sided power functiony\ "+

P ; P is the(n + 1)th finite-difference operator
Al ), < 1718, < Bl IR, ey

n+1
Thus, we can conclude that the Fresnel transform, which is a A"t = Z(_1)’“ (” Z’ ) §(x — k)
unitary operator froni»(Q2) into L»(2), maps Riesz bases into =0

other Riesz bases, with the same Riesz bounds. Similarly, if we ] ] o
only consider a subset of basis functions that span a subspiBieh corresponds to then + 1)-fold iteration of the finite
of L,(92) (e.g., a multiresolution subspace) we can show thatdifference operator (see [15}k = b(z) —b(x —1). _
maps into a transformed set that is a Riesz basis of the tragsEXp“C't'y’ we have following expression for the B-spline of

formed subspace with the same Riesz bounds. egreen:

Relation (17) is important for this proof but it is also most il n
relevant for the reconstruction of an imaggiven its transform B (x) = Z(_l)k (" + 1) (J"_—k)+ (18)
f. Itindicates that we can obtain the expansion coefficients in =0 k n!
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This definition is equivalent to the standard approach where theTheorem 2: The F-spline of degree and parameter has
B-splines of degree. are constructed from thé: + 1)-fold the closed form

convolution of a rectangular pulse n+1 nt 1Y (o — k)
on _ k n,T B
B () =0 - x f0(x) ﬁf(a:)—kzo(—l) < k )T (e2)
—_—— =

n+1 times Where
1, O0<zx<1 » .

() ={%7 r=0orl U7 (1) = / @m(&)ds. (23)
0, otherwise. Jo n:

The proof of Theorem 2 is given in Appendix Il.
C. Polynomial Spline Wavelets F-splines have many similarities with B-splines. For example,

The B-splines satisfy all the requirements of a valid scalirf§ 9€t (22), one just substitutes the one-sided power function
function of Ly (R), that is, they satisfy the three necessary arped in the definition of the B-spline (18) with the functions

sufficient conditions [8] Un,r- ) )
) Theorem 3: The functionsy,, - can be calculated recursively
Riesz Basis) < A < 3" |3"(v+ k)| < B <o . 2 .
kez Un,r () = o ,l'n_l— ——Up—2,7(T)+—Un—1,-(7). (24)
. z 2emn! 2umn, n
Two-scale relations™ (5) = Z h(k)B" (x — k) Forn = 0 we have
kezZ
1 V2 V2
Partition of unity: "z —k)=1 19 u () =—4|C| —2|+iS| —=
O o i o () ()
where the filter h(k) is the binomial filter h(k) = whereC(z) andS(z) are the so-calleBresnel integrals

nfn+1
1/2 < ’

used to generate a multiresolution analysid.ofR). B h

Unseret al.[16] have shown that one can construct a generaf’ ?? = 1 We have

). These conditions ensure that B-splines can be ¢(z) = /I oS (L@) dt, S(z)= /r sin (fﬁ) dt.
2 ’ 2
0 0

. s . 7_2 1
family of semi-orthogonal spline wavelets of the form wrr (@) = Tug . (2) — — <k () — ;> _
n(T\ _ neo
v (5) N Zg(k)ﬂ (= k) (20) The proof of Theorem 3 is given in Appendix Il1.
) This gives us a straightforward way to evaluate the F-splines
such that the functions as the Fresnel integrals can be computed numerically [17]. Fur-
{Wk — 9(-3/Dyn(9 iy _ k:)} 1) thermore, we can also transpose the well-known B-spline recur-
I JEZ keZ sion formula

form a Riesz basis OLQ(R)..These wavelets come in different G (z) = Eﬂ”*l(z) L +1-— :Eﬂ”*l(x 1) (25)
brands: orthogonal, B-spline (of compact support), interpo- n
lating, etc... They are all linear combinations of B-splineto the Fresnel domain.
and are thus entirely specified from the sequeg(dg in (20). Theorem 4:We have following recursion formula for the
Here, we will consider B-spline wavelets [16], which have thE-splines:
shortest support in the family. 1 A1

