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ABSTRACT

We develop aspline calculus for dealing with fractional
derivatives. After a brief review of fractiona splines,
we present the main formulas for computing the
fractional derivatives of the underlying basis functions.
In particular, we show that the yth fractional derivative
of aB-gpline of degree o (not necessarily integer) is
given by the yth fractional difference of a B-spline of
degree o—7y. We use these results to derive an
improved version the filtered backprojection algorithm
for tomographic reconstruction. The projection data is
first interpolated with splines; the continuous mode! is
then used explicitly for an exact implementation of the
filtering and backprojection steps.

1. INTRODUCTION

Splines are made up of polynomials and are essentially
as easy to manipulate. One operation that is especialy
smple to implement is differentiation. It has the same
effect on splinesasit has on polynomials: it reduces the
degree by one. The derivative of aB-spline of degree n
isgiven by

DB"(x) = AB" () =" (x+3) = B"(x~3)
where A denotes the centra finite difference operator.
The implication of this differentiation formula is that
one can calculate spline derivatives simply by applying
finite differences to the B-spline coefficients of the
representation. Thus, with splines, one has an exact
equivalence  between  finite  differences and
differentiation and not just an approximate one as is
usualy the case in numerical analysis. This is a
property that can be exploited advantageoudy for
implementing differential signal processing operators
[6].

Our purpose in this paper is to consider more
general forms of differentiation (fractional derivatives)
and to develop the corresponding spline caculus. The
main difficulty with fractional derivatives is that the
derivatives of polynomials (or splines) are no-longer

polynomia when the order of differentiation in non-
integer. This forces us to consider the enlarged family
of fractiona splines [7]; these are reviewed in Section
2. In Section 3, we present the differentiation rules for
the fractional splines and show that this family is
closed under fractional differentiation: specifically, the
vth derivative of a fractional spline of degree o is a
fractional spline of degree o.—vy, where oo and y are
not necessarily integer. Finaly, in Section 4, we
indicate how these results are useful for improving the
implementation of the filtered backprojection (FBP)
algorithm for tomographic reconstruction [4, 5].

2. FRACTIONAL SPLINES

In this section, we define the fractional splines and
summarize the man properties of their basc
congtituents: the fractional B-splines. For more details,
refer to [7].

2.1 Power functions

The purest examples of fractiona splines of degree o
are the one-sided and rectified power functions, x{ and
x|, which both exhibit one singularity of order o
(HOlder exponent) at the origin. The one-sided power
function is defined by:
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For o ¢ N, its Fourier transformis T'(o+1) / (jw)**.

The second symmetric type, |XJ', is defined as the
function whose Fourier transform is T'(o.+1) / w[**.
For o non-even, it is a (rectified) power function;
otherwisg, it has an additional logarithmic factor:
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2.2 Causal fractional B-splines

By analogy with the classical B-splines, one constructs
the fractional causal B-splines by taking the (o +1)-
fractiona difference of the one-sided power function

o ._Aofle_ 1 +°°_ Jfotl e
P2 (x):= r(a+1)_r(oc+1)g;( 1)( K )(X k).,
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where T'(u+1) = jx“e’xdx is Euler's gamma function.

At isthe (o+1)-fractional difference operator; it is
a convolu-tion operator whose transfer function is

- , &= 1)
AO_:_H'((D) — (1_ e*]ﬁ))OHrl — Z(_l)k(a: )eJmk. (4)

The fractional B-splines are in L, for a>—3. They
are compactly supported for o integer; otherwise, they
decay like [x|“"? (cf. [7], Theorem 3.1). The Fourier
domain equivalent of (3) is

&xm)=(1‘e'wj 5)

jo

2.3 Symmetric fractional B-splines

We construct the symmetric B-splines by taking
(o0 +1)-symmetric fractional differences of the rectified

power function:
x— K,
X
k

el A1 &
B0)= Tt D) _F(oc+l)k§=:‘)( D
(6)
is the symmetric

Fourier

where AY e, 1 elof”
fractiona difference operator. Similar to their causa
counterparts, these functions are not compactly
supported either unless n is odd, in which case they
coincide with the traditiona polynomia B-splines.
When o, is not odd, they decay like x| “*? and their
asymptotic form is avalable [7]. The Fourier
counterpart of (6) issimply

