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The term ‘Rational Filter Bank’ (RFB) stands for ‘Filter Bank with Rational Rate Changes’. An analysis two-band
RFB critically sampled is shown with its synthesis counterpart in figure 1. G stands typically for a low-pass FIR
filter, whereas H is high-pass FIR. We are interested, in this paper in the iteration of the sole low-pass branch, which
leads, in the integer case (¢ = 1), to a wavelet decomposition.

KovaZevi¢ and Vetterli [1] have wondered whether iterated RFB could involve too, a discrete wavelet transform.
Actually, Daubechies proved that whenever p/q is not an integer and G is FIR, this could not be the case. We here
show that despite this discouraging feature, there still exists, not only one function (then shifted), as in the integer
case, but an infinite set of compactly supported functions ¢,(¢). More importantly, under certain conditions, these
functions appear to be 'almost’ the shifted version of one sole function. These ¢, are constructed the same way as
in the dyadic case (p = 2, ¢ = 1), that is to say by the iteration of the low-pass branch of a synthesis RFB, but in
this case the initialization is meaningfull. More precisely, let X;(z) be the result at iteration j of the process, where

Xo{z) = =*, then one finds ' '
zj[n] = gj[ng’ - 5P’}
with
Gi(z) = G(zF )G )Gz 7). .G )

Under certain conditions, the set of functions z;[Int(t(p/q)’)] (wher Int(z) denotes the integer part of x) converges
when the number of iterations j tends to infinity, toward the limit function ¢,(t). As warned supra, we do not have
(1) = wolt — s) as we used to in the integer case.

We now list some properties obeyed by these functions: most of them are very similar to the ones we know from
the integer case.

o the support of ¢, is included in [s+1/(p—q),s + L/(p—q)) if G(z) = Zle glk)z*

o For convergence to be achieved, it is necessary that G(1) = p and G(e***/P)=0fork=1...p— 1.

e o, obey a two-scale equation (for ¢ = 1 see {2])

= - p
pa(t) = ‘;g[kq sples (qt)

which reduces to the classical two-scale difference equation, when one assumes that ¢,(t) = @o(t — 5).
o Assume G(z) = ¢/p(l — zP)/(1 — z9)F(2), then if ¢, is generated by G, and ¢! by F, one has the relation

ey(1) = =l (1) + L (1)

This in particular indicates that the multiplicity of factors (1 — z?}/(1 — z) in G generates regularity for the
associated functions.

e Back to the analysis scheme of figure 1. We name Y; the result, after j — 1 iterations of the low-pass filter and
one iteration of the high-pass, @, the function associated to G(1/:z) and #,(t) = 3_; hinp — kqler(p/qt). Then

yifn] = / 2()alt(p/q)) di

where z(t) is any function such that Xo[n] = [ z(t)pn(t) dt. This is not in general a discrete wavelet transform
since ¥a(t) # vo(t — n) (in the dyadic case see [3]).

o The reconstruction scheme is associated to a mirror set of limit functions ¢, and Jz, which obey f PrnPnt =
J¥ata =8ln—n'l and [ 3athnr = [ nipn = 0.

The important point to note is that if the set of functions is regular enough (enough many derivates are continuous)
then it appears that the set ‘almost’ recovers the shift property ¢, (t) = yo(t — s) (see figure 2). This point has not
vet been totally made clear, but is indeed a very interesting feature in order to, for instance, use it as a basis for a
fast wavelet transform computation (in the dyadic case, see {4,5]). More generally the iterated RFB are fast constant
Q time-frequency transforms that allow finer scale resolution (the scale parameter is here p/q which can be made as
close to 1 as one wants).
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Figure 1: Analysis and synthesis two-band rational filter banks
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Figure 2: p,(z — n) for n = 0...7 generated by (case p,g=3,2) left G(2) =
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