The main point here is that by using the properties”(z) = 2 @)+ (ntl-a)f” (1)

of the Fresnel transform (linearity, shift invariance and " .
scaling), we can easily derive the family of functions +LA2B2_2(1>). (26)
{(WP )N =ky %" provided that we know the 2mn
k) TUTIkRf ez ke’ The proof of Theorem 4 is given in Appendix IV.
Fresnel transform of their main constituent, the B-spline. 2) Fresnelet MultiresolutionsLet us now transpose the

classical multiresolution relations of wavelet theory to the

D. Fresnelets Fresnelet domain. The two scale relation (19) becomes

In this section, we introduce our new wavelets: Fresnelets. - (T -
They will be specified by taking the Fresnel transform of (20). /2 (5) = Z h(k)p7 (z = k). @)
Thus, the remaining ingredient is to determine the Fresnel trans- k
form of the B-splines. In classical wavelet theory, embedded multiresolution spaces

1) F-splines: We define the Fresnel spline, or F-spline of dedre generated through dilation and translation of one single
green € N and parameter € R* (denoteds” (z)) as the function. The Fresnel transform preserves the embeddedness of

Fresnel transform with parameternf a B-spline3™(z) of de- those spaces. The important modification comes fromdihe
green lation relation (9) which changes the generating function from
one scale to the next. The difference is that in the transformed
B (z) = (B * kr) (). domain there is one generating function for eachle
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Fig. 2. B-Spline multiresolution and its Fresnel counterpart. (a) B-spliaesi/? 3%(2=7z), j = —2,-1,0,1,2,3,4. (b) Corresponding F-splines:
279/ 33 _ (277 x). In this illustration, = 0.9. The real part is displayed with a continuous, the imaginary part with a dashed line. For the F-splines, we
also show the envelopes of the signals.

Formally, we consider, foj € Z, the sequence of spaces Specifically, the generating functions corresponding to the

{V;,} defined as B-spline wavelets of (20) are
n z _ an _
Vj.» =span {szfy(Z_jx - k)} N La(R) 7/2 (2) N Xk:g(k)ﬂ" (= k)
kez

. ) whereg! (x) is given by (22). The corresponding Fresnelets are

corresponding to the sequence of spgdés defined as such that
) n z _ 3n E —
V; :sg)eazn {B"(277z - k)} N Ly(R). Sg)eazn {1/17-/2 (2 k)} 1 Sg)eazn {ﬂr/z (2 k)} .

) . . . For the multiresolution subspaces, we have that the residual
The subspacels; satisfy the requirements for a muItlresqutlo%pacesw, defined as
7,7

analysis [8]. ) . ’
1) Vi41 € V;andNV; = 0 andJ V; = Ly(R) (complete- Wi, = span {%37.7(2_]17 - k)}
ness).
2) Scale invariancef(z) € V; & f(22) € V1. are such that

3) Shiftinvarianceif(z) € Vo & f(z — k) € Vb.
4) Shift-invariant basis:V, has a stable Riesz basis
{B™(z — k)}. and
For the sequencgV; , } the shift-invariance is preserved within . .
each scale but requirement 2 is clearly not fulfilled because of Wit1,r @ Vig1,r = Vjir.
the scaling pro_p_erty (9) of the_Fresne_I transform. We n_everthFHe above expressions extend the meaning of multiresolution to
less get a modified set of multiresolution analysis requweme%s

for the Fresnel transform © fresnelet domain.
3) Fresnelet Multiresolution Exampleln Fig. 2 we show a

1) Vit1r C Vi andNVj- = 0 andUV;, = La(R) sequence of dyadic scaled B-splines of degree 3 and their

Witi,r L Vi

(completeness). . N . counterpart in the Fresnel domain. The effect of the spreading
2) Scale invariancef () € V. < f,5,(22) € Vi_1-. s clearly visible: as the B-splines get fingr = 1,2, 3,4) the
3') Shift invarianceif (z) € Vo & f(z — k) € Vo . corresponding F-splines get larger. In contrast to the Fourier
4') Shift-invariant basis:V, has a stable Riesz basisransform, as the B-splines get largef = —1,-2), the
{B;‘(a: — k)}. corresponding F-splines’ support does not get smaller than the

B-splines’. This behavior is in accordance with relation (13).
The main practical consequence for us is: if we want to re-
construct a hologram at a fine scale, that is, express it as a sum
of narrow B-splines, the equivalent basis functions on the holo-
gram get larger. Our special choice of Fresnelet bases limits this
1 . phenomenon as much as possible; it is nearly optimal in the
(f xk71(2)) % kr (@) = (f % k) * kar (22) sense of our uncertainty relation for real functions (13) as they

='W f 2 (2). asymptotically converge to Gabor functions [10].