S sin(w/ 2)

Bl (w)= T w/2
Note that the expansion coefficients on the right hand
side of (3) and (6) are generdized versions of the

binomials. They are both compatible with the following
extended definition:

(\lj) - T(u+1) @®
(v+DI'(u—-v+1

o+l

(")

where the gamma function replaces the factorids
encountered in the standard formula when u and v are
both integer. The coefficients in (6) are a re-centered
version given by

r
=[k+r] ©
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2.4 Fractional splines

r
k

In most genera terms, fractiona splines may be
defined as linear combinations of shifted fractional
power functions or fractional B-splines. As in the
polynomial caseg, it is usually more advantageousto use
the second type of representation. The fractional B-
splines have al the good properties of the conventiona
B-splines, except that they lack compact support when
o, is not an integer. In particular, they form a Riesz
basis which ensures that that B-spline representation is
stable numerically. Thus, if we consider the basic
integer grid, we may represent afractional spline signa
by its B-spline expansion
s(x) = Y’ c(K)B* (x— k) (10)
kez

where we use the generic notation 3“(x) to specify any
one of the fractional B-splines (BY(x), or By (X)).
What this means is that a fractional spline signd s(x)
with knots a the integers is unambiguously
characterized through its B-spline coefficients c(k),
kezZ (discrete/continuous representation). The
representation is one-to-one—there is exactly one
coefficient c(k) by sample value s(k). Note that this
spline representation is compatible which the traditiona
model used in signal processing for it can be shown
that the signal (10) converges to a bandlimited function
asthe order of the splineincreases[1].

3. FRACTIONAL DIFFERENTIATION

3.1. Fractional derivatives

We consider two versions of fractional derivatives
which can be defined in the Fourier domain. The first
type, which is compatible with Liouville's definition
[2], isgiven by

D'f(X) « 2 5 (jo) f(o) (11)
where  f(w)=[f(x)e™™dx denotes the Fourier

transform of f(x) and where Z' =|7"€"*%? with
j =+-1 and arg(2) € [-x, 7.



The second type of derivative, which is a
symmetrized version of first, is defined by
DIf(x) < o f(w) (12)

Notethat the first type agrees with the usual definition
of the derivative when « is integer, while the second
one only doeswhen o is even.

3.2 Differentiation rules

The genera B-spline differentiation rules are
D'BI(x) = AIBI(x) (13)
DIBY(x) = AIBYY(X) (14)
where D' and D] are defined by (11) and (12),
respectively. This is established easily in the Fourier
domain. For instance, to obtain (14), we substitute (7)
in (12) and rewrite the Fourier transform of DB (x)
as
lsin(w /2"

sin(@/2)[" |sin(@/2)["""
\ w/2 \
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We now briefly indicate how these rules can be
applied to obtain the fractiona derivative of the spline
signa in (10). Taking the fractional derivative and
interchanging the order of summation, we get

D*s(x) = ¥ c(k)AB* " (x—K)

kez

= 3 (&7 )BT (x—K) (15)

where we have moved the fractional difference operator
into the discrete domain. Thus, the B-spline
coefficients d(k) of D®%s(x) ae obtaned by
convolving the c(k)’s with the digital filter A" whose
frequency response is (1-e€') or |1-e [,
depending on the type of derivative.

4. FRACTIONAL SPLINES AND
TOMOGRAPHY

The mathematical basis for the standard filtered
backprojection tomographic reconstruction algorithm is
the following identity Vf e L,(R?) (cf. [3])

f(x,y) = RKRf(x,y) = RK{p, (1)} (16)
with t = (x,y) -6 where 6 = (cos8,sin8) € S is the unit
vector that specifies the direction of the projection;
p,(t) = R f(t) = ”R f(X)8(X-6—t)dX is the Radon
transformof f and R’ is the so-caled backprojection
operator; it is the adjoint of the Radon or projection

operator R. The right hand side of (16) provides the
filtered backprojection solution for the recovery of the
function f(x,y) fromitsprojection data p,(t).