Condition 2 is obtained by observing thd(z) € V;, < f *
k7' € V;. As we require théd/; to satisfy the scale invariance
condition 2, we haveg « k! (2z) € V;_1 hence(f«k1(2:))*
k. (z) € V;_1.,. And finally
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W\

(@) ® ()

Fig. 3. (a) Amplitude and (b) phase of the test target. The bars width ig&56The sampling step i = 10 gm and 512« 512 samples are evaluated. The
amplitude is equal to 1 (dark grey) &2 (light grey). The phase is equal to 0 (black)mt4 (light grey). (c) Perspective view. The grayscale is representative for
the amplitude and the elevation for the phase.

V. IMPLEMENTATION OF THE FRESNELET TRANSFORM approximate the above integral by a Riemann sum, we end up

with the implementation formula
In this section we derive a numerical Fresnelet transform al-

gorithm based on our Fresnelets decomposition. 1 N2 I\ 2n I '
We consider a functiorf, () which is the Fresnel transform  dix = — Z fr (ﬁ) r/h <h—T> e 2mRRI/NT)
of a functionf € Lo(R), i.e., fr(xz) = kr * f(x). In a digital I=—N/2+1

holography experiment, this would be the measured phase a
amplitude of a propagated wave (without interference with ‘4
reference wave). Given some measurementg,dhe goal is

rhereT is the sampling step of the measured function. We can
make use of the FFT a second time to compute this sum if we

thus to find the best approximation ¢fin our multiresolution consider sampling steps on the reconstruction side that are mul-

basis. For instance, one can start the process by determining EP.'(S"S 10f2the s?rr]nplmg step of the measured functior: mT,
coefficientscy, that give the closest approximation ff(in the '~ »-- - then

L> sense) at the finest scale of representation ) N/2 ]
B R R
=Y @ —k), o =(f,v(@—k)=(f,5( k) NT | o N
k

The algorithm is thus equivalent to a filtering followed by down-
whereu and v (respectivelyu andv) are dual bases that aresampling bym. It is also possible to proceed hierarchically by
linear combinations of B-splings® (respectively F-splines;). applying the standard wavelet decomposition algorithm once we

Therefore we only need to compute the inner-products of thave the fine scale coefficients.
transformed function with the shifted F-splines that have been

appropriately rescaled VI. APPLICATIONS AND EXPERIMENTS
. We will now validate our multiresolution Fresnelet-based al-
d, = <f —p" (— - k)> <f7'7 h/T/h ( k)> - (28)  gorithm and illustrate it in practice on experimental digital holo-
graphic data.

Our presentimplementation is based on a convolution evaluated _ _
in the Fourier domain using FFTs. It can be justified as follow&. Simulation: Propagation of a Test Wave Front

Using Plancherel’s identity for the Fourier transform, we ex- First, we will use our Fresnelet formalism to compute the

press the inner products (28) as Fresnel transform of a test pattern that will be used as gold stan-
dard to evaluate our algorithm. Although our methodology is
dy = <f ﬁ:'/h(h_)e2i7rkh-> more general, for explanatory purposes we consider the case of a
plane wave that is being reflected on a test target. The test target
/f 1/)8 (hv)e™2m*m dy, is given by three bars. They are of a given thickness and have
w/n a different reflectivity than the background they lie on. A plane

wave that travels in a normal direction to the target is reflected.
In practice, we do not knowT( ) in a continuous fashion, but In a plane close to the target, the reflected wave’s phase is di-
we can easily compute a sampled version of its Fourier tramectly proportional to the target’s topology whereas the wave’s
form by applying the FFT to the measured values. If we alsomplitude characterizes the target’s reflectivity. The key motif
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x\\‘*(\\\.\)\ |

(a) (b) (©

Fig. 4. Propagated target's (a) amplitude and (b) phé&se. 30 cm andA = 632.8 nm. Sampling ste@ = 10 um. The sampling step i = 10 xm and
512x 512 samples are evaluated. (c) Perspective view.

=3
1] ’

1]

Amplitude

Phase

Fig. 5. Reconstructed amplitude (top) and phase (bottom).

of this test pattern is a bafz, y) expressed as a tensor produdits Fresnel transform of parameteis

of two B-splines of degree 0 N . - 2\ - y ]
(o) = 8 () B, (L) + VB
T\ Wy ¥\ Wy
(30)
b, y) —i3T/480 (i) 30 (i) V2 The amplitude and phase of the target and of the propagated
W Wy target are shown in Figs. 3 and 4. More complex targets or dif-

ferent phases and amplitudes can be implemented easily with

_ [ e™/%  onthe bar
_{ (29) this method.

V2,  outside.
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LI ) I L)
Mirror

Fig. 7. Measured hologram. There are %672 samples. The sampling
step is 10um. (Data courtesy of T. Colomb, F. Montfort and C. Depeursinge,
IOA/EPFL.)

Fig. 6. Experimental digital holography setup. A He-Ne LASER
(A = 632.8 nm) beam is expanded by the beam expander (BE) systq
made of two lenses L1 and L2 and diaphragms. The beam-splitter BS splits
beam. One part illuminates the object. The reflected wapeopagates to the
CCD camera at a distandeof the object. In the camera plane the propagate
wave is f. wherer? = Ad. The second part of the beam is reflected by {
slightly tilted mirror and impinges on the CCD with a certain angle i.e., it
wave vectok = (k.. k,, k.) has nonzero componerits andk,. The plane
reference wave evaluated in the plane of the CCR(is, y) = Aetlkazthyy)
The interference of . andR gives the hologranf = |R + f|?.

B. Backpropagation of a Diffracted Complex Wave

In this experiment, we took the analytical propagated targ
we just described as the input for our multiresolution Fresne
transform algorithm. We reconstructed the original target
dyadic scales. In concrete terms, we computed the inner pr
ucts with F-splines of varying widthgy' ., (x/27) 32 5, (y/27),
j =0,1, 2, 3, 4n = 3. We then reconstructed the corre
sponding images using the underlying spline model. This
is also equivalent to running the inverse wavelet transforfip.8. Absolute value of the Fourier transform of the hologram. The frequency
algorithm up to a specified scale. The results are presentedif§in is in the center.

Fig. 5. Atthe finest scalgj = 0), the sampling step is the same ) )
as the one used to sample the propagated wave. To ensure f§&# 572 pixels CCD camera. The camera recorded the inter-
the reconstructed wave agrees with the initial analytical targérence (hologram) of this propagated wave with a plane ref-

we computed the peak signal to noise ratio (PSNR) of ti§gence wave in an off-axis geometry. The sampling step of the
reconstructed amplitude and phase for the finest reconstructfegD wasT' = 10 um.

scalej = 0. We took following definition of the PSNR: We denotef(z, y) the reflected wave in the vicinity of the
object andf,(z,y) the complex amplitude of the propagated
max{|f|} — min{|f|})2 wave in the CCD plane. The hologram is the intendity, y)
PSNR = 10log; (1 2{:| &k = }|’(l|c})l)|2 measured by the camera and results from the interference of the
Ne Ny 4 ' ' propagated wavé, and the reference (plane) waiz, y) =

. Aet(kr z+ky, y)
were f is our (complex) gold standard target aficthe recon-

structed target. We obtain a PSNR of 23.10 dB. We can thus sy, ) = | f-(z, y)+R(z,y)|> = | /- +|RI*+R* f-+R(f.)*.
that our algorithm reconstructs the target reasonably well. (31)
The measured hologram is reproduced in Fig. 7.