The algorithm proceeds in two steps. First, each
projection p,(t) is filtered continuously with the ramp
or Ram-Lak filter [4]; the crucia observation here is
that the filtering operator K is proportional to our
fractiona derivative D, <> |o|; i.e, K=(2r)"D..
Second, the filtered projections are projected back onto
the image and averaged according to the formula

, 17 13
RK{p,(t)}= an D, p, (t)d6 = m}; D.p, (t)
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with t=(x,y)-6. The reconstruction formula (16) is
exact provided that one treats the projection data p,(t)
as a continuum both in terms of t and 6. In practice,
however, one has only access to a finite number of
projections at the angles 6,, and the continuous average
in (17) is usudly replaced by the discrete one on the
right. The error can be assumed to be negligible
provided that the number of projections N is sufficient.

In our method, we assume that the projection data
at angle 6 isafractional spline of degree o:

P =R f(t) = c(k)Br (t—k) (18)

kez

After symmetric differentiation (ramp filter), we find
that

D.p,(t) = > d(K)B (- k) (19)

kez

where the d(k) are obtained by applying the symmetric
finite differencesto the c(k) (cf. (15)). Thus, we have
an explicit continuous representation of the filtered
projection which can then be directly plugged into (17).

In practice, we are given the sampled values of the
projection p,(k) and the first step is to determined the
B-spline coefficients c(k) such that the spline mode
interpolates these values exactly. This can be done by
digita filtering. Combining both filters together
(interpolation and ramp-filter), we get

d(k) = (h. = p,)(K) (20)
where h, isthedigital filter whose transfer functionis
i-e”|  snw/2)/2
B (e”) Y |sinc(w/2m—n)**

neZ (21)

In our implementation, we select o even (typ. a=2
or 4) such tha the basis functions in (19) are

h* (k) Fourier




polynomial B-splines that are compactly supported.
Thisallows us to use the spline model (19) to our full
advantage in the backprojection part of the algorithm
(Eg. (17)). The digita filtering part of the agorithm
(20) is implemented in the Fourier domain since the
filter h, has infinite support. The interesting aspect of
the agorithm is that, once we have selected the spline
mode (18), dl other aspects of the computation are
exact. In particular, the discretization of the ramp filter
isachieved implicitly through (21).

Some experimenta results are presented in Fig. 1;
to facilitate the comparison, we give the reconstruction
errors amplified by a factor of four. The test image
(Fig. 1d) is of size 128x128 and its Radon transform
was computed over 256 equidistant angles. Fig. la
displays the reconstruction error for the standard
algorithm  (Shepp-Logan filter [5]) with linear
interpolation for the backprojection. The PSNR is
26.89dB; switching to the Ram-Lak filter improves this
measure to 28.03dB. The reconstruction error for the
proposed FBP agorithm with o =2 is shown in Fig.
1b (PSNR=29.80). The results are dightly better
(smaler magnitude of the error) than the standard
approach (Fig. 1la or Ram-Lak filter), even though the
backprojection was implemented using the same
piecewise linear interpolation model. This suggest that
the use of a consistent design, where the ramp filter is
discretized in accordance with the underlying signa
model, is helpful. The best results (PSNR=30.37)
were obtained with o = 4 (cf. Fig. 1c); in this case, the
backprojection was implemented using cubic B-spline
basis functions. Here we suspect that the main reason
for the improvement is the use of a higher order
interpolation model, especiadly in the backprojection
part of the procedure.

5. CONCLUSION

The fractiond splines offer the same conceptud ease
for dealing with fractional derivatives as the polynomial
splines do with derivatives. In the B-spline domain,
fractiona differentiation gets trandated into simple
fractiona finite differences. This spline caculus
provides a general tool for the discretization and
implementation of fractional derivative operators.

The Ram-Lak filter, which plays a crucid role in
tomography, corresponds to our symmetric differential
operator D, «——|o|. It is an non-local operator that
can be implemented exactly provided that one has a
spline representation of the projection data. We have
proposed a modification of the standard FBP agorithm

that takes advantage of this property. We have found
that working with splines is also beneficid for the
back-projection part of the reconstruction process.

Fig. 1. Reconstruction errors for the various
algorithms. (a) standard reconstruction using the
Shepp-Logan  filter, (b) fractional  spline
reconstruction with o =2, (c) fractional spline
reconstruction with o= 4, (d) test image (Shepp-
Logan phantom).
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