The two first terms in (31) are known as thero-order the
For this experiment, we considered true holographic dathjrd and fourth terms as theageandtwin imageterms respec-
recorded using a similar system as in [4]. We give a simplifigilely [6]. In the frequency domain, their energy is concentrated

diagram of the experimental setup in Fig. 6. around three frequencies: (0,0) for the zero-orlek,, —k,)
An object (USAF target) was illuminated using a He—Ne laséor the image andk,, k,) for the twin image. This is clearly
(A = 632.8 nm). The reflected wave was then directed to theisible in Fig. 8.

C. Hologram Reconstruction
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Fig. 9. Fresnelet transform of the modulated hologiai (coefficient's amplitude). There are 20482048 coefficients.

Prior to reconstructing (z,y) we multiplied the hologram Fresnelet transform (Fig. 9) where the zero-order term coeffi-

by a numerical reference wavé = (ke 24k, ) cient’s energy is mainly in the highpass subbands. The explana-
tion for this behavior is the following. As mentioned earlier, the
R'I = R’|f7|2 + R'|R|* + R'R*f; + R’(fT)*R. hologram’s energy is concentrated around the three frequencies

(=k.,—ky), (0,0), andk,, k, ), corresponding respectively to

The valuesk/, and k], were adjusted precisely to the experithe image, the zero-order, and the twin image. When we mul-
mental values,, k,, such that the third term (which is the ondiPly the hologram byR'(z,y) ~ R(x,y) = e'*=*+kv), the
we are interested in) becom&R* f, = af, wherea is some different terms are shifted kiy:.., k) in frequency and their new
complex constant. We applied zero padding to the hologram (Féspective locations are (0,Qk.., k,) and(2k,, 2k, ). As the
sulting in a 2048« 2048 input image) to ensure a clear spati&nergy corresponding to the zero order and twin image terms is
separation of the three reconstructed terms. shifted to high frequencies, it is mainly encoded in the fine scale

We then applied our Fresnelet transform to this (de_)moghighpass) Fresnelet coefficients. Coarse scale reconstructions
ulated hologramR’I. The reconstruction distancé was (which discard the high frequency information) will therefore
adjusted to 35 cm resulting in the proper parameter v/Ad. essentially suppress the zero order or twin image terms, which
In Fig. 9 we show the Fresnelet coefficients correspondirg @ nice feature of our algorithm.
to the inner products of?’I with the tensor product basis

functions 2, (x/27) B2 5, (5/27), 015, (/2007 (9/20), VII. DiscussioN
B (z/27) oy (y/27) and B g0 (x/Z’J)/ ;‘/ZJ (y/27) for We have seen that the Wavefronts reconstructeq with the Fres-
n=3,7=0,...,JandJ = 4. These coefficients are complexnelet transform from the simulated data agree with the theoret-

and we are only showing their modulus. From these coeffeal gold standard and that the algorithm can be applied suc-
cients we could recover the reconstructed signal (amplitudessfully to reconstruct real-world holographic data as well. Al-
and phase) at any dyadic scale as it is shown in the pyramidgludugh ringing artifacts may be distinguished at fine scales, they
Fig. 10. It is important to remember that all the information ttend to disappear as the scale gets coarser.
get a finer scale from the coarsest scale (top left) is containedThe presented method differs from the traditional recon-
in the subbands of the Fresnelet transform of Fig. 9. struction algorithms used in digital holography which imple-
The experiment shows that the three hologram terms are spgnt an inverse Fresnel transform of the data. The Fresnel
tially separated in the reconstruction: the zero-order term transform algorithms fall into two main classes [18]. The first
the center, the image below left and the twin image up righpproach [Fig. 11(a)], as described in [18], uses the convo-
(not visible). One can also notice how the zero-order term valtion relation (1). It is implemented in the Fourier domain
ishes as the reconstruction scale gets coarser. This is visile needs two FFT’s. The transformed function’s sampling
in both the pyramid (Fig. 10) where more and more energfep?” is the same as that of the original function. The three
goes into the image term as the image gets coarser, and intdrens—the image, the twin image (that is suppressed at all
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Amplitude Phase

Fig. 10. Reconstructed amplitude and phase from the Fresnelet coefficients in Fig. &for 1, 2, 3, 4. The contrast was stretched for each image to the full
grayscale range, except for the amplitudg at 0. At the finest scalé; = 0) the size of the images is 20482048.

scales in the Fresnelet algorithm) and the zero-order)—are vigscaled space variable, the sampling step of the transformed
ible in Fig. 11(a). The second method [Fig. 11(b)] uses the lirflanction is7’ = Ad/(NT) where N is the number of sam-
with the Fourier transform (10) [4], [18]. The discretization oples in one direction. Therefore it depends on the distance, the
this relation requires only one FFT. As this method relies omavelength and the number of measured samples. In particular
the special interpretation of the spatial frequency variable a$f ¢he number of samples in the andy directions are not the
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VIIl. CONCLUSION

We have constructed a new wavelet basis for the processing
and reconstruction of digital holograms by taking advantage of
the mathematical properties of the Fresnel transform. We have
motivated our choice of B-splines as elementary building blocks
based on a new uncertainty relation.

We have demonstrated that the method works and that it is

‘\ applicable to the reconstruction of real data.
Twin Our method offers several advantages: it allows to reconstruct
dmag at different user-specified and wavelength independent scales.

Furthermore, reconstructions at coarse scale allow for optimal
filtering of the zero-order and the twin image and also result in
less noisy images.

Zero-order

\ A. Proof of Theorem 1

Jadze Proof: We first recall the Heisenberg uncertainty relation
for the Fourier transform. Let € Lo (R). We have the following
inequality:

APPENDIX |

1

This inequality is an equality if and only if there exigt wq, b
real and a complex amplitudesuch that

®) F(t) = agiotemb=t0)", (33)

. 2 .

Fig. 11. Reconstructed amplitudes from the hologram of Fig. 7 using L€t f(z) = ¢™(®/7)"g(x). We start by noting thaf andg
alternative methods based on the discretization of (a) the convolution relatigave the same norm

(1) and (b) the Fourier formulation (10) of the Fresnel transform. For (a), the o0 o0

hologram was padded with zeros to a size of 284848 and the sampling 2 im(x/T)? 1\12 _ 2 _ 2
step isT’ = T = 10 um. For the reconstruction in (b) the 7%6572 A" = / le /m 9(@)|"dz = / l9()"dz = |g]|
hologram was fed directly into the algorithm resulting in different sampling v
steps in ther and y directions: 7/ = Ad/(N.T) = 28.54 um and the same mean
T, = Ad/(N,T) = 38.72 pm.

J —oo

1 = im(z/T)?
23] :||f||2/ $|e (@/7) Q($)|2dz

1 oo
/ 2lg(@)Pdz = g

same, e.g., in Fig. 11(b), the corresponding sampling steps do
not agree. In the work of Cuchet al, the parameters are set

such that the reconstruction is at approximately one fourth the 91l /oo
scale of the digitized hologram. and, finally, the same variances

The first advantage of our approach is that it allows us to ) 1 oo 5 5
choose the sampling step on the reconstruction side. It can be Og :W / (x — pg)*lg(x)|"dx
any multipleT’ = mT for m = 1,2,4,8,... The computa- 1 T ,
tional cost of our algorithm is the same as that of a filtering in :—2/ (2 — p1g) ™) f(a)|?da
the Fourier domain; i.e., roughly the cost of two FFT's. Il —oo

Also, as our method is based on the computation of inner :L 2 2

_ . . s [ @l
products, it leaves more freedom for treating boundary condi- 1£11? /-
2

tions. One possibibility to reduce the influence of the finite sup- =07

ort of the CCD camera is to use weighted, or renormalize ' .
ipnner products g Aﬂso,g andg, have the same means. Without loss of generality,

More than just a Fresnel transform, our Fresnelet transfo W'_" flromSO\r/]vonﬁon?derthq‘t andy ha\’f Un'tEOB”TEH_ =
provides us with wavelet coefficients. A remarkable featuret I = 1 and that they have zero meap = u, = 0. Using

that the energy of the unwanted zero-order and twin imagest i§ link between the Fresnel and Fourier transforms (10), we

concentrated within the fine scale subbands. This opens up HeQfnpute the variance gf

perspectives for their selective suppression in the wavelet do- .
main as an alternative to other proposed algorithms ([19], [20]). o§T = / 22|, (z)|?dz
In addition, it allows us to apply simple wavelet-domain thresh- —oo

olding techniques to reduce the measurement noise in the recon- _/°° 22

structed images.

1., s x|
_e2z7r(x/‘r)‘f (_2> dx
-

T
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4 /OO V2 F () [2dv APPENDIX I
42 A. Proof of Theorem 2
Proof: wu, -(z) satisfies, fom > 1
d [ (xz=&"
! =— | Sk (&)d
4 o) = [ ke

o202 =r1%0202 > L = /:r (z=O" o
97 3gr 7F 1672 = 0 (n—l)! k-,-(&)d&

=Up—1,7(x)

The product of the variances becomes

From the Heisenberg uncertainty relation, we know that this in-
equality is an equality if and only if there exis§, wo, b realand and forn. = 0
a complex amplitude such that

(1) = e (1)

g(z) = agiorebr=m0)® gmin(e/)?, Therefore, by differentiating.,, » (n + 1) times, we hit the
kernel of the Fresnel Transform operator
To prove the second part of the statement, we compute the uﬁ[ffl)(a:) = k().

variance of the transformed function explicitly
We can now calculate the Fresnel transform of a B-spline of

I 2 degreen
agf :—2/ z? %)‘ dx 5
) T Br(z) =(B" k- )(w)
=t [ f@)Pds = (5 i) (o).
Y e As differentiation and convolution commute, we have
s [ ey P N
4 ; 2 Bt = <Wﬂ"> * U, 7 (T)

=T [ Joter + 2 ) (’il(_l)k () W) R

If g(x) is real valued, there are no cross terms in the modulus. k=0

n+1

Thus, we get _ n + 1\ Un-(z— k)
Z n! ’
72 =t [P+ [ lag@)Pds .
4 2
=rlo] + 0y APPENDIX IlI
and finally A. Proof of Theorem 3
Proof: We integrate (23) by parts, usidd/dz)k,(z) =
; 2
0570'3 = 7'40 CT + O'g > 672 + 0'3 (2ira/7%) k- (2) - o
T —
N Ny | | i) = [ ke
which is an equality if and only if there exist, a, b real, such Jo n: )
that z— &)t !
- {_% kT(g)}
—b(z—z0)? (n + 1) 0
o) = oe | [l
0 (n+1)! 72 TSI

To derive the lower bound on the variam% we rewrite (13)
as . :En+1 247

7(n+1)! o2

4
2 T 1 2
> - T _ n+2
97 = 1672 o2 o X </ %kr(f)df
0 n .
The right-hand side is minimal far?> = 72/(4x) and therefore GRS
g - g ke (§)dg
o (m+1)!

) 7_2 $n+1

2 > =

i = or T(n+ 1)!

. 2 (04 2t () = ing1,1(0))
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which we rewrite under the form (24). The expressions for [4] E. Cuche, F. Bevilacqua, and C. Depeursinge, “Digital holography for

uo,~(z) and u; () follow immediately from the general

definitions of u, -, the Fresnel integrals and the recursion [5]

formula (24).
APPENDIX IV

A. Proof of Theorem 4

(6]
(71

Proof: We begin by computing the Fresnel transform of a [l

B-spline that is multiplied by

@)@ = [ (0= - k()
~ © 72 d
o) = [ - €) k()
IR A
o) = g (@)
We can now use the B-spline’s differentiation formula [14]
L) = 7 (@) BN - 1) = AFT )

to get

We rewrite (25) as
n 1 n—1 n—1
B (@) = —A(ep" (@) + B N - 1)
to finally get its Fresnel transform
frio) =2 (opr1(@) - A )
Al S T
+ 8 Nz —1)

_afp M) + (1 —2)Br (@ - 1)

. 2 ~
+ L A23m2(g).

2mn
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